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Reading Your Algebra Book 


An algebra book requires a different type of reading than a novel or a short 
story. Every sentence in a math book is full of information and logically 
linked to the surrounding sentences, You should read the sentences carefully 
and think about their meaning. As you read, remember that algebra builds 
upon itself; for example, the method of factoring that you'll study on page 
188 will be useful to you on page 697, Be sure to read with a pencil in your 
hand: Do calculations, draw sketches, and take notes 


Vocabulary 


You'll learn many new words in 
algebra, Some, such as polynomial 
and parabola, are mathematical in 
nature. Others, such as power and 
proof, are used in everyday speech 
but have different meanings when 
used in algebra. Important words 
whose meanings you'll lear are 
printed in heavy type. Also, they 
are listed at the beginning of each 
Self-Test. If you don’t recall the 
meaning of a word, you can look it 
up in the Glossary or the Index at 
the back of the book. The Glossary 
will give you a definition, and the 
Index will give you page references 
for more information. 


Symbols 


Algebra, and mathematics in general. has its own symbolic language. You 
must be able to read these symbols in order to understand For exam 
ple, |x| > 2 means “the absolute value of x is greater than 2."° If you aren't 
sure what a symbol means, check the list of symbols on page xvi 


Diagrams 


Throughout this book you'll find 
many di 


ms. They contain infor 
mation that will help you understand 
the concepts under discussion. Study 
the diagrams carefully as you read the 
text that accompanies them, 


xiv Reading Your Algebra Book 


Displayed Material 


Throughout this book important information is displayed in gray boxes. 
This information includes properties, definitions, methods, and summaries 
Be sure to read and understand the material in these boxes. You should find 
these boxes us 


Tf a is a real number and m and xn are positive integers, then a” + a” = a™*", 


This book also contains worked-out examples. They will help you in doing 
many of the exercises and problems 


‘Example simpiity 


Reading Aids 


Throughout this book you will find 
sections called Reading Algebra. 
These sections deal with such topics 
as independent study and problem 
solving strategies. They will help 
you become a more effective reader 
and problem solver 


Exercises, Tests, and Reviews 


Each lesson in this book is followed by Oral and Written Exercises. Lessons 
may also include Problems, Mixed Review Exercises, and optional Computer 
Exercises. Answers for all Mixed Review Exercises and for selected Written 
Exercises, Problems, and Computer Exercises are given at the back of this book 
Within each chapter you will find Self-Tests that you can use to check your 
progress. Answers for all Self-Tests are also given at the back of this book 
Each chapter concludes with « Chap- 
ter Summary that lists important ideas 


from the chapter, a Chapter Review in 
multiple-choice format, and a Chapter 
Test. Lesson numbers in the margins 


of the Review and Test indicate which 
lesson a group of questions covers. / 
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Reading Algebra/Symbols 


Page 
{} set it 
la| absolute value of a 3 
= equals or is equal to 6 
7 — does not equal 
iy greater than 6 
<__ is less than 6 
is less than or equal to 6 
is greater than or equal to 6 
therefore 6 
a’ the nth power of a “ 
is an clement of 9 
additive inverse of a or the 15 
opposite of a 
@ — empty set or null set 38 
fx) fof x or the value of f 142 
ax 
is approximately equal to 222 
+ plus-or-minus sign 259 
Vb nth root of b 260 
i imaginary unit (P =—1) 288 
= conjugate of the complex 298 
number z 
a4 — gth root of pth power 455 
ofa 
f~' inverse function of f 464 


Greek letters: «, B. y. 0. 1,0, 6, w 


alpha, 


log, N logarithm of N to the 
base b 


summation sign 
factorial 

degree 

minute 

second 


AB vector AB 


(jul norm of the vector u 
Cos! inverse cosine or are 
cosine 
o standard deviation 


r correlation coefficient 


»P, number of permutations 
of n elements taken + 
at a time 

wr number of combinations 


of n clements taken r 
at a time 


P(E) probability of event E 


f intersection 
U union 

E complement of event & 
det determinant 

A! inverse of matrix A 


738 


beta, gamma, theta, pi, sigma, phi, omega 


Symbols 


Pe a | 
Reading Algebra/Table of Measures 


Mass 


‘Temperature in 
degrees Celsius (°C) 


Weight 
‘Temperature in 
degrees Fahrenheit (°F) 


1000 milligrams (mg) 
1000 grams 

orc 

100°C 


Metric Units 
Length 10 millimeters (mm) = 1 centimeter (em) 
100 centimeters | _ 3 
1000 millimeters) ~ | meter (m) 
1000 meters kilometer (km) 
Area 100 square millimeters (mm?) square centimeter (cm*) 
10,000 square centimeters square meter (m*) 
Volume 1000 cubic millimeters (mm*) cubic centimeter (cm*) 
1,000,000 cubic centimeters cubic meter (m*) 
Liquid Capacity 1000 milliliters (mL) liter (L) 
1000 cubic centimeters liter 


1m (2) 

‘ilogram (kg) 
freezing point of water 

= boiling point of water 


United States Customary Units 


16 ounces (oz) 


60 seconds (s) 
60 minutes 


Length 12 inches (in.) = 1 foot (ft) 
36 inches Cops 
G inches! = 1 yard (yd) 
5280 feet 
60 pre 1 mile (mip 
Area 144 square inches (in.2) = 1 square foot (ft?) 
9 square feet = 1 square yard (yd) 
Volume 1728 cubic inches (in.*) = 1 cubic foot (fi?) 
27 cubic feet = 1 cubic yard (yd*) 
Liquid Capacity 16 fluid ounces (fl.oz) = 1 pint (pt) 
2 pints = 1 quart (qt) 
4 quarts = 1 gallon (gal) 
1 


pound (Ib) 


freezing point of water 
boiling point of water 


Time 


= 1 minute (min) 
1 hour (h) 


Table of Measures 


xvii 


Facts and Formulas from Geometry 


Angle: A figure formed by two rays that have the same end- 
To indicate that the measure of 


point 
4=35 


Complementary angles: (wo angles whose 


measures have the sum 90 


4 D 
64 
XS 
26 
e+ 
c B 
BCD + 1 DCA = 


Isosceles triangle: a triangle having at 
east two equal sides and two equal 
angles, The two sides are called legs 
and the included angle is called the 
vertex angle, 


co—vertex angle 


base 


Parallelogram: a quadrilateral (a four-sided polygon) 
whose opposite sides are equal and parallel. The 


opposite angles are also equal 


Ais 35°, we write 


Supplementary angles: two angles whose 
measures have the sum 180 


D, 
142 
Eee 
{ 38' 
E a B 


BCD + LDCE = 180 


Equilateral triangle: a triangle having 
three equal sides, Each angle meas- 
ures 60°, so the triangle is also called 
equiangular 


ras 


The sum of the measures of the angles of a polygon with n sides is 
180(n — 2)*. For example, the sum of the measures of the angles of a tri- 
angle is 180° and the sum of the measures of the angles of a quadrilateral 


is 360°, 


Let: A = area, P = perimeter, C 
7 = total surface area, V = v 


jum: 


Triangle 


P=ath+cA=1nh P 


Rectangle 


circumference, S = lateral surface area. 


= 3.1416 


Parallelogram 
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Facts and Formulas from Geometry 


Trapezoid Circle Rectangular Box 
by 


b 
1 


V =bwh 
T = 2lw + 2th + 2wh 


h(b, + bo) 


Sphere Right Circular Cylinder Right Circular Cone 


Using Technology with This Course 


There are three types of optional computer material in this text; Computer 
Key-In features, Computer Exercises, and suggestions for using computer 
graphing techniques to explore concepts and confirm results: 

‘The Computer Key-In features can be used by students without previo 
programming experience. These features teach some programming in BASIC 
and usually include a program that students can run to.explore an algebra topic 
covered in the chapter, 

The optional Computer Exercises are designed for students who have some 
familiarity with programming in BASIC. Students are usually asked to write 
one or more programs related to the lesson just presented 

‘The suggestions for applying computer graphing techniques are appropriate 
for use with a graphing calculator or graphing software such as Algebra Plotier 
Plus. 

Calculator Key-In features and certain exercise sets also suggest appropri 
ate use of scientific calculators with this course 
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The ability to understand numerical relationships 
and to use them in making decisions is important 
in many careers, as well as in daily life. Studying 
algebra can help develop this ability. 


The Language of Algebra 


EE SS 
1-1 Real Numbers and Their Graphs 


Objective To graph real numbers on a number line, to compare 
and to find their absolute values. 


In mathematics you have met such numbers as 
4, -3, -4, V3, -4.16, a, and 0. 


These are members of the set of real numbers. 

Some important subsets of the real numbers are shown in the chart below 
Remember that when you list members of a set within braces, { }, you use 
three dots to show that a list continues without end. 


ee 
Real Numbers 
Natural numbers: 
Whole numbers 
Integers 
Rational numbers: 


and 7, that result 
when an integer is divided by a nonzero integer 
Irrational numbers numbers, such as V3, — V7, and 7, that are not rational 


You have probably worked with number lines like the one below 


45 8 3 J Pat 
a + + ——re + o—-+ > 
= ~4 3 2 =I 0 1 2 3 4 5 


When using a number line, we take the following facts for granted 


eure 
Each point on a number line is paired with exactly one real number, called 
the coordinate of the point. 
2. Bach real number is paired with exactly one point on the line, called the 
graph of the number. 


For example, on the number line above, the coordinate of point Q is 4, and the 
graph of —3 is point P. The graph of 0 (zero) is the origin. 


Basic Concepts of Algebra 1 


Example 1 Find the coordinate of the point one 


third of the way from C to D for the 
number line shown. 


Solution — The distance from C w D is 6 units. Since 4-6 


right from C to find the required point, The coordinate of this point is 


, Move two units to the 


2. Answer 


On a horizontal number line, you can see that the larger a number is, the 
farther to the right its graph is. In particular, positive numbers (numbers greater 
than 0) are graphed to the right of the origin and negative numbers (numbers 
less than Q) to the left 

Notice that a number line shows the order of the numbers. 
the graph of —3 is to the left of the graph of I corresponds to these two equ 


The fact that 


alent statements: 


In Word In Symbols 
Negative three js Jess than one. —3<1 
One is greater than negative three. I>- 
< +$—+— + — 
7-6-5 43 a Ot ee ae a a 


Look at the number line to see that the following statements are true 
-4<- 4<0 1<3 


-1>-4 0>-4 i= 


Example 2 Graph the numbers —2 and —6 on a number line. Then write an inequality 


statement comparing them 


6<-2,0r-2>-6 Answer 


The diagram below illustrates that every real number has an opposite. 


’ Y ’ Ml 
- + ~ 
4 = - Of, 8 ar ees 
In Words In Symbols 
The opposite of three is negative three Q=-3 
The opp ‘of negative five is five (-5)=5 
The opposite of zero is zero, (0) =0 


Chapter T 


On a number line, the graphs of opposites are on opposite sides of the ori- 
gin but are the same distance from the origin. For examiple, the graphs of 5 and 
5 are both 5 units from 0. The absolute value of a number is the distance 

between the graph of the number and the origin on a number line. Vertical bars 


| | are used to denote absolute value. Thus: 
i=5 [|-5)=5 
Read: The absolute value of Read: The absolute value of 
five is five. negative five is five 

In general: Examples 
1, The absolute value of a positive number =7 

is the number itself, 

The absolute value of a negative number |= 1 

is the opposite of the number 

The absolute value of zero is zero. jo =0 


Example 3 Find the value of each expression, 


a. —|-4| b. |-6] — [61 


Solution a. -|-4)=-4 b. |-6| — |6§=6-6=0 


Oral Exercises 


Estimate the coordinate of each point shown in red to the nearest half unit. 


Bk DE 
rs 
Of BS 4 ok: of 
Ho r 
++ ed 
nt 8 1 2 eer Wee Gey y 
Give the opposite of each number. 
32 4.0 v2 (hee 
Find the value of each expression. 
7 8. 4-4) 3 10. 


true or False. 
NM. -4<1 12, -6>0 13. 
15, |-4,<1 16. |-6| >0 17. |-2) 


19. Is the absolute value of the sum of two numbers always equal to the sum 
of their absolute values? Explain. 
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Sa a ee ER SR 
Written Exercises 


Find the coordinate of each point described. Use the number line below. 


.B 2M 3H 4.6 
. The point halfway between D and J 

6. The point halfway between C and F 

7. The point one third of the way from B to H 

8, The point two thirds of the way from C to / 

9. The point one fourth of the way from F to L 

10. The point three fourths of the way from B to J 


Write each statement using symbols. 


Sample Negative four is less than one Solution -4<1 


11, Zero is greater than negative six 

12. Negative two is less than two. 

13, Negative three is less than negative one 
14, One is greater than negative ten 

15. Six is greater than negative five 

16. Ne; 


ive six is less than negative five cighths 


Graph each pair of numbers on a separate number line. Then write an 
inequality statement comparing the numbers. 


17. 0 and 4 18. 3 and —3 19. + and -3 
20. ~ 3 ana ~3 21. 0.5 and 1.5 22. 2.5 and -0.75 
Find the value of each expression. 
23. -|-5 24, 2+ |-5) 25. |5| — |-2 26. |-3| — [2 
Arrange each list of numbers in order from least to greatest. 
B 27. 4, -5, 0, =1,2 28. 1, —I, =5, 3, =3 
1, i) 3 ta | OE 
a9, -1,2,-3, 5, . -4,-1,4,-1,3 
2 2°2 se 4 4°27 2*4 
31. —1.6, -2.6, -0.6, -1.8 32, -2.4, -1.7, -1.9, -2.0 
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On a number line, point A has coordinate —5 and point B has coordinate 1. 
Find the coordinate of each point described. 


33. The point 2 units to the left of B 34. The point 3 units to the right of A 
35, The point 1.4 units to the right of A 36. The point 2.6 units to the left of B 


37. The point 54 units from A and 2 units from B 


38. The point 44 units from A and 1+ units from B 


C 39. Each point that is twice as far ftom A as from B 
40. Each point that is half as far from A as from B 


Mixed Review Exercises 


Tell whether each statement is true or false. 


3 4 
2. Ao <! i 
3.91 55 w= C » 
4, 65427 =22 5. 5.31 + 24.7 = 29.01 6. 0.1 = 0.09 < 0.001 
7.13%01=0.13 8.1+0.90>1 9. |-6|>-6 
I. 0) =0 12. |-3|<0 


The optional computer exercises in this book require familiarity with the funda- 
mental concepts and terminology of programming in BASIC, 


1. Write a program in which the user enters two numbers, and the program 
then prints a statement of comparison using >, =, or <. For example, if 
the user enters —3 and —5, the program should print 3 > 

2. Run the program in Exercise | for the following pairs of numbers. 

a. -8, -7 b. 0.1, 0.01 ©. 0,0 
d, 3.65, 3.56 e 4. -4 f. 800, 8000 

3. Write a program in which the user enters the coordinates of two points on 
number line, and the program then prints the coordinates of the point 
halfway between the entered points 


4. Run the program in Exercise 3 to find the coordinate of the point halfway 
between the two points with the given coordinates, 
a, 3,8 & LY, 1.7 c —2.73, 5.86 


d. —7.92, —2.40 e. 9.19.01 f 102, —100 
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1-2 Simplifying Expressions 


Objective — To review the methods used to simplify numerical expressions: 
and to evaluate algebraic expressions 


‘The words and symbols reviewed in the following charts are used throughout 
this book. Study the examples to be sure you understand the meaning of the 
words shown in heavy type. 


Definition Examples 
Numerical expression, or numeral: |) 3x4 54542 
a symbol or group of symbols used to m4 +2 2 


represent a number 


Value of & numerical expression: the Twelve is the value of 3 * 4. 
number represented by the expression 


Equation: a sentence formed by placing 
an equals sign = (read “equals” or * aul 
equal to’) between two expressions, Z . 
called the sides of the equation. The %=t=1x9 
equation is a true statement if both sides 
have the same value 


4=12 


Inequality symbol: one of the symbols 3+9520 3x9>20 
* (read “does not equal”” or “is not ee Li 

equal to’ (read “is less than or equal 

to!”), = (read “tis greater than or equal to") | _7= 14 6 8=0 


Inequality: a sentence formed by placing - 
an inequality symbol between two 
expressions, called the sides of the 


the sides 


inequality 3 0.3 
Example 1 Use one of the symbols <, =, or > to make a true statement. 
*. 10=-2.L2%4 b. 27+ 32. 
Solution Find the value of each side. 
a. 10-2=8 and b. 2 
2X4=8 
10-2=2- 


(read “‘therefore"’) 
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As you can see in Example 1, expressions may involve sums, differences, 
products, quotients, and powers, The following chart reviews the meaning of 
these words as well as the various grouping symbols that are used to enclose 


parts of expressions. 


Definition Examples 
Sum: the result of adding numbers, called | § + 1S = 21 
the terms of the sum 

terms sum 
Difference: the result of subtracting one 8-6 
number from another es 

difference 
Produet: the result of multiplying num- 2™ Is = 45 
bers, called the factors of the product nae 
Multiplication is sometimes shown by a A ee 
raised dot » instead of a times sign 6-7=4) 
Quotient: the result of dividing one 35 
number by another. Division is indicated 
by the symbol + or by a fraction bar, quotient 
Power, base, and exponent: A power isa | Let the base be 3. exponent 
product of equal factors. The repeated base 
factor is the base. A positive exponent 1 
st power: 3=3 

(ells the number of times the base occurs aie pare ‘ 
anaes Second power: 3x3=3 


3 is also called “three squared." 


Grouping symbols: pairs of 
parentheses ( ), brackets [ |, or a 
bar — used to enclose part of an 
expression that represents a single 
number 


Third power: 3x3x3=3% 
3° is also called “‘three cubed.” 
Fourth power: 3% 3X 3.x 3 = 34 
3+(2X6)=3+412 
BxIS+ 1] =8xK6 
4418 _ 22 


To simplify an expression you replace it 


symbol having the same value, For example, 
(7-5) =4+ 


Ais 


by the simplest or most common 
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ne following principle is used in simplifying expressions 
Substitution Principle 


‘An expression may be replaced by another expression that has the same value 


When simplifying expressions, we agree to perform operations in the following 
order 


eS 
Order of Operations 
1. Simplify the expression within each grouping symbol, working outward from 

the innermost grouping. 

Simplify powers 


wn 


Perform multiplications and divisions in order from left to right 


cS 


. Perform additions and subtractions in order from left to right. 


Recall that the symbols < and - often are omitted in expressions with grouping 
symbols. For example, 3(5 + 2) means 3 x (5 + 2), and (2° ~ 1)5 means 
= 165 


| Example 2 simplify: a. 2 


b. 214 


5-6=3=10- 
| 10- 2 


8 Answer 


b. 214+ (22-1) 


22. Answer 


The chart at the top of the next page reviews the meanings of variable and 
some related 
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Definition Examples 

Variable: a symbol, usually 2 letter, used 4, x, or y 

to represent any member of a given set, If the domain of x is {0, 1. 2, 3}, we write 

called the domain or replacement set, x €{0, 1, 2, 3} and read ‘x is a member of 

of the variable (or belongs to) the set whose members are 
0, 1, 2, and 3.77 

Values of a variable: the members of the If the domain of a is the set of positive 

domain of the variable integers, then @ can have these values: 


Algebraic expression: « numerical 
expression; a variable; or a sum, 
difference, product, or quotient that 
contains one or more variables 


The process of replacing each variable in an expression by a given value 
and simplifying the result is known as evaluating the expression, or finding 
the value of the expression 


(Example 2 evaiuate each expression if x= 4 and y= 3 


x 2 =i 
b. ty — ay? 


1 
= 2.0014 


To evaluate some expressions, you may need to find the absolute value of 
one or more of the terms. You learned earlier that the absolute value of a num- 
ber is the distance between the graph of the number and the origin on a number 
line. Here is a formal definition using a variable. 


ES 
Definition of Absolute Value 


For each real number a, 
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Solution §—10\x|+ 1013) + |-21 
+2 


= 32 Answer 


You may wish to use a calculator (0 evaluate some expressions. If you do, 
be sure to read the Calculator Key-In on page 12 first 


fea eS 8 SE 
Oral Exercise: 


Use one of the symbols = or # to make a true statement. 
PSG 


4.4 


‘Tell which operation to perform first, Then simplify the expression. 
78 3 8. (8 2)-3 9. 23 + 277 
10. 23 + 2°) IL. 23 +2+4) 12. 143 (2+ 3)—4] 


Evaluate each expression (a) if x = 


and (b) if x 


13. 3 +2 14, 3x-1 15, 241 

17, 3-1) 18. 2(2x - 1) 1. 4841 3 
Evaluate each expression if x 

21. |xl + ly} 22. |x| 23. |x? + IP 2. |x? — Ly? 


Written Exercises 


Use one of the symbols <, =, or > to make a true statement. 


A 1.5-125+1 2 1-5_21+5 3 


—2. (3-4)? 6. +4 _2 (3+ 47 


a 2) 8. (9+ 3)+2_2.9+4(3 +2) 
10. (12 + 6) = (6=2) 


9. (9-3) 
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Simplify. 


MH. a. 11-3 +5-2 b. L1-@+5)-2 e. 11-(3+5—2) 
12. a, 12-5 -243 b. 12- (5-2) +3 . 12-(5-2+3) 
13, a. 3+ b. 3-18 #4)-5) e358 +4+5) 
M4. a, 2 -6+24+3 b. (47-6) +2+3 c. (4 — 6) + (2 + 3) 
15. 6 ~ 17 -(5 — 2)] 16. 14 - 

+1 3? 
1 = 18. 
19, 4147 20. 


3| 3? 
2. 64 = 4? + 3( 


23. [3° — (2? + 2) +5 a, — 


Evaluate each expression if x = 3, y = 2, and z 


zyyP 


Evaluate cach expression if a = 6 and 6 = 


37. al + |b| 38. [aj — 
39. |al* — |i? 40. |a? ~ b*| 


Evaluate each expression for the given values of the variables. 


3u" — (v — 37° 
a. 


42. 


4B. 
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Insert grouping symbols in each expression to make a (rue equation. 


5-3 (Solition) (a + 


= 10] + 


46. 7—2- 
48. 24+341-2-2+3=60 
50. 64+5-2-7=2-24+1=3 


nd the value of rin + 1 when n= 2, = 3, m= 4, and m 


b. Evaluate P42, P+ 247, P+ 24+ 44%, and P+ 2 +34 4° 4 


In Exercises 5 
symbols. 


may use any operation signs and any grouping 


C 52. Use five 2's to write an expression whose value is 7 


. Use five 3's to write an expression whose value is 11 


54. Use four 2's 9 write expressions for 0, 1, 2, 3, 


YA Calculator Mey-in 


Different calculators perform a sequence of operations in different ways. You 


can test your calculator by entering the expression 4 + 3 * 2 and pressing the 
equals (=) key. If you get a result of 10, your calculator performs multiplica 


calculator is therefore followin 


tion before addition. You he order of ope 
tions as stated in Lesson 1-2. If you get 14, however, your calculator performs 
operations in the order in which they are entered. To get the correct result, you 
must enter the expression as 3X 2 + 4 or, if your calculator has parentheses, 
as 4+ (3 * 2) 

Be especially careful when simplifyin; 


fractional expressions, You must 
remember that the fraction bar acts as grouping symbol. For example. + © 
should be entered as (4 + 6) = 2 to produce 5, the correct result. If you simply 
enter +4 as 4 + 6 + 2, you may get 7 instead, Likewise, the expression 


10 
12; should be entered as 10 + (2 + 3) and not as 10+ 2+ 3 


Simplify each expression on your cale 


1.346%7 2 7 3. 1243x4-1 
4. 12010 — 5. -4 5. 20-3.5-4.5 6. 3° 12=—5-25. 
38477 eri eeree 10.1 +137 
7, 34417 8.3 + 2.5K4.5 + 5.5) 9. ee 
10, 2473 I. 26.54 — (3.97 +4 pee a 


fans 
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Self-Test 1 


Vocabulary natural numbers (p. 1) 
whole numbers (p. 1) 
integers (p. 1) 

rational numbers (p. 1) 
irrational numbers (p. 1) 
real numbers (p. 1) 
coordinate (p. 1) 
graph (p. 1) 
origin (p, 1) 

is less than (p. 2) 
is greater than (p. 2 
absolute value (p. 3 and p, 9) 
numerical expression (p. 6) 
numeral (p. 6) 

value of an expression (p. 6) 
equation (p. 6) 


1, Graph the following numbers on a number line: 


2. Use symbols to write the following statement 


‘Negative two is less than negative one half.” 


Tell whether the statement is true or false. 


Simplify. 
7. 3(5(6 — 2) — 


8. 


F565 
+643 


Evaluate each expres: 


9, 


+ 2s 


rst 
28 + Mr —2) 
resta 


10. 


inequality (p. 6) 
sum (p. 7) 

term (p. 7) 

difference (p. 7) 

product (p, 7) 

factor (p. 7) 

quotient (p. 7) 

power (p. 7) 

base (p. 7) 

exponent (p. 7) 

simplifying an expression (p. 7) 
evaluating an expression (p. 9) 
variable (p. 9) 

domain (p. 9) 

values of a variable (p. 9) 
algebraic expression (p. 9) 


Obj. 1-1, p. 


Check your answers with those at the back of the book. 
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1-3 Basic Properties of Real Numbers 


Objective To review properties of equality of real numbers and properties 
for adding and multiplying real numbers. 


When you play softball, there are definite 
rules that you must follow. In fact, every 
game has its own set of rules, and this is 
certainly true of the “*game"* of algebra. In 
algebra, the properties of real numbers form 
an important part of the rules. 

‘The five prope 
equality of real numbers 


below concern 


Properties of Equality 


For all real numbers a, b, and c: 


Reflexive Property a=a 

Symmetric Property If a = b, then b= a 

‘Transitive Property Ifa=6 and b=, thena=c 

Addition Property Ifa=6, thenat+c=b+candc+a=ctob, 


Multiplication Property If a = b, then ac = be and ca = ch 


Example 1 Name the property of equality illustrated in each statement 


a. If + 4= 3, then 2x + 4) = 6. 
b. ifz=a+2anda+2=3, then: =3. 


e. Ifx=y +z, then y +2=x 


Solution a. Muttiplication property 
b. Transitive property 
. Sym 


tric: property 


A set of numbers that has all the properties listed in the chart on the next 
¢ is called a field. The set of real numbers is a field. Note that when we 
say a unique real number has a certain field property we mean that one andl 
only one real number has this property 
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Field Propesties of Real Numbers Examples 


For all real numbers a, b, and c Leta = 12, b= 6, and c= 5, 


Closure Properties 


a+b and ab are unique real numbers. ‘The sum of 12 and 6 Is the real 
number 18; the product of 12 and 6 
is the real number 72 


Commutative Properties 


a+b=bt+a 12+6=6+ 12 
ab = ba 12-6=6-12 
Associative Properties 
(a+b)t+e=at+(b+e) (12 + 6) + 5= 12 + (645) 
(abyc = a(be) (12 -6)-5 = 12+ (6-5) 


Identity Properties 
There are unique real numbers 0 and 1 
(1 # 0) such that: 
a+0=a and O+a=a 
a-l=a and lea=a 


Inverse Properties 
Property of Opposites: For cach a, 


there is a unique real number —a such 
that 

a+(-a)=0 and (-a)+a=0 12+ (-12)=0 and 
(=a is called the opposite or Bae 


additive inverse of a.) 
Property of Reciprocals: For each a 
except 0, there is a unique real 


number 1 such that: 
(ett 2 
a-—=I1 and mies 12-45 1 and 


(t is called the reciprocal or We =1 


multiplicative inverse of a.) 


Distributive Property (of multiplication 
with respect to addition) 
a(b +e ab+ac and | 126 + 5) = "6+ 12-5 
(b + ea = ba + ca (6 + 5)12=6-12+5-12 


‘The next two examples illustrate that you can use the commutative and 
associative properties to add or to multiply numbers in any convenient order 
and in any groups of two. 
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Simplify: a. 7+ 11+ 13419 b. 26+ By + 14 


"Solution a. 74+11+13+19= 


13) +1 


Answer 
b. 26 + 8y + 14 = (26 + 14) + Sy = 40+ 8y Answer 


= 16+ 20xy*z* = 320xy"=3 Answer 


= 16+ (4+ Slay? 


The real number properties can be used to change a given expression into 
a simpler equivalent expression. Two expressions are equivalent when they are 
equal for every value of each variable they contain. In this book, unless other 
wise stated, the domain of every variable is the set of real numbers 


(Example 4 Name the property used in each step of simplifying +(1 + 30. 


| 1 t-1+4@9 1, Distributive property 
2 =4-14(4:)¢ 2. Associative property of multiplication 
3 = 5 ster 3. Property of reciprocals 
4 =4t+r 4. Identity property of multiplication 
5.2.40 +3)=448 5. Transitive property of equality 


Note that in Step 3 the property of reciprocals was used to justify the sub- 
stitution of | for 4-3. Of course, the substitution principle (page 8) was also 
used in this step. In this book we will follow the common practice of omitting 
many references to the substitution principle 


SGU es) Se ac a 
Exercises 


Give (a) the opposite and (b) the reciprocal of each number. If a number 


has no reciprocal, say so. 
F 1 
1. -2 2.4 Jal 4.0 
4 
5. -5 6. 1 7. 0.1 8. —0,25 
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Name the property illustrated in each statement. 


"Sample 72») - 7 -»y WSoldtion Associative property of multiplication 


9.34+1=143 10. 5+ 
I. 1+ (abe) = abe 12. 
ar¢2et M4. 
18. -1,5+15=0 16. 
17. Wx +2=8, then 8=1+2 18. 
1. (-2)(-3) =1 20. (242) 4+3= (+2) +3 
21. 2000 + 20 is a unique real number. 22. If 3x = 6 and 6 , then 3x = 2y. 


23. Does a(bc) = (ab\(ac) for all real numbers a, 6, and c? Explain. 
24. Explain why 0) has no reciprocal 
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Written Exercises 


Simplify. 


A 1.9% +13+4+437 2 
3. 40-3) +N 4. 
5. 6 
T1s(-t+8) 8. (Fa}(30) 
9. 2a + 4) + (-8) 10, (4-3)ip +(—D) +1 


Determine whether each simplification is true or fal 


+14;)-14= 
(Sample 1 7(2+ +s) -14=x 
Soliton Tre, because 7(2 + 4x) — 14= 14+ x- 14 =x 


IL. (—x + 6) + (-6 +4) =0 12. 2x + 3) + (-3) 


4(2t+ 2) + (-2)= 


13. 


14. (pt +(-p)=0 


5(2n + 1) + (—S) = 10n 16. Sixy) = 


xy(5y) 
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In Exercises 17-22, name the property used in each step of the 


= (a +2) +(-2) a. 


=a+ [2+ (-2)] [ee IE 


a+0 inp 
a a 


(n+ 5) + (my) = 405 + 0) + (-m)] (en as 


+(-n))] ob. 


20.3 +4at+ 1) =34+4r+4-D a 
34 (4v+ 4) b. 
(ax + 4) +3 ¢. 
4x + (4+ 3) d. 2 


4x47 Substitution 


MW. k+(k+2) = (kth +2 a 


4 Substitution 
=%M+2-1 d, 2 


=2k+1) e 
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23. Show that if 3x + (—12) = 0, then x = 4 by 
step 


fying each indicated 


3x-+ (-12) = 0 Given 
[3x + (-12)] + 12 
3x + [(-12) + 12] 


3x + 0 
3x 
1 
3Gn 
Lay =4 Substitution 
i =¢ 7 
(F-a)e=4 cs bs 
lex =4 g. 
c=4 bt 


24, Use steps similar to those in Exercise 23 to show that if 


4x + (=3) = 0, then «= 6 


A set § of real numbers is closed under addition if the sum of any two 
members of S is in S. A set S is closed under multiplication if the product 
of any two members of S is in S. For each set given below tell whether the 
set is closed under (a) addition and (b) multiplication. If the set is not 
closed, give an example to show this. 


Sample 2 (0. 1} 


Solution a. Not closed under addition, since 1 + 1 = 2 and 2 is not in the set. (Notice 
that “any two members’’ includes the same number used twice.) 


b. Closed under multiplication, since every possible product (0-0, 1 = 1, and 
0-1) is in the set. 


25. {0} 26. {—1, 0, I} 27, 13,6; 9, 12;.0 9 

5. } 2.4 | Ree ae | | 
28, {1.3.5.5 014} 29, (2.4.6. ...} WD. lege ge gees f 
31. The rational numbers 32. The irrational numbers 33. The real numbers greater 


than —1 and less than | 


Decide whether each set is a field under the operations of addition and 
multiplication. If the set is not a field, name at least one field property that 
does not hold. 


34, The natural numbers 35, The inte; 


1s 


36, The rational numbers 37. The negative rational numbers 
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Use <, =, or > to make a true statement. 
1. 0.02 20,002 2, 38 — 5) -2-3-+8-5 

3. 17 — 84:5) —2 17 —8:+5 4. (3447 2.374+2:3-44+4 
5. TES 2 (gee 

8-2 242 ns 
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Extra / Logical Symbols: Quantifiers 


Statements about the properties of real numbers 


Symbol Meaning 


often include phrases like ““for all real numbers 
a," “for each b,"" or “there exists a unique real Ve “for all x,"" “for every x," 


for each x,”" and so on 


number ¢,” that express the idea of ‘how man: 


or of quantity, Such a phrase is called a quan 
fier. In mathematical logic, quantifiers are repre- 
sented by symbols, as shown in the table at the 


a, “there exists an x,"” 
“for some -v,"* and so on 


right Els “there is a unique x” 


For examples of the use of symbolic quantifiers, study the following sen: 
tences. All variables here and in the exercises represent real numbers. 


For every x, x + 2x = 3x Ve xt 2x = 3x 
For all x,x+7=7+5 Wext7=74+5 
For some x, «+5 = 10. avx+5=10 
For all a and b, (a+b) +2=a+(b +2) VV, (a +b) +2 =a + (b+ 2) 
For every a, there is a b for which b = 2a Wadp b = 2a 
For every « there is a unique y such that Walx+y=0 
x+y=0, 
Exercises 


Express each statement for th 


2 a symb 


quantifier. 


1. For all x, 2x =x+x 2. For some y, y? = 17 


3. For all real numbers x and all real numbers y, x + 


yte 


4. For all real numbers r, there exists a unique real number x such that 
r+x=0 


Tell whether each statement is true or false. 


5. Wade =a 6. Woy t = a? 1. Vaax >a 8. WWW AL, ax + b 
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1-4 Sums and Differences 


Objective — To review the rules for adding and subtracting real numbers 


In arithmetic you learned to add positive numbers (4 + 7 = 11) and to subtract 
a smaller positive number from a larger one (12 — 7 = 5). In this lesson you 
will review how to add and subtract any real numbers, positive or not 

‘The identity property of addition tells you how to add zero and any given 
number: The sum is the given number. 


-6+0=~6 


‘The property of opposites tells you that the sum of opposites is zero, 
-1.24+12=0 4+(-4)=0 
‘The rules covering the remaining cases can be stated in terms of absolute 
value. Study the examples to be sure you understand the rules. 


Rules for Addition Examples 

For real numbers @ and b; 

1, If a and b are negative numbers, then —5 + (-9) = -q-5| + |-9)) 
a + b is negative and —(5 +9) 


a+b =—(al + |b) 


w 


If a is a positive number, b is a negative 

number, and ja) is greater than |b|, 

then a + b is a positive number and = 
at+b=la\— |b. 


3. If ais a positive number, 6 is a negative | 5 +(-9) = ~(|-9| — |S) 
number, and [a] is less than |b), then -9-5) 
a+ bis a negative number and 4 


a+ b= ~(\b| ~ |a\) 


Since addition of real numbers is commutative, these rules also cover sums like 
—4+9=5 and -6 +2 

We say that the sign of a positive number is plus and the sign of a nega- 
tive number is minus, and that @ positive and a negative number have opposite 
signs, Thus, the rules for adding two nonzero numbers can be restated as fol- 
lows 


If two numbers have the same sign, add their absolute values and then pre- 
fix their common sign 

If two numbers have opposite signs, subtract the lesser absolute value from 
the greater and then prefix the sign of the number having the greater abso- 
lute value 
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Example 1 simplity —14 + 9 + (—12) + 20 + (-8) 
Solution 1 Add the terms in order from left to right 


14 +9 + (—12) + 20 + (—8) = —5 + (12) + 20 + (-8) 


+ 20 + (-8) 


| = +(-8) 


Answer 


Solution 2 Use the commutative and associative properties to order and group the terms 
conveniently. For example, you may choose to group the positive terms and 
| the negative terms. 


14 +9 + (12) + 20 + (—8) = [—14 + (~12) + (—8)] + [9 + 20] 


= 4 +20 


Answer 


You may also use the rules shown on page 21 to subtract because subtrac- 
tion of real numbers is defined in terms of addition 


eae 
Definition of Subtraction 
For all real numbers a and b, a-—b=a+(-b). 


To subtract any real number, add its opposite. 


Example 2 simplity 


Solution a. -7~( 


Example 3 simplify 10 — 8 — 15 + 6. 
Solution 1 Add the terms in order from left to 


l0-8-154+6=2-15+6 
+6 
7 Answer 


Solution 2 Group the positive terms and the ne; 


10 ~8—15+6 = 10+ (8) + (-15) +6 
= [10 + 6] + [(-8) + (—15)] 


= 16 +(—23) 


tive terms 


7 Answer 
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| Example 4 simplify \14 — 5) — \s — 19) 
‘Solution \14-5\- 5-14 


=-5 Answer 


You know that multiplication is distributive with respect to addition 
(page 15). Since subtraction is just the addition of an opposite, multiplication is 
also distributive with respect to subtraction. 


eS 
Distributive Property (of multiplication with respect to subtraction) 
For all real numbers a, b, and , 
a(b — ¢) = ab — ae 
and (b— ¢)a = ba — ca. 


Example 5 Mutiply 34° — 9) 
‘Solution 4x° — 9) = Har’) - 19) = 


Answer 


Example 6 simplify 4y + 26y — 5). 
“Solution 4y + (6y — 5) = 4y + 12y- 10 


= (4+ 12Dy—- 10 
= l6y— 10 Answer 


In Example 6, we used the distributive property to combine the similar 
terms 4y and 12y. Remember that similar terms contain the same variable fa 
tors, For example, Sab and 2ab are similar terms. but 3x7 and 3x are not. Simi- 
lar terms are sometimes referred to as like terms. 


Oral Exercises 


In Exercises 1-9, (a) add the numbers and (b) subtract the lower number 
from the upper one, 


a res 
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10. 12 + (-7) uM. 
13. 5 + (~13) 14, 
16, 0-6 17. 0 -(-6) 
20.6-4+3 
23,2-(7+3)-4 


26. |5 — (-6)| 


28, Is the sum of a positive number and a negative number always, sometimes 
or never a positive number? 


Give a numerical example that shows |a + b| + |a| + |b) 


ar eS ee ea 
Written Exercises 


Simplify. You may wish to check your answers on a calculator. 


A 1. 32-53 2. -16 - 42 3. =13'+ 57 
4. 17 — (26) 5, —15— (40) 6. 16 + (~50) 
7. ~10.2 + 17.6 8. 9, -9.6 — 13.4 
10, 26.2 — (26.2) - 0 = (30.7) 12. —15.85 — (20.15) 
13, 57 — 13 ~ 46 14, 33-72 + 14 
15, 68 + (—42) + (35) + 17 16. —87 + 16-22 + 61 
17.5 9) — (4-11) 18. —16 — [2 — (—61)] ~ [2 + (-6)] 
19, (—4 + 7 — 10) — |-6 — (-8)] 20. (3 — 6 — 9) — [8 + (-—4) - (-7)] 
21, 6 — 13) — [22 — (-6)} 22. ~33/-|16-7 
Multiply. 
23. 4(p = 2g) 24. 5(3y — 2x) 


26. 2 (6r — 9s — 27) 


27, Be + 2c+ 3) 28. S(d + 2) — 3d 

30. 4G — y) + At—y) 

32. 6m — 4n + (—Tym — (—S)n 

34. (Gx — Sy + 4) + 2(—-2x + 3y — 2) 
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Find the number that makes the equation true. 


43. Temperatures on the planet Mars range 
from —122.2° C to 30,5° C. Find the 
difference between these two temper- 


atures, 

44. The highest point in the United States 
is Mt, McKinley, Alaska, at 20,320 ft 
above sea level, and the lowest is Bad 
Water, California, at 282 ft below sea 
level. Find the difference between these 
elevations 


45. Lake Baikal, in Siberia, is 5315 ft deep, and its surface is 1493 ft above 
sea level. How many feet below sea level is the bottom of the lake at its 
deepest point? 


46. A subway train was carrying 103 ps ss. At the next three stops, 15 
people got on and 9 got off, 27 got on and 13 got off, and 8 got on and 
53 got off. How many passengers were then on the train? 


newspaper lists the closing price of a stock at 72} following a drop of 
J that day, What was the stock’s opening price for the day? 


48, At 7:38:16 A.M, (38 minutes and 16 seconds after 7 o'clock) the count 
down on a rocket launch stood at —14:42 (14 minutes and 42 seconds be- 
fore launch). There was a 3 the count, At what 
time did the rocket take off? 


second delay in resumi 


49. Give a numeric: 


example to show that subtraction is not commutative 


50. Give a numerical example to show that subtraction is not associative 


Tell whether each set is closed (see page 19) under subtraction, If the set is 
not closed, give an example to show this. 


51, {0, 1} 52. {-1, 0, 1} 
53. The whole numbers $4. The negative integers 
$8. The integers 56. ‘The irrational numbers 
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SPE OT DD DET AE ED AE LPT AS 
Reading Algebra / Independent Study 


Your algebra textbook has been designed and written to make reading and 
learning algebra as easy as possible. To take full advantage of your book, begin 
your study of each lesson by getting an idea of the goal of the lesson. Read the 
lesson title and the stated objective. You may find it useful to skim the lesson 
first 


Heavy type indicates new words or phrases that you must understand in 
order to understand the lesson. It is usually very helpful to leam the definitions 
of these words or phrases before you begin a slow and careful reading of the 
lesson, When you do start to read the lesson, pay particular attention to the 
important information set off in boxes. If you come across any words whose 
meaning you do not understand, look them up in the glossary at the back of the 
book or in a dictionary, You may also find additional information by checking 
references from the index 

Be sure to work through all the examples that are included in the lesson 
discussions. Try doing these examples on your own before reading the solutions 
that are given following the examples. If you do not understand a concept, and 
rereading does not seem to help, make a note of the concept so that you can 
discuss it with your teacher. 

When you have finished reading a lesson and feel that you understand 
what you have read, try some of the Oral and Written Exercises, They will help 
you determine whether you have achieved the goal set forth in the objective 
Note that the answers 10 most odd-numbered exercises are given in the Selected 
Answers at the back of your book. Doing the Self-Tests and checking your an- 
swers with those at the back of the book will help you to see whether you have 
understood a group of lessons. The Chapter Reviews, Chapter T 
lative Reviews, and Mixed Reviews will also giv 
progress. 


ests, Cumu- 
you a good idea of your 


Exercises 


Skim through Lesson 1-7 and answer the following quest 


ns, 


What should you be able to do after studying Lesson 1-7? 


Wirt new words or phrases are introduced in Lesson 1-7? 


3. What is an open sentence? What are equi 
tions in your book. 


alent equations? Find the defini 


4, Describe a transformation that produces equivalent equations. 

5. Look at Example | on page 38. Then solve 34x — 9) = Sx — 6 

6. Suppose that you have forgotten the definition of the word identity. Where 
could you look it up? On what page is this word first used? 

re 


Lesson 1-7 also shows you how to rewrite formulas, Where in your book 
could you find a list of geometric formulas? 
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DERN Se ra 
1-5 Products 


Objective —_To review rules for multiplying real numbers. 
The following facts are useful in finding products of real numbers. 


SS EE ES 
Multiplicative Property 
For every real number a, 

a-0=0 and O-a=0. 


Muttiplicative Property of —1 
For every real number a, 
a(-1)= 


and (-l)a =a. 


The multiplicative property of 0 tells you that the product of any real num- 
ber and 0 is 0. For example, 


—5-0=0 and 0( 
The multiplicative property of —| tells you that the product of any real 
number and ~| is the opposite of the number. For example, 
6-1) =-6, (-I4=—-4, and (-1(-1)= (1) =1. 


You can use the multiplicative property of —1 along with the facts for 
positive numbers to find the product of any two nonzero real numbers. For 
example: 

(57) = 35 


=1)(S)(—1(7) = (— 1-157) = 1135) = 85 
(5M 7) = (S(— 117) = (— 11517) = (— 185) = 
All three products have the same absolute value, 35, When the two factors have 


the same sign, the product is positive: when they have opposite signs, the prod- 
negative. Examples like these suggest the following rules 


=o ee SE ae Se SS ST 
Rules for Multiplication 
1. The product of two positive numbers or two negative numbers is a positive 
number. 
2, The product of a positive number and a negative number is a negative 
number. 
3. The absolute value of the product of two or more numbers is the product of 
their absolute values. 
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Simplify 
a. (—3(-2— 114-5) 


b. (-4)-3-(-2)(-4) 
¢. 24(—15\(0)(13) 


1y(4—5) 
(20) 


120 Answer 


(=3(=2= 4-5) 


= (-12(-2)(-4) 


24(- 


=—8 Answer 
24(—15)(0(13) =O Answer 


Example 1 illustrates the following facts. 


1. A product of nonzero numbers is positive if the number of negative factors 
is even. 
The product is negative if the number of negative factors is odd. 


3. The product is zero if any one of the factors is 0. 


n 


“Example 2. Name the propery used in each step 


Solution — > Property 
1, ab = (-1)(ab) 1. Multiplicative property of —1 

2 = [(-Dalb 2, Associative property of multiplication 
3 = (-ab 3. Multiplicative property of ~ | 

| 4, 3 -ab = (-ab 4, ‘Transitive property of equality 


The last step in Example 2 states one case of the following useful fact 
The opposite of a product of real numbers is the product of the opposite of one 
factor and the other factors 


Property of the Opposite of a Product 


For all real numbers a and b, 


-ab 


—a)b and = —ab = a(—b). 
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Simplify. 
a, 2(—3x)(—Sy) 
b. (=p)2g) + (p24) 


—3)(—S)xy = 30xy Answer 


3x)(—Sy) = 
b. (—p)(2q) + Gp—2q) = —2pq + (—6pq) = —8pq_ Answer 


‘Example @ simputy. 


(-293r - (-2)4 

= -61-(-1) 

= -6 + 1, or 1 — 6¢ Answer 
b. 16d — 5(3d — 4) = 16d ~ 15d + 20 
=d+20 Answer 


Name the property used in each step. 


Step Property 
(a + b) = (Ifa + b) 
= (-Da + (Db 


1, Multiplicative property of ~1 
= (=a) + (-b) 3. Multiplicative property of ~ | 
4 


Distributive property 


Rwepe 


=. —(a + b) = (-a) + (-b) ‘Transitive property of equality 


Example 5 shows that the opposite of a sum of real numbers is equal to 
the sum of the opposites of the numbers 


Sere 
Property of the Opposite of a Sum 
For all real numbers a and b, 


—(a +b) 


(=a) + (—6). 


Give the opposite of 
a. 3y+5 b.-6r+4 0 = 


ich expression 


b, 6x — 4 c, xy + Sz d. —4y' + 8? — 3y +7 


a. —3y 
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Oral 


‘Tell whether the given expression represents a positive number, a negative 
number, or zero. Then simplify the expression. 


Exercises 


1. 4(-3) 2, (2-5) Eee a) 
4. —[°-3)] 8. (-—2)-3-(-S5) 6. (—6)(—1)(0\(—2) 


Without doing the computation, tell whether the value of each expression is 
positive, negative, or zero. 


5 1 
Sample — (-2y'(-4)(—4)-12) 
Solution Positive (The expression has an even number of negative factors.) 


7. (—6)(—13)-37) 8. (= 1-2-3) 4-5-6) 
2 
(=F) (3) 


9. 2(-2)(2 + 2X2 — 2) 10. 7{- f 


Ad. =t—1}F 22. (=2)'%" 


Give the opposite of each expression. 


13. Se — f 14. -1 + 30 16. —3y? + 2y- 1 
Tell whether each expression always, sometimes, or never represents @ 

negative number, 

17. -y 18, 19, 20. -|-(-y)| 


Written Exercises 


Simplify. You may wish to check your answers on a calculator. 


A 1. 5(-2(-7(-3) 2. 7(-2)(6)(—1) 3. 9(-4)(4)(-28) 
3 1 
4. (3)(-10x-8)(4) 5. (0.56 —4\-0.2) 6. (1.530.221) 
7. U-Sx\—6y) 8. (—3)(-w(—70) 9 (—a\—2bx 30) 
1 
10. (5) 4-1-5) IL, (-6 — 4-6 + 5) 12. 17(-13) + 1-7) 
13. 12(—1)(—2) 14, ( 1y'(-2 — 2-6-4) 
16. (9-2 + 2-5) 17, (—2)(1 = 2x — 38°) 18. (~3)(2a— 
30 Chapter 1 7 


19, (—+) 6: - 42 + 2) 20. (-D(-9* = 1 21. (=29y) + (24-3) 
22. (ab) + 6(ab\—1) 23. Tk ~ 4(3k + 6) 24. -Mp-5)— Tp 
25. S(x— y) -— 3@—y) 26. —A(a— b) + 2a—b) 27. S(—3a* ~ 2) + 3(-2 — a) 


28, 4(2y°— 3)- 24+ y?) 29, (2 


9) — 2(2 + 7) 30. —c(d + 5) + 62 — ed) 


Evaluate each expression for the given values of the variable. 


Sample + e+3Ke-3 
"Solition a. (+ 100 + 391 ~3)= U1 + UL + 3)CL = 3) = 2NAN-2) = =16 


b. (e+ De + 3Y(0 - 3) + CE 2+ 3-2-3) = (- 1-5) 
B 31. x(x ~ 2jx- 4) a. bo x=3 ex=2 
32, + It = 3) a b. t= -1 el 
33, y’ +4 a. y=2 b. y=-1 ce y=3 
34, 2b + 3b? —b +3 a. 2 b. b= -2 c b=0 


35, Name the property used in each step 


1 a=-~(a-1) 1 

2. =a(-l) : an 
3. =(-Da ete 
4. -a=(-la Ae 
5. and (-l)a = -a ct 


(This exercise is a proof of the multiplicative property of — 1.) 


C 36. Find a value of y for which the expression (1 — y)(3 — y)(6 — y) has the 
given value. 


a, 18 b. 0 c. 70 d, 120 e 3 


Mixed Review Exercises 


Evaluate each expression if x = 3 and y = —2. 
feahy—t 2. lal — It Sot +y 
4. —|x+ yl 5.y-G@-1) 6. 4r—y 


Name the property illustrated in each stat 


T34+5=5+3 8 -3+0= 9 Wx=yt I theny +1 =x 


10. 4-451 11. 4(5 - 8) = 4-598 12, 522+ 7)=5 
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Computer Exercises For students with some programming experience 


1. Write a program that will evaluate the expression Sx? ~ 7:7 + 3x + 2 for 
any value of x. Use an INPUT statement to enter the values of x 

2. Run the program in Exercise | (o find the value of the expression for each 

value of x 

ax=l b. x=47 ex 25 d. x = —3.04 

Modify the program of Exercise | so that it will evaluate any expression of 

the form ax + bx? + ex +d for given values of x, That is, modify the 

program so that the user can enier the constants a, b, c, and d in the ex 

pression as well as the value to be substituted for x 


am in Exercise 3 to evaluate 3:7 6x + 11 for each 


4. Run the pri 
value of x 


1 b. v= 4.95 ex 1.06 d. x=-417 


Biographical Note / Sonya Kovalevski 


When the Russian mathemati 
Kovalevski (1850-1891) went to Sweden to 
teach, a Stockholm newspaper proclaimed 
her “'the Princess of Science.”” She did not 
reach such a position of acclaim easily 
however. European universities resisted ac- 
cepting women as students or faculty mem: 
bers during the nineteenth century 


jan Sonya 


To obtain her education, Kovalevski 
» student of Karl Weier- 
rman mathematician 
whose own university in Berlin would not 


became the privat 


strass, an eminent 


grant her admission, Her papers on partial 

| differential equations, Abelian integrals, and 
the rings of Saturn eventually qualified her 
for a degree from the University of Git 
tingen 


At the end of her five-year teaching 
appointment in Stockholm. Kovalevski be. 
came the first woman in modern times to 


grals, but her extension of the concept was 


so remarkable that the prize money was 


hold a tenured position in mathematics nearly doubled. In 1889 she was elected a | 
Also during this time, she won the Prix corresponding member of the Russian Acad- 
Bordin from the French Academy of Sci emy of Sciences | 


iper on the rotation of solid 


In addition t her mathematical studies, 
Kovaleyski published poctry, novels, plays, 
and essays on polities and education 


bodies around fixed points. Her work grew 
Out of previous work on ultraelliptic inte 
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ENROL 
1-6 Quotients 


Objective To review rules for dividing real numbers 


You know that subtraction is defined in terms of addition and opposites. Simi- 
larly, division is defined in terms of multiplication and reciprocals 


Se SE ee 
Definition of Divisit 
The quotient a divided by b is written ¢ or a + b. For every real number a and 


nonzero real number b, 


To divide by any nonzero number, multiply by its reciprocal. Since 0 has no 
reciprocal, division by 0 is not defined. 


(BeampleD simplity: a. 12-4 
(Solution a. 12 


pb. 8 = (-18)(-4)=6 Answer 


(-4)=-10 Answer 


A number and its reciprocal have the same sign, Therefore, the sign of a 
quotient of real numbers follows the same rules as the sign of a product 


eee 
Rules for Division 


1. The quotient of two positive numbers or two negative numbers is a positive 
number 

2. The quotient of two numbers when one is positive and the other negative is 
a negative number. 


=—1 Answer 
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a+b q+) t=a:t+h-+=4 +4. Division, like 


Notice that “ 


multiplication, has these distributive properties 


eS 
For all real numbers a and b and nonzero real numbers ¢, 


SCR Sdighe ex Secs Oe 
ane aE Pam) 
Caution: —<— # £ + ©, For example, 527 #2 + 2. since 24643 
ate a+b oa b oo +4 2 4 ie 
4x 16 Answer 


Oral Exercise: 


Tell whether the expression represents a positive number, a ne 
number, or zero. Then simplify the expression, 


0 101 
x —10 101 
a. 4 20 = (-4) 6. -8 + (-24) 


(23) 17(-13) t 


16K 7) 
Gy 31-29. 4. Sn 
144 (-26 v6 10-7) 
8-3-5) 3) 
What number makes the states ? 
17. ( y=4 18. +(2)=-4 19, +(hj= 
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re EP TEE SC TR 
Written Exercises 


implify. You may wish to check your answers on a calculator. 


A te 


7) 2 =7+ (ah) 3. 64+ (—4) = (-2) 


6+(-4)+(-) 6 t+ )+e 


9. [60 + (—S)8 = (-2)] 


3-12) 


10. [27(—2)) + (-3)* I. 


Evaluate each expression for the given values of the variable, 
B 25, 200-3) 


(2 = 4a 3) 
x1 


a= bat DU 3) 


29, Give a numerical example to show that division is not commutative 


30, Give a numerical example to show that division is not associative. 


‘Tell whether the given set is closed (see page 19) under division. If the set 
is not closed, give an example to show this. 


Cc 31. {1, -1} 32. The rational numbers 
33, The rational numbers without 0 Bt {dt b,t,2,48,00 4} 
35. The squares of the rational numbers 36. The irrational numbers 
without 0 


a 
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Self-Test 2 


Vocabulary field (p. 14) reciprocal (p. 15) 
unique (p, 14) multiplicative inverse (p. 15) 
opposite (p. 15) equivalent expressions (p. 16) 
additive inverse (p. 15) similar terms (p. 23) 
1. Name the property that justifies each step in the simplification Obj. 1-3, p. 
below 
tiie +2) +(-01 Pease 
be 
a = 
aus 
=1 6. 
5) Obj. 1-4, p 
+9 
5) 
5) 
6) Obj. 1-5, p 


sexaay(—1) 


8. Evaluate the expression 2x7 — Sr — 8 if x= — 


Simplify 


9, 24+ 


10, 


yt+9 
——— ff y= 
y-DG-y 


12. Evaluate the expression 


Check your answers with those at the back of the book. 


Obj. 1-6, p. 


4 
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Chapter 1 


Solving Equations 


and Solving Problems 
(TS a ESOT 
1-7 Solving Equations in One Variable 


Objective To solv 


certain equations in one variable. 


An equation or inequality that contains a variable, such as 


5 and x+3>0, 


is called an open sentence. Any value of the variable that makes an open sen- 
tence a true statement is called a solution, or root, of the open sentence and is 
said to satisfy it, For example, 

3 is a solution of 2¢— 1 = 5, because 2-3-1 = 5 is true, 


2 


but 2 is nor a solution, because 2+ 2 — 1 = 5 is false. The set of all solutions 
of an open sentence that belong to a given domain of the variable is the 
solution set of the sentence over that domain, Unless otherwise siared, open 
sentences in this book are to be solved over the set of real numbers, 


Study the following two sequences of equations. 


Tet 12=47 x 

Tx + 12-12 = 47-12 Ix = 
Ix = 35 Tr 
Ix _ 35 Ix + 12 = 35+ 
r=5 It 12 = 47 


‘The properties of real numbers guarantee that if the first statement in either 
sequence is true for some value of x, then the last statement in the sequence is 
true for that value of x. Therefore, 7x + 12 = 47 and x = 5 have the same so 
lution set, namely {5}. Equations having the same solution set over a given 
domain are called equivalent equations. To solve an equation you usually 
change, or transform, it into a simple equivalent equation whose solution set is 
easy to see. 


SE LT TI 
Transformations That Produce Equivalent Equations 


1. Simplifying either side of an equation. 


Adding to (or subtracting from) each side of an equation the same number 
or the same expression. 

3. Multiplying (or dividing) each side of an equation by the same nonzero 
number. 
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Example 1 Solve 5(22 — 9) = 60. 
Solution 52: - 9) Copy the equation. 
loz = 45 Simplify the left side 
10: — 45 45 Add 45 to each side. 
10 2 Subtract 7: from each side 


Divide each side by 3 


z=-5 
Check; 5(22 — 9) = 7: — 60 
5[2(—5) — 9] 2 2-5) — 60 Substitute —5 for = 
5(-10 — 9) 2 —35 ~ 60 
95 = —05 


the solution set is {—S}. Answer 


Example | illustrates how to check your work for mistakes by showing 
that the solution actually satisfies the given equation. A calculator is often help: 
ful in checking solutions 

When solving an equation with one variable, you cannot assume that it has 
exactly one root, Example 2(a) shows that an equation may have no solutions, 
so that its solution set has no members. The set with no members is called the 
empty set, or the null set, and is denoted by 9. 

Example 2(b) shows an equation that is satisfied by all values of the varia- 
ble. Such an equation is called an identity. The solution set of an identity is 
the set of all real numbers. 


Example 2 Solve 


a. 42s — 3) = 6s + 1) ~ 10 b. 32s — 3) = 6(s + 1) 

| Solution 3) = @s + 1-10 b. 3(2s — 3) = (5 + I) — 15 

| 65-9 = 6s + 6-10 6-9 = 6s + 6-15 
6-9 = 6y—4 68-9 = 65-9 


O=5 False! 


Since the given equation is equiva. 


yee the 


given equation is 
lent to the false statement 0 = 5, it equivalent to 6s — 9 = 6s — 9, 
has no root which is true for all values of 


it ix an identity 


the solution set is § Answer the solution set is the set of all 


real numbers, Answer 
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A formula is an equation that states a 
relationship between two or more variables 
The variables usually represent physical or 
geometric qu 


intities, For example, the for 
mula h = —16P + vz gives the height h (in 
feet) of a launched object ¢ seconds after 
firing with initial velocity v (in ft/s). Given 
values for all but one of the variables in a 


formula, you can find the value of the re 
maining variable 


Example 3-4 model rocket launched with initial velocity v reaches a height of 40 ft after 


2.5 s. Find » 
Solution — Substitute the given values of the variables, 
h = 16 + wt 
40 = —16(2.5) + 02.5 
40 = —100 + 2.5y 
140 = 2.50 


= 56 (ft/s) Answer 


When you solve a formula or equation for a certain variable, you can think 
of all the other variables as const 
the usual methods 


s, that is, as fixed numbers. Then solve by 


Example @ The volume V of a pyramid with height h and square base with sides » is 


lo 
given by the formula V = +.h. Solve this formula for h 


Solution You need to express h in terms of the other variables. That is, you need to 


get / alone on one side of the equation 


V h 
3 
(Vv) = 3(4s%n) 
Lh 
3V = sth \ 
Ww _ sth > 


(Assume #0.) 


3V 
h Answer 


gebra 39 


Explain how you transform the first equation to obtain the second 
equation. 


b. 3x—2—x = 16; 2x — 


u+S=1 


Subtract 5 from both sides. _b. Simplify the left side of the 
equation 


= 7: 4e= 10 


4. 40-sy=30 


h formula below has been transformed into an equivalent one. Name 
the transformation used at each step. 


9. Area of a triangle: 10. Kinetic energy 
a= tbh K=4mv 
a. 2A=bh a, 2 a. 2K=m*? a 2 
b. 7A =b bt b. 2£ = m he 
11. Explain how you would solve the equation A = +2 for y 
12, a, Solve 2x = 6. b. Solve 0+ 2x =0+6 


c. If you multiply each side of an equation by 0, do you 
equation? 


get an equivalent 


d. Explain why it is not possible to divide each side of an equation by 0, 


SE Ta 
Written Exercises 


Solve. Check y 
A 1.3e-4 


ur work when the 


c is a single solution. 


40 Chapter 1 


Tell whether cach number at the right of the given 
the equation. 


25. x(x — 3)(x + 2) = 0; 
27. 2° +z2+6=0; 2, 


29. 2,0 


31. 2x — Sy = 10 for x 32. 
33. 1 = prt for p M. 
35, y= mx +b for x 6. 
37. P = 2+ 2w for w 38. 
39. alr — b) =e + ab for x 40. 
a s=-4+ 42. 


In each formula, substitute the given values of the 


value of the remaining variable, which is printed in red. 


43. Volume of a cylinder V = ah; V = 128, 


44. Volume of a cone: v=tavh; v= 48, 


45. Amount at simple interest: A = PCL + rt): A= 1 


46. d= 1000, v 


Distance an object falls: 


47. Area of a trapezoid + ha): A= 


- 0.3(2r — 3) = 0.2r + 0,90 


1.627 — 1) = 14.4 


+4 


31) + 5=3H1+N-7 
3652 — I) + 5G2+2)=7 
3y- 2-1) 

1 


6 


equation is a solution of 


+ Ie 0; 0, -1 


Tu 


0.2 
A=+bh for h 
for r 
ax + by =e fory 
P= 21+ w) for! 


Sey = d = dd = cy for y 


C= SF ~ 32) for F 


variables. Then find the 


r=8 
r=4 
68, P= 150. r= 0.08 
= 140 
100, h = 5, by = 12 


4 


Basic Concepts of Algebra 


48. Total area of a cylinder; A = 2ar(r + i), A = 807, 7 = 5 


49. Total area of a cone: A= arly +r); A = 100m, r= 5 


50, Sum of a geometric series: 5 


C 51-53. Solve the formulas in Exercises 48-50 for the variables printed in red. 
(Ignore the given values of the variables.) 


BSE SS 
Mixed Review Exercises 


Simplify. 

1.7-@-4) 2. -2(-5 + 8) 3. (4-97 
4. 5. (-8)(4)(-3X-1) 

1. 3x — lx +4) 8. (—4uy(Sb) + (—3a)(—8b) 

10. 2(c — 3d) + S(2d - ©) U1, -3 +46 ~ 10y + Sx 12, =" 


VJ Historical Note / Word Problems 


Consider the following problems 
1. A number added to + of the number is 19. What is the number? 


2. A dog chasing a rabbit, which has a head start of [50 feet. jumps 9 feet 


every time the rabbit jumps 7 feet. In how many jumps will the dog catch 
up with the rabbit? 


3. If B gives A 7 denars, then A will have 5 times as much money as B. If 
instead A gives B 5 denars, then B will have 7 times as much as A. How 
much money has each’? 


Students of mathematics have been solving problems similar to these for 
thousands of years. Problem | above appears in the Rhind Papyrus, written 
about 1650 8.c.; Problem 2 appears in a Latin problem collection compiled 
about A.p. 775; and Problem 3 is from a book by the Italian mathematician 
Fibonacei dating from a.p. 1202 

The mathematical symbols we use to represent quantities and relationships 
in word problems have their history too. For example, the plus sign (+) was 
used for addition as early as 1514; the equals sign (=) we know today origi- 
nated with Robert Recorde in 1557; and the dot (+) was adopted as a symbol for 


multiplication by Leibniz in the seventeenth century. With these symbols you 
can write Problem 1 as 


Number + ++ Number = 19 
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(GNESI Em eee 
1-8 Words into Symbols 


Objective To translate word phrases into algebraic expressions and word 
sentences into equations 


To use algebra as a problem-solving tool, you often must translate word phrases 
into algebraic expressions. 


Example 1 Represent cach word phrase by an algebraic expression, Use n 


for the variable 
a. A number decreased by 2 


b. Five more than three times a number 


¢, The difference between a number and its square 
d. The sum of twice a number and 6 


e. Twice the sum of a number and 6 


Solution a. n- 


d. 2n+6 e. (n+ 6) 


b. an +5 ena 


Notice that the answer to part (c) of Example 1 is 2 —n* and not n? — n. In 
this book, when we say “the difference between x and y,"" we mean x — y 


Similarly. ‘*the quotient of x and y'? means x, or x+y 


Example 


Ann is biking at r mi/h 
Use the variable r to 
represent each word 
phrase by an algebraic 
expression 
a, Ann’s speed if she 
bikes 5 mi/h slower 
b. Ann's speed if she 
bikes 3 mi/h faster 


¢. The average of Ann’s 


and Juan’s speeds if 
Juan bikes at 10 mi/h 


Solution a.r—5 bo r+3 e 


In certain applications, like the one in Example 3, facts and formulas from 
geometry are needed 
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“Example 3 ‘the base of an isosceles triangle has length b cm and 
each base angle measures a’. 


a. Find the measure of the vertex angle in terms 


of a. LY f\ 


b. If the perimeter is 120 cm, find the length of one ; 
of the legs in terms of b. : 


‘Solution a. The sum of the measures of the angles of a triangle is 180°. 
©. the measure of the vertex angle is 180° ~ (a + a), 
or (180 — 2a)’, Answer 
b. The legs of an isosceles triangle are equal in length 
Call this length s, Then, 
sty+b= 120 
2s+b= 120 
s=4(120-b) 


the length of each leg is 4(120 —b) em. Answer 


Formulas from science and technology are used in many applications. For 
example, to describe uniform motion, that is, motion at a constant speed, you 
use the formula 


distance = rate x time, or d = rt 


Example 4 helicopter left Midcity airport at noon and flew east at 110 km/h, One hour 
later a light plane left Midcity flying west at 320 km/h. How far apart were 
the aircraft x hours after noon? Express your answer in terms of +. 


“Solution — ‘The table and the diagram show the given information. Note that the time for 
the plane is represented by x — 1 because the plane left one hour farer than 
the helicopter. 


I+ —}— 110; —» 
airport— easi>| 


total distance = + 110% = 430x — 320 
~ the aircraft are (430% — 320) km apart, Answer 
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Use the chart below 


review the meaning of consecutive numbers 


Consecutive Numbers 


Integers = 


2.3 n—lantint+2 


are four consecutive integers 
if n is an integer 
Even Integers +51 6, 4, -2,0,24,6,... n-2nnt+2nt 
(multiples of 2) are four consecutive even 
integers if n is even 


Odd Integers sare 


int 


Example § What is the sum of five consecutive odd integers if 


a. the middle one is m'? b. the next to larg 


Solution — a. (m—4) + (m—2) +m + (m+ 2) + (m+ 4), oF Sm 


be (v- 6) t+ —4) +O - 2, + (x + 2), or Sx — 10 


iy x? 


The next example shows how you can choose a variable to represent an 
unknown number and then write an equation to describe a given situation 


and four consecutive odd 
rs if n is odd. 


Example 6 A state legislature has 45 people. The number of men is six less than twice 


the number of women 
a. Choose a variable to represent the number of women. 


b. Write an expression for the number of men in terms of that variable 


¢. Write an equation that describes the situation 


‘Solution — a. Let w = the number of women 


b. Then 2w ~ 6 = the number of men 


¢. The sum of the number of women and the number of men is 45 


vw + (we = 6) = 45, or Sw — 6 = 45 Answer 


Oral Exercises 


Represent cach word phrase by an algebraic expression. 
1. Five more than a number 2. Ten less than a number 

3. One less than twice a number 4. The difference between a number and six 
§. Seven more than half a number 6. The sum of a number and its reciprocal 
7. One more than the square of a number 8. The square of one more than a number 
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9, The reciprocal of two more than a number 


10. Two more than the reciprocal of a number 


In Exercises 11-20, express each answer in simplest form in terms of the 
given vari 


le. 


11, What is the area of a rectangular desk top that is w cm wide and twice as 
long as it is wide? 


How long is a rug that is w meters wide and covers an area of 20 m: 


How far will a car traveling at 90 km/h go in: 


a. fr hours’? b. f+ 2 hours? 


14. How long will it take a car to go 200 km traveling at 
a, v km/h? bo v= 5 knvh? 
measures v°. What is the measure 


15. The vertex angle of an isosce! 


of each base 


16, What is the sum of the measures of a supplement and a complement of an 
gle with measure x°? 


17. What is the are 
long? 


of an isosceles right triangle if one of its legs is r.cm 


18. Yoneko is y inches tall. Her height and the heights of her two taller 
sisters are consecutive odd numbers. What is the average of their 
heights? 


19. What is the cost in cents of one baseb 
d dollars per dozen? 


II if baseballs are priced at 


20. What is the cost in dollars of 20 pounds of potatoes priced at ¢ cents per 
pound? 


(aE SSE es Sa 
Written Exercises 


Express each answer in simplest form in terms of the given variable. 


A 


A rectangular garden that is w ft wide is enclosed by 120 ft of fencing 
How long is the garden? 


2. The perimeter of un isosceles triangle is 300 cm, and its base is h cm long 
How long is each leg? 


than half the 


3. In a basketball pame, one team’s score is two points 
other team’s score, which is x. What is the diffe 


ce in the scores: 


4. Dan has y cassette tapes. If he had 15 more tapes. he would have half the 
number his brother has. How many tapes does his brother have? 
The length and the width of a rectangle are consecutive even integers, 


the length is /cm. Find (a) the area and (b) the perimeter of the rectan 


6. The length. width, and height of a rectangular box 
are consecutive integers, and the largest dimension 
is k cm. Find the volume V of the box 
(Hint: ¥ = bh.) 

7. Two jets leave an airport at noon, one flying north 
alr mi/h, and the other flying south at twice that 
speed. After 3 h, how far apart are the planes? 

8. A bus traveled for 2h at r mi/h, then decreased the speed by 10 mi/h and 
traveled for | more hour. How far did the bus go? 


9. One angle of a quadrilateral has measure a°, Find the average of the mea- 
sures of the other three angles. (Hint: The sum of the measures of the an: 
gles of a quadrilateral is 360°.) 

10. An angle has measure x°. Find the average of the measures of a comple- 
ment and a supplement of the angle. 


In Exercises 11 and 12, use the fact 
that the volume V of a pyramid is 
given by V = 4Bh, where B is the | 


area of the base and h 


the height. | 


11. A pyramid has height x em and a 
square base whose edges are 3 em 
less than twice the height. Find the 
volume: 


12. A pyramid has a rectangular base. Find the volume if the length and width 
of the base and the height are three consecutive odd integers and x is the 
largest integer. 

13. The Drama Club sold ¢ students’ tickets at $1.50 each and 100 fewer 
adults’ tickets at $2.50 each, How much money did the club collect? 


14, Jorge bought 5 40-cent stamps and three t 
How many dollars did he spend? 

15. Jessica’s bank contains 18 quarters 
and dimes, of which g are quarters 
Find the total value of the coins in 
dollars. 


nes as many 25. 


cent stamps. 


16, The length of a rectangular field is 45 ft > w 
greater than its width, w fi. How much 
fencing ts needed to enclose the field and 
divide it into two parts as shown’? 


In Exercises 17-29, choose a variable to represent an unknown number, 
and then write an equation to describe the given situation. 


17. A quadrilateral has perimeter 60 cm, and the lengths of its sides (in centi 
meters) are consecutive odd numbers. 
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18. The numerator of a fraction is 6 less than its denominator, and the value of 
: 


the fraction is 


B 19. Adam purchased a shirt at regular price. Later, when the shirts were on 
sale, he purchased two more at $2 off the regular price. He spent a total of 
341 for the three shirts 


20. Lupe swims two fewer laps than Mary. If both added seven laps to their 
daily swims, the sum of their laps would be three times as many as Mary 
now swims 


21. Max has twice as much money as Katy, who has $12 more than Gr 
three together have $124 


All 


22. Paula's purse contains twice as many dimes as quarters and three fewer 


nickels than dimes. The total of these coins is $3.15 


23. A car and a truck left Elon at noon and traveled in opposite directions 
The truck's speed is two thirds of the ca 
140 mi apart at 2 Past 


s speed, and the vehicles are 


24. Tom and Tina set out on their bikes at noon and travel toward each other, 
meeting at 2:30 p.m. Tina’s speed is 4 mi/h faster than Tom's speed, and 
their starting 


points are 50 mi apart 
25. In quadrilateral ABCD, the measure of ZA exceeds the measure of 2B by 


20°. Also, the measure of 2D is twice the measure of 2B and half the 
measure of 2C. 


26. In an equilateral triangle, the le 
third the length of another 


gth of one side is 20 cm more than one 


27. A grocer mixed cashews and almonds to produce 20 kg of mixed nuts 
worth $7.80/kg. Cashews are worth $7/kg, and almonds are worth 
$9/Kg 

28. When the Kims went to the ball game, they bought two adults’ tickets and 
three children’s tickets, A child's ticket cost $1.50 less than an adult’s, and 
the family’s average price per ticket was $3.35 


C 29. Kevin drove 


longer beca 


320 mi to a mountain resort. His return trip took 20 min 
ise his speed retuming was 4 mi/h slower than his speed 


going. 


(EP A TS YT A TT AD A SD, 
Challenge 


Every positive integer can be written as a sum of cubes of positive integers 

For example, 10 can be written as a sum of three cubes, and 44 can be written 
as a sum of four cubes: 10 = 2" + 1 + P and 44= 7 + 25+ 2+ 17, Finda 
positive integer that can be written as a sum of nine cubes, but that cannot be 
written as the sum of any smaller number of cubes. 
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1-9 Problem Solving with Equations 


Objective — To solve word problems by using an equation in one variable. 


“Word problems’’ describe relationships among numbers. If you can translate 
the relationship described in a problem into an equation, then you can solve the 
problem by solving the equation, Example 1 illustrates a step-by-step method 
for solving word problems. 


near the front and $14 for rear seats. There were 525 more rear seats sold 
than front seats, and sales for all tickets totaled $31,770. How many of each 
kind of ticket were sold? 


‘Beample 1 tickets to the Civic Cemer Auditorium for a rock concert were $19 for seats 


Step 1 The problem asks for the number of each type of ticket sold, 


Step 2 Let «= the number of front-seat tickets sold. 
Then \ § 525 = the number of rear-seat tickets sold. f 


Step 3 Front-seat Sales + Rear-seai ‘Total Sales 
19x + 14 31.700 
Step 4 19x + 14x + 7350 = 31,770 
33x + 7350 = 31,770 
33x = 24,420 
740 (Front) 
v5 1265 (Rear) 


Step 5 Is the number of rear-seat tickets 525 more than the number of front-seat 
tickets? 
1265 2 740 + 525 
1265 = 1265 y 


of front seats and rear s 


$31,770? 


Is the sum of the ticket sal 
TAO) + 1265(14) 2 31,770 
14,060 + 17,710 2 31,770 

31,770 = 31,770, 


~. 740 front-seat tickets and 1265 rear-seat tickets were sold. Answer 
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The step-by-step method of Example 1 is part of this general strategy 


Ge wteraeeeo = 4 + Ce ee ee 
Pian for Solving a Word Problem 


» | Read the problem carefully a few times. Decide what numbers are asked 
for and what information is given. Making a sketch may be helpful. 


Step 2 Choose a variable and use it with the given facts to represent the num- 
ber(s) described in the problem. Labeling your sketch or arranging the 
given information in a chart may help. 


Step 2 Reread the problem. Then write an equation that represents relationships 
‘among the numbers in the problem. 
Step 4 Solve the equation and find the required numbers. 


Step § Check your results with the original statement of the problem. Give the 
answer. 


Example 2 Melissa, a city planner, had two pieces of wire of equal length. She shaped 
one piece into a square to represent a new building site and the other into an 


isos 


les triangle to represent a ne 


by park, The base of the isosceles triangle 
is 4 em shorter than a side of the square, and each leg is 9 cm longer than a 
side of the square. How long was each piece of wire? 


tep 1 The problem asks for the h 
wire. This le 


eth of each piece of 


th is the perimeter of the square and 
the perimeter of the triangle. Sketch each figure. 


Let s = the length of a side of the square in centime- 
s. (Note that the variable does not have to represent 
a number that is asked for.) ‘Then the base of the tri 


angle has length s — 4, and each leg has length 
s+9. 


Perimeter of square = 4 


ep 9 The pieces of wire were equally long. 


Perimeter of square = 4s = 56 (cm) 


each piece of wire was 56 cm long. (The check is left for you.) Answer 
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[Example 3 Fi tet 


| of the iso: 


th of cach piece of wire in Example 2 if the base 
celes triangle is 6 cm shorter than a side of the 
square, and each leg is 3 cm longer than a side of the square 


Solution —_ Modify Step 2 of Example 2 to obtain the following equation in 


Step 3: 

Step 3 Perimeter of square = Perimeter of triangh 
“=G-6 34643) 

Step 4 4s = (9 — 6) + is + 3) + (64 3) 
4s = 3s 


) 


Step 5 +. the side of the square is 0. 


But there is no square with sides 0 units long. Therefore, the 
problem has no solution. Answer 


As Example 3 shows, nor every word problem has a solution. Some prob- 
lems without solutions have contradictory facts like the one in Example 3; oth- 
ers do not give enough facts to provide a solution. Of course. sometimes a 
problem will give you more information than you need to find the solution 


Example 4 at noon a cargo plane leaves 
Mellare Aixport and heads east 
at 180 mi/h, Its destination is 
Jamesville, 500 mi away. At 
1:00 P.at, a jet takes off from 
McHiare and flies east after the 
cargo plane at 450 mish. At 
what time will the jet overtake 
the cargo plane? 


Step 1 The problem asks for the time at 
which the jet overtakes the cargo 
plane 

Step 2 Let = the number of hours after 
noon when the jet overtakes the 
cargo plane 
Make a chart and a sketch 


(Solution continues on the next page) 
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Rate < Time = Distance 


(mi/h) (hy (mi) Mettare -———— 8 ——+ 
Cargo plane | 180 1 1801 airport “4 


Jet 450 Jr 1 | 4500 = 1) 


Step 3 The jet will overtake the cargo plane when: 


Cargo plane's distance = Jet rank 
180r = 450(1 — 1) 

Stop 4 1X0r = 4501 — 450 
450 = 2701 


= (hours after noon) 


Step 5 ., the jet overtakes the cargo plane 1+ h after noon, or 1:40 p.m 
The check is left for you. Answer 


‘The information concerning the cargo plane’s destination $00 mi away was not 
needed in the solution of this example. 


SS ae 
Problems 


AL. Amy has $8 less than Mania, Together they have $30. How much money 
does each girl have? 


Jim's weekly pay is two thirds of Alicia's. Together they earn $600 per 
Week. What is each person's weekly pay? 


A music dealer ran a sale of records and tapes. Records were reduced to 

$7 each and tapes to $7.50 each. The dealer sold 60 more records than 

tapes for a total sale of $2160. How many records did the dealer sell? 

4. At the homecoming football game, the Senior Class offic 
pizza for $75 ea 


s sold slices of 
sold 40 more 
0, How many 


) and hamburgers for $1.35 each. Th 
slices of pizza than hamburgers, and sales totaled $202 
slices of pizza did they sell” 


5. The perimeter of a certain basketball court is 266 ft, and its length is 35 ft 
more than its width. Find the dimensions of the court 

6. If one side of a square is increased by 8 cm and an adjacent side decreased 
by 2.cm, a rectangle is formed whose perimeter is 40 em. Find the length 
of a side of the square 


7. The measure of a supplement of an angle is 


2° greater than three times 
the measure of a complement, Find the measure of the angle 
The degree measures of the angles of pentagon aré consecutive even inte- 


sets, Find the measure of the largest angle. (Hint: The sum of the mea- 
sures of the angles of a pentagon ix 540°.) 


Chapter 


9, At 10:30 A.M. two planes leave Houston, one flying cast at 560 km/h and 
the other flying west at 640 km/h. At what time will they be 2100 km. 
apart? : 

10. In a walkathon to raise money for a charity, Elisa walked a certain distance 
at 5 mif/h und then jogged twice that distance at 8 mi/h. Her total time 
walking and jogging was 2h and 15 min, How many miles long was the 


thon? (Hint: time = stance) 


rate 


contains 40 coins consisting of dimes and quarters and having a total 

value of $4.90. How many of each kind of coin are there? 

12, Larry has an annual return of $213 from $3000 invested at simple interest, 
some at $% and the rest at 8%. How much is invested at each rate? (Hint 
Interest earned = Amount invested = Rate of interest.) 


In Problems 13-18, find the solution if possible. If there is not enough 
information to solve the problem or if it has no solution, say so. If extra 
information is lentify it. 


13. Two planes leave Wichita at noon, One plane flies east 30 mi/h faster than 
the other plane, which is flying west. At what time will they be 1200 mi 
apart? 

14. A collection of 30 coins Worth $5.50 consists of nickels, dimes, and quar 
ters, There are twice as many dimes as nickels. How many quarters are 
there? 

15. John drove part of a 260 km trip at 80 km/h and the rest at 100 km/h 
Find the distance he traveled at 80 km/h if his total driving time was 
2h and 30 min, \ 


16. A triangle has perimeter 29 cm. The sides have lengths, in centimeters 
that are consecutive odd integers. What is the length of the longest side? 


17. Jan invested $1200 at a certain simple interest rate and $2200 al a rate 3% 
higher. Her annual earings were $253. Find the two interest rates if she 
cared $121 more on the larger investment than on the smaller 

18. A school cafeteria sells milk at 25 cents per carton and salads at 45 cents 
each. One week the total sales for these items were $132.50. How many 
salads were sold that week? Y 


Solve. yt / 


19. At noon a train leaves Bridgton heading east at 90 mi/h to Cogsville. 
450 mi away. At 12:15 P.M. a train leaves Cogsville heading west to 
Bridgton at 100 mi/h. At what time will they pass cach other? 


20. Ina bicycle race, Lionel gives Robert a 500 m advantage, Also, Lionel 
agrees to start 15 min after Robert. If Lionel bikes at 17 km/h and Robert 
at 14 km/h, how long will it take Lionel after he starts biking to overtake 
Robert? 
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21, A pollution cor 
exhaust by 56 ppm (parts per million) per hour, When the device 


‘ol device reduces the rate of emission of an air pollutani 
in a car 


is installed, it will take the car 10 h to emit the same amount of pollutant 
that it formerly did in 3 h. What 
pollutant in the car's exhaust? 

22. A grocer wants to mix peanuts and cashews to produce 20 Ib of mixed nuts 
worth $6.20/Ib, How many pounds of each kind of nut should she use if 
peanuts cost $4.80/Ib and cashews cost $8/Ib? 


the original rate of emission of the 


C 23. In a two-candidate election 1401 votes were cast. If 30 voters had switched 
their votes from the winner to the loser, the loser would have won by 5 
votes. How many votes did each candidate actually receive? 


Mixed Review Exercises 


Solve. 
1. 3x+2=-4 2,42-yy=y-7 3.1-St= +7 
Evaluate each expression if c = —4 and d = 6. 


5. te ~ dy 


Self-Test 3 


Vocabulary open sentence (p. 37) equivalent equations (p. 37) 


solution (p. 37) empty set (p, 38) 
root (p. 37) identity (p. 38) 
solve (p. 37) formula (p. 39) 
solution set (p. 37) constant (p. 39) 
Solve. 
1. 3x-8=7 2. 4(1 — 4) = Av — 4) Obj, 1-7, p. 37 


3. Solve the formula m = 1(a + 6) for b. 


4. Using n for the variable, translate this word phrase into an al 


Twice the sum of a number and its square. 


Obj. 1-8, p. 43 
braic expression 


Express your answer in terms of x: What is the perimeter of a ree- 
tangle that is xem wide and 5 cm longer than it is wide? 


6. 


Two cary, heading toward each other on a divided highway, are Obj. 1-9 p. 49 
250 mi apart. If one car travels 45 mi/h and the other 10 mi/h 
faster, in how many hours will the cars pass each other? 
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MERE SEE ES 
Chapter Summary 


1, The set of real numbers has several familiar subsets, which are shown in the 
chart on page-1. 


Each point on a number line can be paired with exactly one real number, 
which is the coordinate of the point, The point is called the graph of the 
number. 


3. The words and symbols used in algebra have specific mathematical defini- 


tions. (See the charts on pages 6, 7, and 9.) 


4. A numerical expression can be simplified by following the rules for order of 
‘operations (page 8). 


5, An algebraic expression can be simplified by using the field properties of 
real numbers (page 15) along with the definitions of addition, subtraction, 
multiplication, and division 


6. An algebraic expression can be evaluated by replacing each variable by a 
given value and simplifying the result 


7. An equation can be solved by applying the transformations on page 37. The 
solution set of an equation is the set of values of the variable that make the 
equation a true statement. 


8, Word problems can be solved algebraically after translating the given infor 
mation into an equation. Refer to the five-step problem-solving method pre- 
sented on page 50. 


(nn re eR ed 
Chapter Review 


Write the letter of the correct answer. 


1. On a number line. the coordinate of pomt A is —3, and the coordinate of it 
point B is 7. Find the coordinate of the point halfway between A and B. 
ad b. 3 ©)2 d. i 

2. Simplify |—5| ~ |S). 
a. 10 b. 0 ec 10 ad. 5 


3. Simplify 


xy — 1)? if x=4 and y=3 
12 c. 64 d. 32 
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5. Simplify 12a + 1) 
ayat b. ta41 ce ta+4 dat 


6. Name the property that is illustrated by this statement 


+ (3b-+ c) = Gb +) + 2a 
a, Symmetric property b. Associative property 
of equality of addition 
Addition property 4d. Commutative property 
of equality of addition 
7. Simplify (— 14 + 8) ~ (4 — 11). 
a. -13 b. 13 el d. -1 
8. Simplify 8m — 6n 


a. 3mn 


9. Simplity 32x — y) — 4(x ~ 2y). 


2 2x = Hy b. 10x Ly sy sy 
10. Simplify (a)? +o 
a. —2a b. 2a 0 
11. Simplify 6(3 — 7) + (—2)3 + (-1 
a3 b. 4 3 4 
b. Su +6 e. Se -6 5x +6 
3x41 
boi eS 4.5 
+ h) for br 
oe erp e a AL-y 


15. The hourly wages of three workers are consecutive even integers, If the 
highest-paid worker's hourly wage is r, what is the sum of all three work- 
ers’ hourly wages? 

= 6 a. 3x3 


16, The perimeter of a recta 
width? 


is 24em. If the length is y cm, what is the 


7. The school book store sold § more pencils than pens one day. The cost of 
4 pencil is $.05, and the cost of a pen is $.20. If the day’s sales of pens 

and peneils totaled $8.90, how many pencils were sold? 

a. 42 b. 4 ©. 26 a. 50 


18. A woman drove part of a 185 mi trip at 50 mi/h and the rest at 55 mi/h. 


Find the distance she traveled at 50 mi/h if her total driving time was 3 h 
and 30 min 


10 mi b. 100 mi 


d, 150 mi 


1-6 


1-8 


Chapier 1 


Chapter Test 


1, On a number line, point A has coordinate —4, and point B has 
coordinate 5. Find the coordinate of the point two thirds of the way from A 
to B. 

2. List 0.6. —U.8. 1.4, —1, and —0.2 in order from least to greatest 

~ 4+ 6), 


wt yy 
4. Evaluate S—*> if x =2 and y= 4 
voy 


3. Simplify $-3 


5. Name the property that justifies each lettered step 


ae 
eee 
a: 2 
7. 8m —4—9m +7 
9. 53x — 2y) — 4(6y — 1) 
Evaluate if r= —3. 
10. x(4— 9x + 1) I. 7 —2x—x 
pl 
( Y= 12x 
Al 
12. | 13, 2= 2 
T= 3 15. 6(51 — 4) = 74x + 5) — 19 


Express your answer in terms of the given variable. 


16. A car's gas tank held x gallons of gas before a trip. The trip consumed 
three quarters of the gas in the tank, but 10 gallons 0 
the trip. How much gas is now in the tank? 


s were added after 


Solve. 


17. A man invested $6000, part of it at 5% simple interest and the rest at 7% 
simple interest. If his annual interest income is $372, how much did he 


invest at each rate 


Basic Concepts of Algebra 


1-3 


1-6 


1-8 


Earthenware pottery is a mix- 
ture of clay, flint, and feldspar. 
Depending an how these ele- 
ments are mixed, pottery must 
be heated to a temperature 
between 1000°C and 1150°C. 


MMs. 2 | 
Working with Inequalities 


ee ee ee 
2-1 Solving Inequalities 
in One Variable 
Objective To solve simple inequalities in one variable. 
The inequality 
is satisfied by every real number than —2. The graph of this inequality 


is shown in red on the number line below. Note the use of the open circle to 
show that —2 is not a solution 


and 58-N<7-t 


you use methods similar to those used to solve equations. These methods are 
based on the properties of order for real numbers stated below. Recall that a 
real number c is called positive if ¢ > 0 and negative if ¢ <0. 


SS Se 
Properties of Order 
Let a, b, and ¢ be any real numbers. 
Comparison Property 
Exactly one of the following statements is true: 
a<b, a=b, ora>b. 
‘Transitive Property 
Ifa<h and b<e, thena<c. 
Addition Property 
Ifa<b, thena +c 


<b+e. 
Multiplication Property 


1. Ifa <b and c is positive, then ac< be. 


2. Ifa <b and ¢ is negative, then ac > be 


Inequalities and Proof 


Since subtracti 


1 is defined in terms of addition, the addition property 
of order applies to subtraction. Similarly, the multiplication properties apply 
to division. Furthermore, since the st 


ment b> a has the same meaning 
b, the properties of order hold true if < and > are interchanged 
out 


When you multiply or divide both sides of 


inequality by « negative 
number, you must reverse the direction of the inequality. For example: 


5<8, but = (-2)5 > (-2)98 (that is, —10 > —16) 


i 4 


1>—4, but (that is, -4 <2) 


tion set is easy to see. Transformations that produ alent inequalities, 


that is, inequalities with the same solution set, are listed in the chart below 


SES eet 
Transformations that Produce Equivalent Inequalities 


1. Simplifying either side of an inequality 


Adding to (or subtracting from) each side of an inequality the same number 
or the same expression. 


Multiplying (or dividing) each side of an inequality by the same positive 
number. 


4, Multiplying (or dividing) cach side of an inequality by the same negative 
number and reversing the direction of the inequality 


Notice how these transformations are used in the following example. 


faph its solution set 


Example 1 Solve cach inequality and g 


a Sx+17<2 b. 5Q8-)<7-1 
Solution a. 5x+17-17<2~1 bo IS—51< 7-1 
5x 15 She 
Sx 15 4<7 
2 ar 8 
eae At. =8 
1 4 
1>2 
the solution set the solution set 


consists of all real 


consists of all real 
humbers 


numbers less than ~3 reater than 2 


60° Chapter 2 


‘To quickly check whether the direction of the inequality in your answer is 
correct, choose a test point and see if it satisfies the given inequality, For ex- 
ample. in part (a) of Example 1, substituting 0 for x gives 17 <2, which is 
false, So 0 is not in the solution set and the direction of the inequality x < —3 
is correct 

‘The solution set of part (a) of Example | can be written as {x: + < —3}, 
which is read, “the set of all x such that x is less than —3."" Similarly, the so- 
lution set of part (b) can be written {f: 1 > 2}. This notation will be used 
throughout the rest of this book 

Some inequalities are true for all real numbers, and others have no solu- 
tion, as Example 2 illustrates 


‘Example 2 Solve cach inequality and graph its solution set 
a. 4x>2(3 +20) b. 2<- 
“Solution a. 4x >2(3 + 2x) b. 2 
4n>67 44 u<3 
0>6 0<3 
Since the equivalent in- Since 0 <3 is true, the 
equality 0 > 6 is false, the given inequality is true 
given inequality is false and for all values of 1 


has no solution 
+, the solution set 


~. the solution set is @, and is {real numbers}. 
there is no graph. 


Explain how to transform the first inequality into the second inequality. 


‘Sample —31> 15:1<-5 
“Solution Divide cach side by —3 and reverse the direction of the inequality 
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y with the graph of its solution 


1. —6x es 


12. 4-x>2 a 


Match cach inequ 


17. a. Explain the meaning of this statement: Jf a <0, then a > 0. 
b. Decide whether the statement in (a) is true or false. Give a convincing 
argument to support your answer 


FEDS SR SS aT 


Written Exercises 


Solve each inequality and graph each solution set tha 


is not empty. 


3-2 ak eee ee Sy a 
A Lx-7>-5 Byt4<3 
3. 2<6 4. 3u>-6 
5. —Sw 10 6. 12 —4y 
1. -f>3 8. 3k 6 
35 10. 2r +5 = 
y<Ty —24 12, 36> 61+ 12 
2-h t+h 14. 1 2x < x 1) 
15. 5(2u 3) iu ay +0 16, 3(4 — 2 x-3S 
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17. Six ~ 7) + 21 — x) > 3x — 11) 18, 4y + 3(2 — 35) 
Ty -2°Ay-4)>6-(2-y») 2. 4(2— 2) - 31+ < 


(1 — x) 


Solve. 
B 21. k—3(2 — 4k) <7 —(8k-9 +8) 
22, 


Q- 3) < 514+ Al —2 


23. 4(y + 2) -—9y > y — 32y 4 1)-1 


4[Sx — Gx — 7) < 2(4x — 5) 


Tell whether each statement is true for all real numbers. If you think it is 
not, give a numerical example (0 support your answer, 

28. Ifa <b, then a—c<b—¢ 

26. Ifa<b, then a~b<0. 

21. Wa<b, then a® 
28. If a<b, then a <b’. 

29. Ifa<b and c<d, thenat+e<b+d. 
30. Ifa<b and e<d, thena—e<b~d. 


p2 


C 3. faxb, then a + b> 2ab 


32. a> O anda 1, then a ++>2 


33. The following statement is true 
Ifa>Oanda<I, thena <a 


Write a short paragraph explaining the meaning of this statement to some- 
one who hay studied arithmetic but not algebra 


(rE ee 
Mixed Review Exercises 


Simplify. 
1. (81-5) - (S - 8) 


v 


(-4)(5)(—1)(—3) 


3. (=2)(—pP 


5. 6. 

7. (3-4) — 2 8. 

9. 2a* — Sa — (a? —7) 10. Gx — y + 2x — dy 
11. |-4) — |-9] 12, 4(3 — m)— Qm + 1) 
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Computer Exercises For students with some programming experience 


1. Write a computer program that will print all solutions of the inequality 


ax + b<c, where a, b, and c are entered by the user. In this program the 


domain of x will be a set of consecutive integers, where the smallest and 
largest members of the set will also be entered by the user 


(Hint: Use a FOR . . . NEXT loop to test each integer from smallest to 
largest.) 
2. Run the program in Exercise 1 {o find solutions of the inequality 
ax 7 17 for the following domains 
a. {1,2 6} b. (5, 6, 12) c. {10, 11, 


3. Modify the program in Exercise | so that if there are no solutions in the 


ven domain, the computer will print a message to this effect 


4. Run the program in Exercise 3 10 find solutions of the inequality 
Sx + 3-< 12 for the followin 


a) bs f=10; -9 6) 


domains 


NI 


VA Career No’ 


When you read that automobile manufactur- 
ers have increased the fuel efficiency of 
cars, you are actually reading about the 


/ Automotive Engineer 


work of automotive engineers, Automotive 


neering is a specialized field of me 


ical engineering, which is concerned 


with the use. production, and transmission 
of mechanical power 

The role of an automotive eng 
with all 


neer, us 


ineers, is to apply the theories 

and principles of science and mathematics 

to the solution of practical problems. Auto- 
tive en 


neers in particular are responsi 
signing automobiles that deliver 


efficient and economical performance. Eval 
ating the overall cost, reliability, and 
safety of automobiles is also part of an au 
tomotive engineer's work 

To assist them in their work, automo: 
tive engineers rely upon calculators. com: 


puter simulations, and other engineers 


| Computer-aided design systems have 
| become especially important for the produc 
tion and analysis of automotive engine-and. 


body designs 
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2-2 Solving Combined Inequalities 
Objective —To solve conjunctions and disjunctions. 


The general admission price at the 
Cinema V theater is $4.50. Children 12 
years of age or under and adults who are at 
least 65 are charged only half price. There- 
fore, you must pay the full price of $4.50 if 
your age, a, satisfies both of the inequali 
ties a > 12 and a < 65. The combined in 
equality ““a > 12 and a < 65” is an exam- 
ple of a conjunction 

A sentence formed by joining two sen- 
tences with the word and is called a 
conjunction. A conjunction is tue w 
both sentences are true 


Example 1 Graph the solution set of the conjunction x > —2 and x <3 
for all values of x between —2 and 3. The graph is 


“Solution — The conjunction is tru 


shown below. Notice that the numbers between ~2 and 3 include neither —2 
nor 3. 


‘The conjunction “x >a and x <b” is usually written 


a<x<b, 


which is read ‘x is greater than a and less than b."’ Using this notation, the 
solution set of Example 1 is written (x: —2 <x <3} 
A sentence formed by joining two sentences with the word or is called a 
disjunction. A disjunction is true when at least one of the sentences is true. 
You learned earlier that “x <2'" means ‘x is less than or equal to 2" and 


therefore represents the disjunction 
or x=2. 


In the graph of this disjunction, shown below, a solid red dot hay been used (© 
show that 2 is included in the solution set 


5 4 - 
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The chart below summarizes how to solve conjunctions and disjunctions of 


open sentences in one variable 


on: Find the values of the variable for which hoth sentences are 
true 


Find the values of the variable for which at least one of the 
sentences is true 


Example 2 Solve 3<2x +5 
Solution 1 You can first rewrite the inequality usir 


and graph its solution set 


nd. Then solve both inequalities. 


2 
3<2x 
2<2x 

-1<x 

the solution set is 1 


Solution 2 You can solve 


ing 


he inequality using this shortened method that involves operat- 


1 all three parts of the inequality at the same time 


+515 Subtract 5 from all three parts 


=10 Divide all three parts by 2. 


the solution set is {x; —1 <x = 5} 


the solution set is |y: y = 3 or y ). Answer 
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‘SE ete BS 
Oral Exercises 


Tell whether cach conjunction or disjunction is true or false. 
1, -5 < —3 and 3 
3. -6>-2 or -6 
§. -7<-Sor7< 


2. -1<2 and — 
4. -6>—3 or — 
6. -4< -6 and -4.<6 


Match each graph with one of the open sentences in a—h. 


13. The inequality x # 2 is equivalent to the combined inequality 
eo2 2 «>2 


14. Explain why it would be incorrect to write 


RR ISIS 8 ETS I en oe DG 
Written Exercises 


Solve each conjunction or disjunction and graph each solution set that is 


not empty. 

Al. <5 land =<3 
3. 1<Lorr=3 4. p>lorp<i 
5. y=—land y>=3 6. y>-lory>3 
7.1>Oo0rt<2 8. w <O and w= 4 
9, 0=x-2<3 10. 2>y+220 
WM, -1>2r-5 +2 


|) 3k T<Lor2k—3>1 
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%+7= 13 or St-4<6 16. 2x+3>1 orsx-956 
2+ 7= 13 and 5¢—4<6 18, 2x +3>1 and Sx-9<6 


-3<1-2k<3 
a. -3<2-4<-1 

B 23. 79-1 >q4 +411 or -1lg > —33 24. Sn — 1 >0 and 4n +2<0 
2. y-7<3e-S<xtl 26. 3y+S=2y+1>y-1 
a1. ~3m>m—1or—am<m+1 28, 32 + 7S 42 and 32+ 7 > -42 
Solve. 


29, -3= 2-3) <6 
30. -5< 22-9) +1=9 


31. £42<1+3.andr—-3>4-4 


Cc 33. 3 or 
BL 1 < (28+ 1)<S orl <2s-1<5 
y+6 r 
35.2< <S and (4-y>S or4+y>7) 


36. (x= 44442 orx=2x—1) and 1< 


storical Note / Linkages 


The problem of constructing a linkage made 
of hinged rods that will draw a straight line 


has practical as well as theoretical interest 


James Watt, the inventor of the steam engine, 
tried to construct such a device to guide the 
motion of the engine's piston. Watt's linkage, 
however, drew only an approximation of a 
straight line. 

~ In 1864 a French army officer named 
Peaucellier solved the problem with the link- 
age shown at the right, in which one pivot equal to distance 
moves in a perfectly straight line. Peaucellier between f 
was awarded the mechanical prize of the In- 

stitute of France in 1873 


ed pivots 
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2-3 Problem Solving Using Inequalities 


Objective — To solve word problems by using inequalities in one 
variable 


Sometimes solving a word problem involves using an inequality. 


‘Example 1 A bus is to be chartered for the senior class trip. The basic fare is $9.50 per 
Passenger. If more than 20 people go, everyone’s fare is reduced by $.30 for 
each passenger over this number (20). Ar least how many people must go to 
make the fare less than $7.50 per passenger? 


Step 1 The problem asks for the least number of passengers needed to make the fare 
for each less than $7.50. 

Step 2 Let n = the number of passengers 
Then 2 — 20 = the number of passengers over 20; 
0.30(7 ~ 20) 
9,50 ~ 0.30(n — 20) = the reduced fare per passenger 


the amount each passenger's fare is reduced; and 


Step 3 Reduced fare per passenger is less than $7.50, 
9.50 = 0.30(n ~ 20) 7.50 


Step 4 Multiplying both sides of the inequality in Step 3 by 10 clears the decimals 
and gives this equivalent inequality to solve: 

95 — 3(n ~ 20) < 7: 

95 — 3n + 60 < 75 


a 


an < -30 
80 
n> 
age 

n> 65 


Interpret the result: Since the number of passengers must be an integer, 


n= 


Step 5 Check: Is the reduced fare less than $7.50? If at least 27 people go, the fare 
per passenger is reduced by 0.30(27 ~ 20) = 2.10 

Then the reduced fare is 9.50 ~ 2.10 = 7.40 < 7.50. 

Is 27 the least number of passengers’ Try 26. If 26 people go, the 
fare per passenger is reduced by 0.30(26 — 20) = 1.80 

Then the reduced fare is 9.50 ~ 1.80 = 7.70 > 7.50. 


+, at least 27 passengers must go. Answer 
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Certain phrases can be translated into mathematical terms using inequali- 


ties. Here is a list of the more common ones, 


Phrase | Translation 


i 
vis no 1 2 i :| 
[x is between a and b. a 

and 


x is between a inclusive a= 


Example 2 Find all sets of 4 consecutive integers whose sum is between 10 and 20. 


Step 1 The problem asks for 4 consecutive integers; their sum must be greater than 
10 and less than 20. 


Step 2 Let n= the first of these integers 
Then the other three aren + 1, n+ 2, and n+ 3 
Step 3 10 the sum 20 


10 <n F(nt 1) +n 2) 4 in +3) < 20 
Step 4 10<4n+6< 20 
4 4n 4 


Imerpret the result: Since 1 is an integer, there are only two values possible 


ers that fulfill the re 


for m: 2 and 3. There are two sets of consecutive integ 
quirements of the problem: 


d (3, 4,5, 6) 


eo 5 Check: Is the sum between 10 and 207 


For (2,3, 4.5}: 10<2+3+44+5<20 


10 <14< 20 


For (3, 4. 5. 6] 


1 10<344454+6<20 
10 < 18 < 20 
To complete the check, you must show that 3 


integers will not satisfy the requirements. In fact. you need only eliminate the 
set of ““next greater” im rs, {4, 5, 6. 


yy other set of four consecutive 


nd the set of “next smaller” in 
tegers, {1, 2, 3, 4}. That work is leit for you to do. 


the required sets are {2, 3, 4. 5} and (3. 4, 5. 6}. Answer 
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A 


Problems 


Solve. 

1. For the Hawks’ 80 basketball games next year, you can buy separate tick 
ets for each game at $9 each, or you can buy a season ticket for $580, At 
most how many games could you attend at the $9 price before spending 
more than the cost of a season ticket? 

2. The usual toll charge to use the Bingham tunnel is 50 cents, If you pur- 
chase a special sticker for $5.50, the toll is only 35 cents. At least how 
many trips through the tunnel are needed before the sticker costs less than 
paying for each trip separately? 

3, The length of a rectangle is 5 cm more than twice its width, Find the larg- 
est possible width if the perimeter is at most 64 cm, 

4. The lengths of the legs of an isosceles triangle are integers. The base is 
half as long as each leg. What are the possible lengths of the legs if the 
perimeter is between 6 units and 16 units? 

5. Find all sets of three consecutive odd integers whose sum is between 20 
and 30. 

6. Find all sets of three consecutive even integers whose sum is between 25 
and 45 

7. Jeannie’s scores on her first four tests were 80, 65, 87, and 75. What will 
she have to score on her next test to obtain an average of at least 80 for 
the term? 

8. Jim’s second test score was 8 points higher than his first score. His third 
score was 88, He had a B average (between 80 and 89, inclusive) for the 
three tests. What can you conclude about his first test score? 

}. The sides AB and AD of a square are extended F 7 
10 cm and 6 cm, respectively, to form sides 6 | 
AE and AF of a rectangle. At most how long DF c 
is the side of the square if the perimeter of the 
rectangle is at least twice the perimeter of the 

are? 
ane As 80 ¢ 
10. The three sides of an equilateral triangle are increased by 20cm, 30 cm 
and 40cm, respectively. The perimeter of the resulting triangle is between 
twice and three times the perimeter of the original triangle. What can you 
conclude about the length of a side of the original triangle? 
The telephone company offers two types of service. With Plan A, you 


make an unlimited number of local calls per month for $18.50, With 
Plan B, you pay $6.50 monthly, plus 10 cents for each min of calls after 
the-first 40 min. At least how many min would you have to use the tele- 
phone each month to make Plan A the better option? 


Inequalities and Proof 


12. During the first 20 mi of a 50 mi bicycle race, Roger’s average speed was 
16 mi/h. What must his average speed be during the remainder of the race 
if he is to finish the race in less than 2.Sh? 

13. A subw 
train is act 
irain remain at each station if the average speed for the trip, including 
stops, is to be at least 36 km/h? 


train makes six stops of equal length during its 21 km run, The 
lly moving for 20 min of the trip. At most how long can the 


14. The length of a rectangular sheet of paper was twice its width, After 1 cm 
was trimmed from each edge of the sheet, the perimeter was at most 1m 
Find the largest possible dimensions of the trimmed sheet 


© 15. A swimming pool is 5 m longer than it is wide and is surrounded by a 
deck 2 m wide. The area of the pool and deck together is at least 140 m* 
greater than the area of the pool alone. What can you conclude about the 
dimensions of the pool’ 

16. Find all triples of consecutive integers such that 11 times the largest of the 
integers is at least 46 more than the product of the other two. 


SS SS 
Mixed Review Exercises 


Solve each open sentence and graph each solution set that is not empty. 


1. 3x-2=-8 2, 41<-20r1-4>-3 

3, 2im—2)>4- 30 —m) ~6 and y+3<1 

5. 7-4d<3 5 

Evaluate if x = —7 and y = 3. 

7. ety 8. [x] + [yl 9. lryl 10. |x| +|y| 


Self-Test 1 


Vocabulary equivalent inequalities (p. 60) disjunction (p. 65) 
conjunction (p, 65) 


Solve each inequality and graph the solution set. 


1. 6m 


2. 2y + 9<5(y + 3) a 8 — 35> =-7F Obj. 2-1, p. 59 
4.4 -en-1 S.1<40+5<9 6 c¢-3>2%oF=1 Obj. 2-2, p. 65 
7. Bill's scores on his first two tests were 75 and 82. What will he have Obj. 2-3, p. 69 


to score on his next test to obtain an average of at least 802 
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Working with Absolute Value 


a SS 
2-4 Absolute Value in Open Sentences 


Objective To solve open sentences involving absolute value 


If you think of the absolute value of a real number x (see page 3) as the dis- 
tance between the graph of x and the origin on a number line, you can see why 
the sentences below are equivalent 


Sentence Equivalent Sentence Graph 
x] = 1 x lorx=1 

Distance between x 

and 0 equals 1 

x| 1 

Distance between x 

and 0 is greater than 1 


Distance between x 
and 0 is less than 1 


You can often solve an open sentence involving absolute value by first 
writing an equivalent disjunction or conjunction 


Example 1 
‘Solution — 


3x-2=8 
3x = 10 
10 


x 


10 | 
+. the solution set is {-2, 1}, Answer 


Solve |3 ~ 24 


3 — 24 <5 is equivalent to this conjunction 


3-2 


the solution set is (s Answer 


Inequalities and Proof 


‘i Example 3 Solve 


Solution — First transform the inequality to an equivalent inequality in which the expres- 
| sion involving absolute value is alone on one side 


the solution set is {2s =< —2 or > 23}. Answer 


You can help guard against errors by testing one value from each region of 
the graph. Substitute values in the original inequality 


Try z= %—4) — 1) +3 =|-9 +3=1228 
Try 7-0 0-14+3=[-1|/+3=428 
Try z=4 4-W+3=[114+3= 108 


You can tell at a glance that an inequality such as |r — 3| = —2 is true for 
all real numbers x, because the absolute value of every real number is nonnega 
tive. On the other hand, an inequality such as |f + 5] < —1 has @ as its solution 
set (why?) 


Oral Exercises 


Express each open sentence as an equivalent conjunction or 
without absolute value. 


Sample? 3: - 1|>2 Solution 3-1 2or 31-1 >2 

1. |x 33 rh 3. > 0 
5. s+ 3 6. 1 7. Bt-1j=2 3 
Express each conjunction or disjunction as an equivalent open sentence 
involving absolute value. 

Sample2 -1= ~-2=1 Solution |x -2)<1 

9 w= —-Roru=3 10. + 3 MH. 3>4(v— 1) >-3 
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Written Exercises 


1-8. Graph the solution set of each open sentence in Oral Exercises 1-8 


Solve and graph the solution set. 


9. [2+ 5) <3 10. [3x + 2j>4 
WA, 20 0 12. 8 = (Sy + 2 

14, [1-4 <2 

16. 

18. 
Solve. 
19, e+ 5)-3=1 20. 21-3) +2= 
« [2a +356 22. 4— (Bk+1 2 
7 - 34d —7=4 24. 6 + 5j2r - 3/24 
25. 44 2/555) 5 26, 2/45) 325 
27. 7 + Sel = 1 — 3c { 


Graph the solution set of each open sentence. 


Computer Exercises For students with. some programming experience 


50 that are 
he values of 


1. Write a program to list all integers x in the interval ~50 =x = 


solutions of an open sentence of the form a < lex + d\ <b 
a, b,c, and d are to be entered by the user. If no integers in the given in- 
terval satisfy the inequality, have the output state this. You will need to use 
the BASIC function ABS in your program 

2. Use the program in Exercise 1 to find the integer solutions of cach open 
sentence 


a, 17-<|3x — 25] <35 be 1 < [18x + 120) < 100 
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2-5 Solving Absolute Value 
Sentences Graphically 


Objective To use number lines to obtain quick solutions to certain equations 
and inequalities involving absolute value. 


You know that on # number line the distance between the graph of a real num- 
ber x and the origin is |x|, The distance on the number line between the graphs 
of real numbers a and b is \a — 6}, or equivalently, |b ~ aj. You ca 
fact to solve many open sentences almost at sight 


use this 


i 6 
5 4 : 
|}. ——+| 


Example 1 Find the distance between th 


aphs of each pair of numbers 


a. 8 and 17 b. —I1 and 6 c. —9 and 12 
Solution a. {8 — 17) = |-9| = 9 Answer 
b. [-11 — (—6)] =|-11 + 6) =|-3)=5 Answer 


Answer 


Example 2 Solve \x — 3) = 2 
Solution — Yo satisfy v— 2. must be a number whose di 


So. to find x, start at} and move 2 units in each direc 


ce from > is 2 units, 


pn on a number line 


ae xi lis = 
You arrive at | and 5 
Lana 2 ae as the values of 


the solution set is {1,5}. Answer 


Example 3 Solve \y +3) =3 
Solution y+2=y~-(-» 


Therefore, | + 2) <3 is equivalent to |y — ( 2)) <3 


76 Chapter 2 


So the distance between y and 


must be 3 units or less. To find y, start at 
2 and moye 3 units in each direction on a number line 


The numbers up to and including 1 and the numbers down to and including 
5 will satisfy the inequality 


the solution set is {y 


Answer 


Certain equations and inequalities, such as the ones in Examples 1-3, lend 


themselves more easily to a graphic solution. With these types, the expression 
involving absolute value is of the form |v — constant 


more complicated, as in Example 4, a 
though not as easily 


method leamed in the previous lesson 


Example 4 solve \5 


When the expression is 
phic method can also be applied, 
For these types, you might prefer to use the algebraic 


3 
Use the facts that Ja — b| = |b — aj and jab| = {al - |b| (page 27) to rewrite 
{5 — 24] this way 
5 — 24) = |2r—5| 2-( ) 
= 1-3 
2|:- 
Therefore, the given inequality 
5—onS3 
is equivalent to 2\r— 3) > 3. or |r : 
To find , start at ~ and move more than > units to the right and to the left 
j—3--3-- 


the solution set is {i ¢ 
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(a ee 
Oral Exercises 


Find the distance between the graphs of each pair of numbers, 

1, 3 and ~4 2. 6 and —1 3. 12 and 5 4. -7 and 1 
5. 1 und 8 6. —I1 and 8 7. 11 and -8 8. —11 and ~8 
9. 1 and 41 if (a) r is positive, and (b) fis negative 

10. —2k and 2k if (a) & is positive, and (b) & is negative. 


Tran: 


Sample le +2)=3 Solution. The distance between = 


and —2 is at least 3. 


each open sentence into a statement involving distance. 


11. |= 
Ma. et Sa 15. \u + 5) 


Translate each statement into an open sentence using absolute value. 


Sample The numbers whose distance 


from —3 is at most 2 


17. The numbers whose distance from 2 is less than 5 
18, The numbers whose distance from —3 is at least 3 
19. The numbers whose distance from —1 is not more than 3 


20. ‘The numbers whose distance from 4 is equal to 4 


21. The numbers whose distance from — > is not less than $ 


22. The numbers whose distance from 0 is at most 6 
23. The numbers whose distance from —1,2 is greater than 4.8 
2 


4. The numbers whose distance from a is not more than h 


i Se ee See 
Written Exercises 


Solve each open sentence graphically. 
A il. \wi=4 2 \n-3=2 3 <3 
4. |yl>4 5. jul =2 6. |pj=5 
7. |y 3 8. lk-4)>1 
ies 
10. |x- 4) >3 MM. r+ 2>5 
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Solve each open sentence. Use whichever method you prefer. 


1 1 
B Id. Gy t = 3 
2 y 1 3 
1 3 18. 4 : 2 4 
20. 7-By—2)<1 21, [9+ 3/\<4 
23. |1.2 + 0.44 <2 24, (1 — 0.34] = 1.5 
Solve for x in terms of the other variables, Assume that a, b, and c are ; 
positive numbers. 
C 25. t-alec 26. jx tal =e 27, |x - cl <e 
28. [rt el>e 29. ja + bx| =e 30. Ja — bx| =e 
3. a — [ba <e 32. at jbxj>e 33, blu tal <c 


(Assume a ~ ¢ = 0.) (Assume c—a = 0.) 


Smee 
Mixed Review Exercises 


Solve each open sentence, 


1 1=ar+4=13 2. [5 — 2a} = 3. 4(Q2e — 3) > Te - 9 
4. |oy +61 >0 6. p+2<-1 or —4p = - 
7. S2+11<1 9. m> Land S—m>1 


Self-Test 2 


xpress the following conjunction as an equivalent open sentence in- Obj. 2-4, p. 73 
volving absolute value: 3c + 2 = —4 and 3x +2 <4. 


Solye and graph each solution set. 
2. 


4, Translate the following stalement into an open sentence using absolute Obj. 
value and the variable x: The numbers whose distance from 
least 5 units. 


p. 76 


Solve each open sentence graphically. 


im — 4) <2 6. |n+ 


Check your answers with those at the back of the book 
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ZA Computer Key-In 


In Lesson 2-4 you solved inequalities involving absolute value. The program 
below solves inequalities of the form Jax + b| < ¢ or lax + b| > when the user 


enters the values of a, b, and c, and the inequality sign. The program uses the 


following four basic solutions 


For jax + b| <c, where c > 0: 


iha>o, ==! <vand <=. ita <0, Sh <x and <4 
For ax + b| > c, where = 0: 
Ifa > 0, 4< = or x > Sb Ira <0,x 


‘The program also handles two special cases, which you will be asked about in 
Exercises 7 and 8 below. 


10 PRINT "THIS PROGRAM WILL SOLVE AN INEQUALITY" 
20 PRINT "OF THE FORM ABS (A = X + B) SIGN C,” 

30 PRINT "WITH A NOT ZERO. THE SIGN IS < OR >.” 

40 INPUT "ENTER A,B,C, AND THE SIGN: ":A,B,C,SS 


50 IF SS AND C < = 0 THEN 60 
55 PRINT “SOLUTION SET CONSISTS OF X SUCH THAT” 
60 IF S$ = "S" AND A > 0 AND C > 0 THEN PRINT 


(-C — B)/As"<X ANDX <"\(C—B)/A 

70 IF S$ = "<" AND A < 0 AND C > 0 THEN PRINT 
(C - B)/ Ai’ <X ANDX<";(-C-B)/A 

80 IF S$ = ">" AND A > 0 AND C > = 0 THEN PRINT 
y C — By A ORX > "XC — BSA 

AND A < 0 AND C > = 0 THEN PRINT 
? B)/ As" OR X -C-B)/A 

100 I AND C < 0 THEN PRINT 

"X IS ANY REAL NUMBER.” 


ct 


110 IF S$ = "<" AND C < = 0 THEN PRINT 
“THERE IS NO SOLUTION.” 

120 END 

Exercises 


Run the program to solve each inequality. Be sure each inequality is in one 
of the forms jax + b| <c or lax +b] >. 


1 |-4e+ 5/501 2. 2v+9)>1 3. [Sv-1]4+4>6 
4. 315 — > 12 [e+ 3] -6<7 6. —4x-1 8 


Run the program to solve each inequality. Explain the result. 
7, Bx + 4[<-1 8. 


Qe +5) >-3 
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Proving Theorems 


IEEE EES eT S| 
2-6 Theorems and Proofs 


Objective To use axioms, definitions, and theorems to prove some 
properties of real numbers 


You have used many properties of real numbers in the previous lessons of this 
book, It can be shown that if just a few of these properties are accepted as true 
statements, then all the other properties will necessarily follow 

Statements that we assume to be true are called axioms (or postulates) 
The axioms that we accept include 


The substitution principle (page 8) 
‘The properties of equality (page 14) 

‘The field properties of real numbers (page 15) 
‘The properties of order (page 59) 


At this time, you should review all the properties and the definitions included 
up to this point 
Example 1 shows how you can reason from a hypothesis (a statement that 
is given or assumed to be true) to a conclusion (a statement that follows I 
cally from the assumptions). In the example, each step of reasoning from the 
hypothesis “‘a, b, and ¢ are real numbers and a + ¢ = b +c’? to the conclusion 
‘a = b’” is justified by a given fact or an axiom. 


“Example 1 show that for all reat numbers a, b, ifate=b+e, thena=b 


Statements Reasons 


a, b, and ¢ are real numbers; Hypothesis (or Given) 
ate bre 
~c is a real number Property of opposites 
(a+ 0) + (ce) = (b+ 0) +(-0) Addition property of equality 
a+l|e+ (-o] =b + le + (—e] Associative property of addition 
at0=b+0 Property of opposites 
a=b Identity property of addition 


This form of logical reasoning from hypothesis to conclusion is called a proof. 
A statement that can be proved is called a theorem, 

A theorem that can be proved easily from another is called a corollary, 
You can use the commutative property of addition to prove the following corol- 
lary of the theorem proved in Example | 
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Corollary; Wc +a=c + b, then a= b 
The theorem of Example | and its corollary make up the cancellation property 
of addition 

a TS 
Cancellation Property of Addition 


For all real numbers a, b, and ¢: 


Ifate=b+e, thena=b. 
Ife +a=c+hb, then a=b. 


A proof of the following property is outlined in Exercise 14 


eel 
Cancellation Property of Multiplication 


For all real numbers a and b and nonzero real numbers c: 


If ac = be, then a = b. 
If ca = eb, then a = b. 


If you interchange the hypothesis and conclusion of an if-then stater 
ct the converse of the statement, The converse of a true statement is not 
essarily true. For example, the converse of “If a then a? = a" is “If 
=a, then a = 1," This converse is false, as shown by the counterexample 
0? = 0, but 0 # 1. (In algebra, a counterexample is a single numerical exam: 
ple that makes a statement false.) 


ent, 


After 1 theorem has been proved, it may be used along with axioms and 
definitions in other proofs. For example. the cancellation property of addition is 
used in the following proof 


Example 2 Prove the multiplicative property of 0 


For every real number @, a +0 =0 and 0-a=0 


e 27): 


Proof 


Statements Reasons 
1. ais a real number 1. Given 
2 O+0=0 2. Identity property of addition 
3. ar (+0)=a-0 3. Multiplication property of equality 
4 a-0+a-0=a-0 4. Distributive property 
5.u0+a'0=0+a-0 5. Identity property of addition 
6 a-0=0 6. Cancellation property of addition 
7. and 0-a = 0 7. Commutative property of multiplication 


in be used to prove an important prop. 
erty 
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Ee SS ee 
Zero-Product Property 


For all real numbers a and b: 


ab = 0 if and only if a=0 or b= 0, 


An “if and only if" statement such as the one above is equivalent to two 
“if-then™ statements that are converses of each other 
If ab =0, then a =0 or b= 0 
If a= 0 or b = 0, then ab = 0. 
The second statement follows directly as a corollary to the multiplicative prop. 
erty of 0. A proof of the first statement is outlined in Exercise 11 
The property of opposites (page 15) states that the opposite of a real num: 


ber exists and that it is unique (exactly one exists). These facts are used in the 
two following proofs 


Example 3 Prove: For every real number a, ~(—a) = a 
Proof 


Statements Reasons 

L. ais a real number 1. Given 

2 at+a=0 2. Property of opposites 
(existence of —a) 

3. -a+ [-(-a)] = 0 3. Property of opposites 


(existence of —(—a)) 


4 .—(-a) =a 4. Steps 2 and 3 and property of 
opposites (uniqueness) 


28): 


| 


Prove the property of the opposite of a product (pa 
For all r 


db, —ab = (—ayb and —ab = a(—b) 


numbers « 


Statements Reasons 


a and b are seal numbers Given 


1 

2. ab + (ab = [a 4 (alld 2, Distributive property 

3. ab + (-ah = 0 3. Property of opposites 

4, ab + (—a)b = 0 4, Multiplicative property of 0 

5. ab + (ub) =0 5. Property of opposites 
(existence of ah) 

6. 2. ~ab = (—ayb 6, Steps 4 and 5 and property of 


opposites (uniqueness) 


(The proof of the second part is outlined in Exercise 5.) 
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A corollary to the theorem of Example 4 is given in the next example 


“Example § Prove the multiplicative property of ~1 (page 27) 


For every real number a, a(—1) = ~a and (~1Da = ~a 


Statements Reasons 
1, a isa real number: 1, Given 
2, ~a is a real number. 2. Property of opposites 
3 ~a = -(a+l) 3. Identity property of multiplication 
4 a=a(-1) 4. Property of the opposite of a product 
5. .a(-1) = -a 5. Symmetric property of equality 


Commutative property of multiplication 


xe 
i 
i 

ro 


Substitution 


“Example 6 Prove the property of the opposite of a sum (page 29) 


For all real numbers a and b, —(a + 6) = (~a) + (—b). 


Statements Reasons 
1. a and are real numbers. 1. Given 
2. —(a+b)=(-1a + 6) 2. Multiplicative property of —1 
3. (a+b) =(—l)a+ (1) 3. Distributive property 
4... (a + b)=(~a)+(—b) 4, Multiplicative property of —1 


SS i ee 


Oral Exercise: 


For each statement, (a) identify the hypothesis and the conclusion, (b) give 
the converse of the statement, and (c) tell if the converse is true or false, 
and if false, give a counterexample. 

1. if = 1, then |x} = 1 

2. If |e 1| = 0, then «= 1 


is even if it is divisible by 2 
0. 
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Give reasons for the steps shown in each proof. The domain of each 
variable is the set of real numbers unless otherwise stated. 


7. Ifat+a=a, then a =0. 8. 1b #0, then @ = a 
Proof Proof 
1 ata=a 1, 60 
2. =a isa real number 2. Lisa real number 
3. (a +a) + (a) =a + (-a) 3. B= (ab)-4 
4. a+ a+ (-a)| =a + (-a) 4 Beals 
5 a+0=0 5. @ma-l 
6. eo 6. Baa 


Written Exercises 


Give a counterexample to show that each statement is false. The domain of 
each variable is the set of real numbers. 


A 1. Ifa? =*, then a=b. 2. If b<a, then a—-b<0. 
3. |a — b| = |a| — |b) 4. |-al <0 


e reasons for the steps shown in each proof. You may use the axioms 
listed at the top of page 81, definitions, theorems proved in the examples of 
this lesson, and the results of earlier exerci reasons. The domain of 
each variable is the set of real numbers unless otherwise stated. 


5. The opposite of a product 6. The product of opposites: 
ab = a\~b). (a)(—b) = ab. 
Proof 
1, ~ab = —ba —ay(—b) = ~[a(—b)] 
2, -ab=(~bya ab) = —[~(ab)] 
(See Example 4.) a\(~b) = ab 
3, 2, —ab = a(—b) Example 3.) 
7. (a+b)—b=a 8 Ifx+c=0, then x= —c 
Proof Proof 


1 (a+b)—b=(atb) +(-b) 
2. (a+ b)—b=at [b+ (bl 
3. (atb)—b=at0 

4. (atb)—b=a 


rte=0 
(ete) + (0) =0 + (-e) 
rtle+ (9) =0+(-e) 

vt 0=04(-0) 


wena 
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9. If u #0 and u? =u, then w= 1 10. If ¢ #0 and ex = 1, then x 


ele Proof 
Lo w#Oe= a te a tears 
ea 2. 1 is a real number 
3. © is a real number. c 
4 1 1 
3 ex) 1 
4. (a> a) L “ ! ¢ 
7 u 
4. (4-e)x=4-1 
S.ur(wet)=uet ¢ ¢ 
u 7 
6. “ed 5. lex 5 i 
7 “ 1 
6 ; 


11. Zero-product property: If ab = 0, then a= 0 or b= 0. 


Proof 

1 ab =0 

2. Suppose a * 0. Then + is a real number, (Note that if @ = 0, the given 

7 statement is obviously true.) 

1 

3 (ab! 0 

4 (ab) =0 

5 a)b=0 

6 1-b=0 

7 b=0 


if a #0, then b=0 


12. Multiplication is distributive with respect to subtraction: ath — ¢) = ab — a 
Proof 
1. alb — 0) = alb + (-c)} 
2. alb-c) =ab+a(-e) 
3. alb ~ c) = ab + (—ac) (Hint: Use Exercise 5.) 
4. a(b— 0) = ab — a 
13. Division is distributive with respect to subtraction: If «= 0 CN 
Proof 
1. ¢ #0; isa real number 
3 anh 1 
2 (a~b) 
2 = a-+—b-+ (Hit: Use Exercise 12.) 


Chapter 


14, 


16. 


17, 


18. 


19. 


. Follow the steps outlined in Example 3 (with multiplication replaci 


Cancellation property of multiplication: If ¢ #0 and ca = cb. 
then a = b. 
Proof 


1. © #0; ca = eb 


2 is a real number 
3. 1 (ca) =+ (cb) 
4 (t-c)a=(t-c)p 
5. l-a@ 1-6 

6 a= 


tion) to prove that if @ #0, then 1 = a 


b 
(Hint; Use the definition of division and Example 4.) 


Prove; If b #0, then 


e h = ee = 
Prove; If h #0. then —> b 
(Hint: Show that ~+. is the reciprocal of ~b.) 


Prove: If b #0, then 4 = —4., (Hint: Use Exercises 17 and 5.) 


Prove: If b #0, then —* = 2. (Hint: Use Exercises 17 and 6.) 


Prove: Ifa #0 and b #0, then +7 = 75 


(tint: Show that 1+ + is the reciprocal of ab 


Prove: If b #0 and d #0, then +5 — 45 
(Hint: Use Exercise 20.) 

Bod 
Prove; Ife #0 and d #0, then > = © 

a 
Prove: Ife #0 and d #0, then + © = ad 
Prove: Ife #0 and « hen # + 5 = 


Use the zero-product property to give a convincing argument why 0 has no 
reciprocal 

Use the zero-product property to give a convincing argument why the prod: 
uct of two nonzero real numbers is never cqual to 0. 
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2-7 Theorems about Order 
and Absolute Value 


Objective ‘To prove theorems avout inequalities and absolute value 


The properties of order (page 59) play an important part in proving the 
theorems of this section 


| Example 1 Prove: Ifa isa real number and a #0, then a? > 0. 


Statements Reasons 
1. @ isa real number; a #0 1. Given 
2. Either a > 0 ora <0 2. Comparison property of order 
3. Case 1: a>0 3. First multiplication property of 
Multiply this inequality order (with < replaced by >) 
by the positive number a 
adea>ard 
Le 0 4. Definition of a? (page 7) and 
multiplicative property of 0 
5. Case 2: a<0 5. Second multiplication property 
Multiply this inequality of order 
by the negative number « 
a>a-0 
6. 0 6. See the reasons in Step 4. 


The rules for multiplication are proved as theorems in Examples 2 and 3 


“Example 2 Prove for all real numbers a and b. 


a. Ifa > 0 and b> 0, then ab >0. 
b. Ifa-< 0 and b <0, then ab > 0 
©. Ia > 0 and b<0, then ab <0. 


Proof) We will prove parts (b) and (e). The proof of (a) is left as Exercise 9, 
Proof of part (b) 


Statements Reasons 
1 a<Oandb<0 1. Given 
2. Multiply both sides of b <0 by 2. Second multiplication property 
| the negative number a: of order 
ab>a-0 
3. ah>0 3. Multiplicative property of 0 
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Recall that the absolute value of a real ni 


Proof of part (c) 


Statements Reasons 
1, a>Oand b<0 1, Given 
2. Multiply both sides of b <0 by 2. First multiplication property 
the positive number a of order 
ab<a-0 
3. 2. ab<0 3. Multiplicative property of 0 


mber x is defined as follows: 
=x ifx=O 
x} =x ifa<0 


Prove: For all real numbers @ and b, \ab| = {al - |b} 
If either a or b is 0, \ab| = jal « [b| because both products are 0. 


There are three remaining cases to prove. Case 1: a > 0 and b > 0; 


Case 2: a <0 and 6 <0; and Case 3: a> 0 and b <0, Cases 2 and 3 
follow. Case 1 is left as Exercise 10. 
Case 2: a <0 and b<0 

Statements. Reasons 
1a<Qb<0 1, Given 
2. ab>0 2, Example 2. part (b) 
3. \ab| = ab 3, Definition of absolute value 
4. lal = —a, |b| = —b 4. Definition of absolute value 
5. |al = |b] = (-a\(-b) 5. Multiplication property of equality 
6. jal |b] = ab 6. Exercise 6, page 85 
7 lab} = al + |b 7. Substitution principle (Steps 3 and 6) 
Case 3) a> Oud b<0 

Statements Reasons 
a> 0:5 <0 1, Given 
2. ab<0 2, Example 2, part (¢) 
3. jab ab 3. Definition of absolute value 
4. lal =a, |b) = —b 4, Definition of absolute value 
5. lal + 1b] = at —b) 5. Multiplication property of equality 
6. [al + [P| ab 6. Property of the opposite of product 
7.6 fab) = Jal + |b) 7, Substitution prineiple (Steps 3 and 6) 
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Oral Exercises 


Give reasons for the steps shown in each proof. 


= Prove: For all real numbers a and b, 2. Prove: Ifa isa real number 
if a<b, then —a > —b. and a <0), then ~a>0. 
Proof Proof 
1 a<b 1 a<0 
2. (-Da>(- Db 2. a +(-a) <0 + (-a) 
3, a> -b 3 0<0+(-a) 
4 0 a, or ~a>0 


3. In Example 3, why is there no need to consider the case a <0 and b > 0? 


RS A eee 
Written Exercises 


Give reasons for the steps shown in the proof of each theorem. The domain 


of each variable is the set of real numbers unless otherwise stated. 
A 1. Ifa>b, then —a<—b 2. Wa >b, thena ~e>b-e 

Proof Proof 
l a>b I, a>b 
2. (-Da<(=Db 2. a+ (=e) >b + (-0) 
3 = Mae re &. Ag—t>b—» 

3. a <band e<d, then a+ e<b td. 4.1 0<a<b, then a? <b 
Proof Proof 
1 “sb 1 0<acb 
2 atechte 2 asa<acb 
3. e<d 3. a*b<beb 
4 b+ esbtd 4 asa<beb 
5S. .atesht+d AE 3a 

5. Ia<b <0, then a? > pb? 6 WO<a<bandO<e<d, 
Proof then ae < bd. 
| a<banda<o Proof 

ara>ach 1a <b and e>0 

3. a<band b<0 2 ae<be 
4acb>beb 3. ©<dandb>0 
5. d-a>beb 4. be< hd 
6. a > 3. sae < bd 
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7. Prove: Ifa >0, then ~a <0. (Hint: See Oral Exercise 2.) 

8. Prove: IfO<a<l1, then a* <a. 

9, Prove: If a>0 and b> 0, then ab > 0, (Part (a), Example 2) 

10, Prove: Ifa >0 and > 6, then {abl = jal ||. (Case 1, Example 3) 


In Exercises 11-16, assume that if «> 0, then > 0, and if a <0, then 
Leo, 

a 

Hl, Prove: Ifa >0 and b > 0, 


12. Prove: Ifa <0 and b <0, 


13. Prove: Ifa >0 and b <0, then # 


14, Prove: Ifa <0 and b > 0, then 5 <0. 


15, Prove: Ifa >0, b>0, and + 


I aes 
je then a <b. 


16, Prove: If 0<a <b, then +> + 


(ine: Multiply by 2.) 


17. Prove: Ifa<b, then a <4 


» <b. This proof shows that the average 


‘of two numbers lies between them. 


18. Prove: For every a> 0, ifa>+, then a> | 


(Hint: Give an indireet proof. That is, show that the assumptions a = 1 


and a <1 each lead to a contradiction of the hypothesis that a >.) 


Mixed Review Exercises 


‘Tell whether each statement is true for all real numbe 


1, a> b, then b<a. 
2. Ifa >b and ¢ <0, then ac < be 


3. If ac = be and ¢ #0, then a = b. 


Solve each open sentence and graph each solution set that is not empty. 
4. \x-3J=1 5. 4d+521 &.-1<2-y<3 


7. 6r +13 = 25 8. nl +7<5 9. ~2k>Rork-420 
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SSE 
Self-Test 3 


Vocabulary axiom (p. 81) theorem (p, 81) 
hypothesis (p, 81) corollary (p. 81) 
conclusion (p. 81) converse (p, 82) 
proof (p. 81) counterexample (p. 8 
1. Give reasons for the steps shown in the following proof. If Obj. 2-6, p. 81 
a+ b=c,thena=c—b 
Proof 
1 at+b=¢ 
2. <b isa real number 
3. (a +b) + (-b)=c + (-) 


4. a+ [b+ (—b)] = c+ (-b) 


5, a+0=c+(-b) 
6. a=ct(-b) 
7 a=c-b 
2. Prove: If ab = ¢ and b #0, then a = £ 
3. Prove: If a> 1, then a? >a Obj. 2-7, p. 88 


Sy Ss SSS 


Chapter Summary 


1. Inequalities can be solved by using the properties of order on page $9 and 
the transformations on page 60. 


2 


2. If an inequality is a conjuncti n be solved by finding the values of 


the variable for which both sentences are true, If an inequality is a disjune 
tion, it can be solved by finding the values of the variable for which at 
least one of the sentences is true 


Some word problems can be solved algebraically by translating the given 
information into an inequality and th 


n solving the inequality 


4. Equations and inequalities that involve absolute value can be solved al 
bra 


y by writing an equivalent conjunction or disjunction 


Equations and inequalities that involve absolute value can he solved geo- 
metrically by using this fact: On a number line the distance between the 
graphs of two numbers is the absolute value of the diffe 
numbers 


ence between the 


6. Axioms are statements assumed to be trac. Using the axioms for real num. 


bers (referred to on pag 


81), other pro 


ties of real numbers can b 
step in the proof of a theorem can be justified 
by either an axiom, a definition, a given fact, or a theorem 


proved as theorems. Every 
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Chapter Review 


Give the letter of the correct answer. 


Solve. 
1. -= 2 
a.m 1 b, m 4 cm<4 dim 4 
2. nm — 1) > Sn +7 
an b.n<-4 en>—4 dv n<- 
1 
1 b. 1<¢ 1 
€ c<-l d.2<cs1 


4. Graph the solution set of the following disjunction 


ws3orw+5<3 

oe b. 
ae Qman 2 

ed 4. 
= ates Ge ae 


Solve. 


5. At the video store, you can rent tapes for $1.50 each per day, or you can 


get unlimited rentals for a monthly fee of $20. Al most how many tapes 
could you rent at $1.50 before spendi 
unlimited rentals? 


more than the cost for a month's 


a. 12 bo 13 14 a. is 
6. |s-* 

a. [-6, 36} b. {-6, -36} (6, —36} d, {6, 36} 
7. By + 91 < 13 

2<y<1l]1 b.y>2 W<y<2 di y<-tlory 

& 4 hl= 

a, h=-lorh=9 boas-l 

ce h=—-9orh=1 ad. -1<h=9 


9. Describe the graph of the solution set of jk + 3) <2 
a, Points at least 2 units from 3 b. Points less than 2 units from 


¢. Points more than 3 units from 2 d, Points at most 2 units from —3 


10, A theorem that can be proved easily from another theorem is a(n) 


a. axiom b. corollary ©. prop d. theorem 


11. The converse of a true statement is 


a. a corollary b. never tue always true d. sometimes true 
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93 


Supply the conclusion that makes each statement true. 


12, For real numbers a and b, ab = 0 if and only if 2 


aa=0 b. b=0 c. a=0o0rb=0 d. a=0 and b 
13. For real numbers a, b, and , if a >b and ¢ <0, then 2 
a 4>4 b. ac > be afc diate<bte 


Chapter Test 


+ I< Ay—3+1 


Sorn+3<7 


5. The dimensions of a rectangle are consecutive odd integers. Find the small- 


est such rectangle with a perimeter of at least 35 em. 


Solve. 


9. \w 


10. | + 2)<3 


11. Write the converse of the followi 


ig statement and tell whether the converse 


is true or false: “If x> 1, then x 


Supply reasons for the steps in the proof of the following statement: For all 
real numbers a and nonzero real numbers b, if ab = b, then a= 1 


I. ais a real number; b is a 1 
nonzero te; 


number; ab = b 


2. } isa real number ae 
4. bye Laped 3 
(ab) +t = pet 2 
1 
4.a(b-+) =4-4 4 
5, alt= 4 5 
6 a= 6 


Tell whether the st 
counterexample. 


ment is true for 


I real numbers. If it is not, give a 


13. If a> b, then jal > |b} 14. Ifa <b and ¢ > d, then ad < be 
18. If a< 6 and ¢ <0, then ac < he 16. If 


b- <0, then a? 
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EPL TT STE SIRE AS EE LEE PAL DD 
Extra / Symbolic Logic: Boolean Algebra 


Most people think of algebra as the study of operations with numbers and varia 
bles. Another kind of algebra that is used in the design of electronic digital 
computers involves operations with logical statements. In fact, complex electri- 
cal circuits can be analyzed using logical statements similar to those that you 
will work with in Exercises 1-18. This “algebra of logic” is called Boolean 
algebra in honor of its originator, George Boole (British, 1815-1864) 

In Boolean algebra you use letters such as p. q. "8, and so on, to stand 
for statements, For example, you might let p represent the statement “*3 is an 
odd integer,’* and q, the statement “3 is less than 3.’ In this case, the state- 
ment p bas the truth value T (the statement is true), whereas q has the truth 
value F (the statement is false) 

The table below shows the operations that are used in Boolean algebra to 
produce compound statements from any given statements p and g. 


Operation In words In symbols 


Conjunction p and q 


Disjunetion porg 


Conditional If p, then g 


Equivalence | p if and only if g 


not p 


Note that in ordinary English the word or is sometimes used in the exclu- 
sive sense, to mean that just one of wo alternatives occurs. In mathematical 
usage, however, the word or generally is used in the inclusive sense. As you 
can see in the table below. the disjunction p or q is true if only p is true, if 
only ¢ is true, or if both are true, The rules for assigning truth values to com 
pound statements are shown in the following five truth tables 


The conjunction p /\q is true whenever The disjunction pV g is true whenever ar 
both p and q are true. Teast one of the statements is true 


Conjunction Disjunction 
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The conditional p— q is false only when p 


The equivalence p <> q is true whenever p 
is true and g is false 


and y have the same truth value 


Conditional 


are 


The negation ~p is the denial of p. Therefore, it is reasonable to agree 


that ~p is false when p is true. and true when p is false. 


Example 1 Let r stand for “1 > 2.” and s for “2 <4 


following statements 


Read each of the 
Then by referring to the truth tables above 
and on page 95, give the truth value of the statement and a rea 
son for your answer, 


arAs berVs Gras d 


Solution a. rs: 1>2and2<4.F 
borVerl>2or2<4.7 


Tes em 


the truth value of r is F 
the truth value of » is T 
© roe Il >2, then 2<4.7 

that of ¢ is T 


dors: | >2 if and only if 2<4. 
truth values 


the truth value of r is F, and 


rand y have different 


re not (I> 2), that is |S 2,7 


the truth value of r 
is F 


Two compound statements are k 


ically equivalent if they have the same 


ruth value for each combination of truth values of the individual statements 
Example 2 Construct a truth table for gq ~p and p— g for all possible 
truth value 


of p and g. Show that q 


cally equivalent 


nd p— g are logi 
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Column 4 was constructed by using disjunction with columns 2 


and 3. 


Column 5 was constructed by using the conditional with col 
umns 1 and 2 


Since columns 4 and 5 match, ¢\V ~p and p— q are logically 


equivalent 


A compound statement that is true for all truth values of its componcat 
statements is called a tautology. For example, p <* 7 is a tautology 


Exercises 


In Exercises 1-9 assume that rand p are true statements and that q is a 
false statement. Determine the truth value of each statement 

li gor 

3. pV ~q 

5. pVigAn 

7. ~p>(qV ~r) 

wR APV gle WApVvrAa 


Given that p— q is false, show th 
true. 

10. g>p 

Construct a truth table and determine if the two statements in each 
exercise are logically equivalent. 


13. pVqaVp 14. q 


Construct a truth table for each statement and determine whether the 
nt is a tautology 


SS SESS 
Mixed Problem Solving 


ch problem that has a solution. If a problem has no solution, 
in why. 


Solve 
expl 


A 1. A child has 40 coins worth more than $6.00. If the coins are dimes and 

quarters only, what can you conclude about the number of quarters? 

2. The width and length of a rectangle are consecutive odd integers. If the 
Width is wv, find the perimeter, in simplest form, in terms of 

3. Percy works 8 hours more per week than Selena. Selena, however, earns 
$2 more per hour than Perey, who earns $6 per hour. If their weekly pay 
is the same, how many hours does Perey work per week? 

4. In Sioux Falls, South Dakota, the average low temperatures in January and 
July are ~16° C and 17° C, respectively. Find the difference between these 
temperatures, 


Marcus invested $4000 at simple annual interest, some at 5% and the rest 
at 89%, If he received $272 in interest for one year, how much did he in- 
vest at each rate? 


6. Megan bought four times as many pencils as erasers, Pencils cost $.04 
ach, and erasers cost $.19 each. If Megan spent $2.10 in all, how many 
pencils did she buy? 


7. Four tennis balls cost d dollars, How many tennis balls can you buy for 
$8? Give your answer in terms of d. 

8. Drew's sevond test score was 6 points higher than his first score. If his 
average was less than 80, what can you conclude about his first score? 


9 The measure of a supplement of an a 


le is four times the measure of a 


complement. Find the measure of the angl 


Helen has $57 more in her checking account than in her savings account. If 
she has $239 altogether, how much is in savings? 


B11. Ata health food store, dried apple slices that cost §1.80/Ib are mixed with 
dried banana slices that cost $2.10/Ib, If the mixture weighs 5 Ib and costs 
$1.92/lb, how many pounds of apple slices were used? 


2. The Petersons drove to a friend’s house at 


x. km/h. On the return (rip, 
rain reduced their speed by 10 km/h. If their total driving time was 3 h, 
find the total distance driven 


13. ‘The width of a rectangle is 1 em more than half the le 
I 


h. When both the 
th and the width are increased by 1 cm, the area incre: 


es by 20 em? 


Find the original dimensions of the rectangle 


14, At 1:00 p.m. Sue left her home and b 
Sandy's house, Fifteen minutes later, Sundy left her home and walked at 


8 kin/h toward Sue's house, If Sue lives 5 km from Sandy, at what time 
did they meet? Who walked farther? 


at 6 km/h toward 
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De ae iE 
Preparing for College Entrance Exams 


Strategy for Success 

If there is @ penalty for incorrect answers, random guessing may not be to your 
advantage. However, if you can climinate several answers in a given question 

and then take a guess, your chance of selecting the correct answer is improved 
and it may be worthwhile to guess. 


Decide which is the best of the choices given and write the corresponding 
letter on your answer sheet, 


1. Ifa > band ¢ <0, which of the following must be true’ 


L. ab > be 


(A) Tonly — (B) Tlonly — (C) TM only (D) I. TI, and 1 (E) IM and II only 


Which of the following open sentences is true for all real numbers x? 
(A) 3lx — 5(2 = x] = 2094 + 15) (B) \7 aj >0 


3 
(©) Gx- 1 ++ =2- 14x —6 + 4x) = 10(5 — x) 


Lucy spent $2.36 on 15¢ and 22¢ stamps. If she bought wice as many 22¢ 


stamps as 15¢ stamps, how many 22¢ stamps did she buy? 


(A) 2 (B) 4 (Cc) 8 (D) 5 (E) 10 


. Evaluate «3 — 3x7 + (4 + x) if x= -2 
(A) 2 (B) - (C) -10 (E) —6 


. Solve A = 2(b, + bs) for ba 


hy 2A 2 
b ® A-—= oO; () 7A 


A 
2h 


(A) 


How many sets of four consecutive integers are there such that half the 
sum of the first three is greater than the fourth, and the sum of the last 
three is at least four times the first? 


(A) none (B) one (C) two (D) three (E) four 
The graph at the right shows the solution set to which inequality 

(A) 20+ (B) \2r+3)>1 

(C) [Br + 2 (D) 37+ 2) = -1 


(E) 
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The ratio of a roof’s rise to its 
tun is referred to.as “pitch” 
by a builder. In mathematics, 
this ratio is called “slope.” 


Linear Equations and 


Their Graphs 
eee 


3-1 Open Sentences in Two Variables 


Objective To find solutions of open sentences in two variables and tw solve 
problems involving open sentences in two variables 


Equations and inequalities such as 
Ox+2y=15, y=e—4, and 2r—-y 
are called open sentences in two variables. 

A solution of an open sentence in the two variables x and y is a pair of 
numbers, one a value of x and the other a value of y, that together make the 
sentence a true statement. We usually write such a solution as an ordered pair 
in which the value of x is listed first and value of y is listed second. For 
example. 

(1, 3) is a solution of 9% + 15 because (1) + 2(3) = 15. 
However, (3, 1) is nor a solution because 9(3) + 2(1) # 15. A solution of an 
open sentence is said to satisfy the sentence. The set of all solutions is called 
the solution set of the open sentence. Finding the solution set is called solving 
the open sentence. 


Example 1 Solve the equation 9x + 


Solution 1° Solve the equation for y 


15 — 9x 


Solution 


Then replace x with each 12) 
value in its domain and find 
the corresponding value 

of y. The last column of the 
table lists the five solutions. 
Solving the equation over 
other domains will produce 
different solutions. 


6)}. Answer 
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Solution 2 Substitute cach value in the domain of x in the given equation 9x + 


Then solve for p 


x = 0); 90) + 2y = 15 
2y = 15 


r= —1: 9-1) + 


Solution (—1, 12) Solution (0, 


When you substitute the other values in the domain of x in the given equa 
tion, you will find the complete solution set 


}(-1, 12), (0, 43 


Open sentences in two variables can be used to solve certain word problems. 


Example 2. A customer asks a bank teller for $390 in traveler's checks, some worth $50 


and some worth $20. Find all possibilities for the number of each type of 
check the custom. 


could receive 


tep 1 The problem asks for the number of $50 checks and the number of $20 
checks whose total value is $390. 


Styp 2 Let f= the number of $50 checks and let = the number of $20 checks 


tep 3 The total value of the $50 checks is 5Of dollars and the total value of the $20 
checks is 20) dollars. Write an equation that expresses the total value of the 
checks in dollars 


50/ + 201 = 390 
tep 4 Solve the equation for one variable, say ¢, in terms of the other, First divide 
both sides by 10 to obtain this simpler equation: 


39 


Remember: The number of each type 
of check must be a whole number, If 
J is even, then Sf is even and 39 — 5f 
is odd. If 39 ~ Sf is odd, 1 is not a 
whole number, Also, if f exceeds 7 


‘is negative, Therefore, replace f with 
1, 3, 5, and 7 as shown in the table 


the solution set of SOF + 20r = 390 over the dom 


is {(1, 17), (3, 12), (5. 1). (7, 2) 
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Step 5 The check is left for you 
the customer can receive: 1 $50 check and 17 $20 checks 
or 3 $50 checks and 12 $20 checks 
or 5 $50 checks and 7 $20 checks 
or 50 checks and 2 $20 checks. Answer 


Find all positive two-digit odd numbers with this property: When the di 
cerchanged, the result exceeds the original number by more than 36. 


The problem asks for all positive two-digit odd numbers such that when the 
digits are interchanged, the new number is greater than the original number 
plus 36. Recall that every positive integer can be written in expanded form 
For example: 
1043 
L_units’ agit 


tens’ d 


Let u =the units’ digit and let ¢= the tens’ digit, Then the original number is 
10r+ u. The number with the digits interchanged is 10u + 1 


Write an inequality relating ¢ and w 
is 
new number greater original number plus 36 
than 
10u +1 : (lor + u) 36 
Solve the inequality Wu be > 10+ a 4 
On > 91 + 36 
Divide both sides by 9 w>tt4 
Since the original number has two digits, the tens* digit is not zero, so 14 0 
and the replacement sct for t is (1, 2. 3, 4,5. 6, 7. 8, 9}. Since the number is 
odd, the replacement set for w is (1, 3, 5, 7. 9} 


4 


If 1 > 4, then u > 9 and there are no more possibilities 


The check is left for you, 
the numbers are 17 39, and 49. Answer 
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BR Se eee 
Oral Exercises 


‘Tell whether each ordered pai 


a solution of the open sentence. 


3x+y= (1,0), @, 1), i, -2, I. 4) 
+ 2x By Gis 0) 102; 3), 559 
. Ix = dy (1, =1), 2, 3), , —4), @, 10) 
3x + Sy (-2, —2), (-2, 2), (8, 4), (7, —3) 
Sx-2y>6 (2, 0. ©, —3), (, -D, Gd, D 
4y -3y 52 d, 2), QD, d, -D, ©, -) 


Give three ordered pairs of integers that satisfy the open sentence. 


8 Sxty=6 9. 2x + 3y>10 10. 3 + Sy=8 
HL. Make up a word problem that could be solved using this equation: 
10d + 259 = 160. 


aa ES ee 
Written Exercises 


Solve each equation if the dom: 


of xis {-1, 0, 2}. 
A 1 2wt3y=7 2. 3x + 6y =9 


—r-2y=0 


4, -2e+y=-3 


7-12. Solve each equation in Exercises 1-6 


Comple 


ach ordered pair to form a solution of the equation. 


8; (0, 2), (2, 0) Solution (0. 4. (8, 0) 
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he eq\ 


3+ 2 


Solve each equation if each variable represents 

2x4+y=4 

29. 4x + y= 30. 5 24 
32. § 30 


In Exercises 39-40, the digits of a positive two-digit integer NV are 
interchanged to form an integer 


39, Show that N ~ K is an integral multiple of 9 
). Show that NV + K is an integral multiple of 1 


Problems 


In each problem (a) choose two variables to represent the numbers asked 

1, (b) write an open sentence relating the variables, and (c) solve the 
open sentence and give the answer to the problem. (Include solutions i 
which one of the variables is zero.) 


1. A bank teller needs to pay out $75 using $5 bills and $20 bills, Find all 
possibilities for the number of each type of bill the teller could use 
Bruce, an appliance salesman, earns a commission of $50 for each washin 
machine he sells and $100 for each refrigerator. Last month he earned 
$500 in commissions. Find all possibilities for the number of each kind of 
appliance he could have sold 
Luis has 95 cents in dimes and quarters. Find all possibilities for the 1 
ber of each type of coin he could have 
Kimberly has $1.95 in dimes and quarters. Find all possibilities for the 
number of cach type of coin she could have 
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5. A certain quadrilateral has three sides of equal length and its perimeter is 
19 cm. Find all integral possibilities for the lengths of the sides in centime- 
ters. (Hint: The sum of the lengths of any three sides of a quadrilateral 
must exceed the length of the fourth side.) 

6. An isosceles triangle has perimeter 15m. Find all integral possibilities for 
the lengths of the sides in meters. (Hint: The sum of the lengths of any 
two sides of a triangle must exceed the third side.) 


B 7. A box contains nickels, dimes, and quarters worth $2.00. Find all 
possibilities for the number of each coin if there are three more dimes 
than quarters 
8. A bag contains twice as many pennies as nickels and four more dimes than 
quarters. Find all possibilities for the number of each coin if their total 
value is $2.01 


In Exercises 9-12, the digits of a positive two-digit integer V are 
interchanged to form an integer K. Find all possibilities for N under the 
conditions described. 

9. N is odd and exceeds K by more than 18. 

10. The average of NV, K, and 35 is 30. 


© 11. The sum of K 


12. N is even and exceeds K by more than 50, 


\d twice N is less than 60. 


Solve. 


13. A 15-member special committee met three times. Twice as many members 
Were present at the third meeting as at the first, and the average attendance 


was 9 people, Find all possibilities for the number of people present at 
cach meeting. 


14. A stick of wood is to be cut into three unequal pieces, The first piece is 
shorter than the second piece. and the second piece is shorter than the 
third. If the stick is 24 cm in length and the length of each piece is an 
even integer, what are the possibilities for the lengths of the pieces? 


Mixed Review Exercises 


Evaluate each expression if x= —3 and y = 


1. 2x — Sy 2. —xy 3. |x 4. D+ 
ae ry 
s. 343 6. by) 7. x +3y 8 
rFy 
Solve each open sentence and graph each solution set that is not empty. 
% -7?<2 S33 10. (3 — mi 1 I. 3n +7 S8n— 13 
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3-2 Graphs of Linear Equations in 
Two Variables 


Objective — To graph a linear equation in two variables. 


Solutions of open sentences in x and y can be graphed in an xy-coordinate 
plane. To set up a plane rectangular coordinate system, draw two number 
lines. or axes, meeting at right angles at a point Q. the origin. The horizontal 
axis is called the x-axis, and the vertical axis, the y-axis. The axes divide the 
plane into four quadrants. 

With each ordered pair of numbers, you can associate a unique point in the 
plane. To associate a point with the pair (—4, —3), imagine drawing a vertical 
line through —4 on the x-axis and a horizontal line through —3 on the y-axis, 
as shown below, These lines intersect at a point P, the graph of (—4, —3) 
Locating a point in this way is called graphing the ordered pair, or plotting 
the point 


Second First 
Quadrant Quadrant 


| 


Origin 


1 
| 
| 
a 


= 

1-4, ah -2 

ne GRE Eee ee 
4 

Third | Fourth 


Quadrant) a Quadrant 


By reversing the process just described, you can associate with each point 
P in the plane a unique ordered pair (a, ») of real numbers, called the 
coordinates of P (see the diagram above). The first coordinate, a, is called the 
x-coordinate, or abscissa, of P; the second coordinate, b, is called the J 
coordinate, or ordinate of P 

This one-to-one correspondence between ordered pairs of real numbers 
and points of the plane can be summarized as follows: 


1. There is exactly one point in the coordinate plane associated with each oF 
dered pair of real numbers. 


2. There is exactly one ordered pair of real numbers associated with each point 


in the coordinate plane 


rectangular coordinate system is sometimes called a Cartesian 
coordinate system in honor of René Descartes (1596-1650). the French mathe 
matician who introduced coordinates. 
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and 
(-4, 0) in the same 
coordinate plane 


Example 2 Find and graph five solutions of 3x 4 
4-38 
Solution Solve for one variable, say y, y 5 


in terms of the other. Choose convenient valucs of x and find the 


corespondi 


values of y, Then graph the resulting ordered pairs 


The graph of an op: bles is the set of all points in 
the coordinate plane whose coordinates satisfy the open ser 


sentence in two vs 


Example 


iph all the ordered pairs satistyin 
we would obtain the line shown in blue. The following theorem, which is 


proved lls us that the graph of the equation 


in more advanced courses, te 


3x + 2y = 4 is in fact a line 


anna nEREENEEnnEmemsmmmee emer 


Theorem 
‘The graph of every equation of the form 
Av + By =C (A and B not both 0) 


isa line. Conversely, every line in the coordinate plane is the graph of an 


equation of this form 
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Because of this property, any equation that can be expressed in the form 
Ax + By = C (A and B not both 0) is called a linear equation in two 
lables. The equation 3y + 8 = ~5x is linear since it can be writien as 
3y = —8. The following equations are not linear 


Although you need only two points to determine the graph of a linear 
equation, it is a good practice to plot a third point as a check, Points where the 
aph crosses the axes are often casy to find and plot 


Example 3 Graph 2x — 3y 


Solution — The graph crosses the y-axis at a point whose x-coordinate is 0, The graph 


crosses the .-axis at a point whose y-coordinate is 0. 


Let 


Solution (0, 3) Solution 


The graph is the line through the points with coordinates (0, 3) and ( 


As a check, note that (3, 5) i8 a solution of 2r — 3y = —9 and its graph lies 
on the line 


Example 4 Graph in a coordinate plane 


The equation y = 4 can be written as 
Oratl-y=4, 


The graph consists of all points 
having y-coordinate 4 and is 
therefore a horizontal line 


The equat —2 can be written as 


The graph consists of all points having 
v-coordinate — > and is therefore a 


vertical line 


Linear Equations and Functions 109 


Example 4 illustrates the fact that the graph of Ax + By = C is a horizontal 
line if A =, and is a vertical line if B = 0. 
From now on, we will follow the common practice of using the simpler 


phrase “the point (a, b)"' instead of “the point whose coordinates are (a, b).”” 
Also, the phrase “‘the line Av + By = C"’ will mean “the line whose equation 
Is Ax + By=C." 


Oral Exercises 

1-12. Give the coordinates of each of the points 
A through L, and name the quadrant or axis 
that contains the point 

Name the quadrant of the point described. 


Its coordinates are both negative. 


Its coordinates are both positive 


Its x-coordinate is negative and its y-coordinate 


16. Its x-co 


tive. 


rdinate is positive and its y-coordinate 
ism 


In Exercises 17-24, (a) tell whether or not the equation is linear, and 
(b) if it is linear, tell whether its graph is a horizontal line, a vertical 
, or neither. 


Wxty=2 

19. x 3=0 

a a 

23.5-+=1 4, 2-3) 


ne crosses the coordinate 


Solution — (0, 2) and (3. 0) 


3. xt+2=4 x+y 3 
2W.ox-y=2 28. 2x-y=6 
2. 54+5—1 30. 24+ =1 
Give the coordinates of the point where the line x 2 crosses the 
waxis 
b. Explain why the line x = —2 does not cross the y-axis 
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Written Exercises 


For each exercise, graph the ordered pairs in the same coordinate plane. 


A 1.(1, 2), (0, 3), (3, -2), ( (4, 0) 
3 3), (0, 3). (3, 0), (4) 


4), GB, —2), (0, 0), (—3. 


+y=Arty +3) 


Find the value of & so that the point ? lies on the line L. 
23, P(2, 1), Li Ix + ky =8 24. P(2, 3). 
25. P(2, 2), Li ke + (k+ Ny =2 26. Pik 


Graph each pair of equations in the same coordinate plan 
coordinates of the point where the graphs intersect. Then show by 
substitution that the coordinates satisfy both equations. 


1B=0 


Graph each equation. 


31. 


3-3 The Slope of a Line 


Objective To find the slope of a line and to graph a line given its slope and 
a point on it 


A jet plane can take off at an 


angle that will lessen the noise 

on the ground, The path of the 

plane shown is a line that rises 

150 ft for each 500 ft traveled run = 500 ft 

horizontally, The steepness, or 

slope. of the path is CGS: 
fon 500 ~ 10" oF 030 — 


You can use this same method to measure the steepness, or slope, of a 
nonvertical line L in a coordinate plane. First choose any 1wo distinct points 
(oy, yy) and (>, yo) on ZL. (See Figure 1, You read (x, yy) ay “x one, y one”? 
or “*x sub one, y sub one."”) Then, 


slope of line L (=m). 


lope 0 


ny 


Figure t 


Figure 2 


Look at F 


ure 2, If line L is vertical, then x equals x), 42 — 4) = 0. 


and 
does not represent a real number 


See Vertical lines have no slope. ML is 


horizontal, then y>= yy and y> ~ yj =0. Horizontal lines have slope 0. 


| ‘Example 7 Find the slope of the line containing the given points 


a, (—2, 3) aand (4, ~1) b. (3, —4) and (3, 5) 


1-3 -=4_ 3 
Solution slope = G1 = A= - 2 Answer 
5-4) _ 9 
b. slope z p: the line is vertical and has no slope. Answer 
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When you know an equation of a line. an easy way to find the slope is t 
use the following theorem 


SSS. SSSSS > «SS ee ee ee 
Theorem 


‘The slope of the line Ax + By = C (B #0) is ~ 4 


Proof Let (x), yi) and (x, 9) be any two different points of the line 
Ax + By = C. Since B = 0 (given), the line is nonvertical and 
xy. Therefore, x2 — x; # 0 and the slope of the line is 


Since (x1, 9%) and (x, y2) are on the line, the coordinates 
of these points must satisfy Ax + By = C. 
Ax, + By 
Ax, + B. 
Subtracting the first equation from the second gives: 
(Ax By,) — (Ax, + By) = C—C 
Axy — Ax, + By: — By, = 0 
A(x2 — xy) + Biya p=o0 
Bos — y) A(x> — x1) 

Dividing both sides by B(v2 ~ x)) completes the proof by show 


\ 
that the slope is the constant — 4 


(Recall that B= 0 and x 


A 
B 


When you solve Ax + By = C for y, you obtain y =~ hx +. Thus. she 


slope of a line is the numerical factor, or coefficient, of the x-term when the 


equation of the line is solved for v 


Example 2 Find the slope of the line 5x 
IERIE) Scive the siven equation fo 


The slope is the coefficient of x, which is >. Answer 


Sihee A = 5 and B= ~2 Answer 
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The following theorem states that there is exactly one line passing through 


a given point and having a given slope. A proof of the theorem is outlined in 


Exercises 49-54. 


Eee SS 
Theorem 


Let P(x. yx) be a point and m a real number. There is one and only one line L 
through P having slope m. An equation of L is 


y— y= mlx — x). 


Example 3° Graph the line through the point P(2, 1) having slope m= — 3 
Solution — Since 
rise 3 
pai == Si= 
| fe = 3 


start at P(2, 1) and move 
3 units down and 4 units 
to the right to reach the 
point Q(6. —2). Draw 
the line through P and Q. 
As a check, you should Answer 
also find a third point on 

the line, such as (~2, 4) 


You can explore the meaning 
of slope by drawing graphs such 
as those shown al the right. A 
computer or a graphing calculator 
may be helpful. The diagram 
shows the 


aphs of the equation 
yyy = mx — 41) 

when (x), 9) = (0, 0) for various 

values of nm 


Notice that as you move 
from left to r 


along a line 
having slope m, the line 
rises if m is positive 
is horizontal if m= 0; 


falls if 1 is negative 


The larger |m| 1s, the steeper 
the line is 
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Oral Exercises 


Give the slope of each line shown. 


eon 
AN 


Give the slope of the line containing the given points. 


7. 0,0), (—2, 6) 8. (4, —2). (0, 0) 9. (3, 0), (0, 9) 
10. (3, 2), (=1, 2) 11. G. 1), (2.2) 12... 1, 2) 
Give the slope of each line. 

13. y= 2x +3 14. y = 3x 

16. y+ 2 =4 7. y=0 18, y= 


Determine whether the points whose coordinates are given in the table lie 
on a line. If they do, give the stope of the line. 


Sample Solution Each change of 3 in x produces 


a change of —2 in y 


the points fie on a line 
because the slope between any 


two points is a constant, 
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What do you know about the value(s) of A and B if the line Ax + By = C 
has the property described? 

23, The line is horizontal 24, The line is vertical 

25. ‘The line rises from left to right 26. The line falls from left to right 


EES 7S SS ee SS see ee) 
Written Exercises 


ng the given points. If the line has no 


d the slope of the line contaii 
vertica 


slope, write 


A 1.3,0,6.5) 2. (4, 3). (0. 1) 3. (4-1), € 
4. (-5, -2), (5, -2) 5.3, 6. (3. =), ( 
7. (2, —3),.(4, =2) @ (2 9. (6, —5), (—4, 3) 
10, (0.5, 2.4), (1.5, 1.6) 11. (a,b), (b, a) (a by 2. (a, b), (~b, a) (a # 6) 


Find the slope of each line. 


B.xty=7 4. x-y+1=0 

16, 4x —3y=3 17. 3x 

1. x= 3y +2 20. 1 —y)=% 

22, 1x 23,2 +2=1 
t Pi 1 6 


tes of 


Graph the line through point P 
two other points on the line. 


25. PO, 2),m=1 26. PU, 0).m= =I 27. P33, -1), m= 2 

28. P(-2, —1). m= 29. P2, -3),m=4 30. P(0, 3), m= —3 
P(-2, 3), m= 32. P(-1, —4), m= 5 33. P(0, 0), m = 0.25 

34. P(-3, -1), m'=0.75 38. PQ, 1), m=0 36, P(2, 1), no slope 

Solve. 

37, A ramp to provide handicapped 


people access to a certain build 
is to be constructed with a 


slope of $6. If the entrance to 


the buildin, 


is 3 ft above ground 


level. how long should the base 


of the ramp be’ 
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Solve. 

38, A jetliner covered « horizontal distance of 5 mi while following @ flight 
path with slope 0.25. How much altitude did it gain? 
d the value of k so that the given line has slope m. 


39. ke - 3y =7, m=2 40. 6x + ky = 10, m= —2 
41. (k + 3x — By = 1m =k 42. (k+ Dx + 2y=6,m =k 


Find the value of k so that the line through the given points has slope mm. 


43. (2k, 3), (1, ky; m = 2 44. (kk +1), GB, 2): m 
48. (k+1,k— 1), (kh, Ki m=k +1 46. (k + 1,3 + 2k), (k 


47. (3, k), (=1, ej m = -2 48. (1,4), (5. [Ais m 
Exercises 49-54 outline a proof of the theorem stated on page 114 


49, Show that the graph of the equation y — y, = mlx — x,) is a line L by ex 
pressing the equation in the form Ax + By = C 


50. Explain how you know L passes through P(x), 5) 
51. Explain how you know L has slope m 


Exercises 49-51 showed that there is at least one line through P having 
slope m. Now let L’ be any line through P having slope m. 


$2, Let O(x', y’) be any point of L' different from P(x), y,). Explain why 


=m 


53. From Exercise 52 yi = m(a’ — 6). Explain why this shows that 
Qe’, y') is on L 


54. Explain why L’ and L must be the same line 


Therefore, there is only one line through P having slope m 


eS SS a ee 
Mixed Review Exercises 


Complete the ordered pair to form a solution of the given equation. 
1, w+ y= 5; (4,2) 2.x -3y=73(2, -2) 


3. —x+ 4y=9;(-1 4. Sx+2y= -8: (2,1) 


Graph each equation. 
S$ —sty=t 


x 
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TET 
3-4 Finding an Equation of a Line 


Objective — To find an equation of a line given its slope and a point on the 
line, or two points, or its slope and the y-intercept 


You know that the graph of Ax + By = C is a line in an xy-plane tions of 
lines are usually given in this standard form, with A, B, and C integers. How- 
ever, when you are asked to find the equation of a certain fine, the two other 
forms discussed in this lesson may be more useful 

By the theorem on page 114, the line containing the point (x1, yy) and 
having slope m has the equation y ~ y, = mx ~ x4). 


The equation 


y— yy) = mlx — x) 


is called the point-slope form of the equation of a line. 


Example 1 in lope )) Find an equation in standard form of the line con- 


taining the point (4, ~3) and having slope ~ 2 


Solution Use the point-slope form with (41, y1) = (4, —3) and m= —2. 


y= y1 = m(x — x) 


y—(-3)=-2W-4) Multiply both sides by 5 
Ky + 3) = —2(x - 4) 
Sy + 15 QWw+8 
2y + Sy 7 Answer 
Check: 24) + 51 )=-7, = = 
sm = —4 
Example 2 Find an equation in standard form of the line containing 


(1, —2) and (5, 1) 


Solution First tind the stope of the tine: ia a) a 


; a Sat oe 
Then use the point-slope form with either given point 


yy = mx — x) y= yy = me x) 
3 
(-2) . 
y F-1) y-1=F4-5) 
4y+8=3r—3 4y~4=3x-15 
3x — dy ar — ay = 
y= av 4y = 11 Answer 
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You should check the answer in Example 2 by verifying that (1, ~2) and 
G3, 1) are both solutions of 3x — 4y = 11 

A line (or any curve) has y-intercept 0 if it intersects the y-axis at the 
point (0, 6). A line has x-intercept a if it intersects the x-axis at the point 
(a, 0). If you let (x, y) = (0, b) in the point-slope form, then you get 
y—b=m(x = 0), or y= me + b. 


eT 
If b is the y-intercept of a line, the equation 


=mxt+b 


is called the slope-intercept form of the equation of the line. 


3 pe at Find an equation in standard form of the line 


4 
3 


having slope —2 and y-intercept 


Use y = mx + b with m= =2 and b 


Multiply both sides by 3 


4° Answer 


You can explore the relationships between the slopes and the graphs of two 
equations by graphing y = mx + 6 for various values of m and 6, A computer 
or a graphing calculator may be helpful. If you graph y = 3x + b and 
y = —4x + b for various values of on the same axes, your results should 
suggest the following theorem. This theorem tells how slopes indicate when 
graphs of equations are parallel or perpendicular lines. (A proof of part (1) is 
outlined in Exercises 42 and 43, page 130, and of part (2) in Problem 14, page 
406.) 


es 
Theorem 
Let Z, and L> be two different lines, with slopes m, and m5 respectively 
L, and 
Ly and Ly are perpendicular if and only if myn, 


© parallel if and only if my = ma 


By this theorem, the lines y 2 and 3s 5 are parallel because the 
slope of each is 3. The lines y = 3 + 1 are perpendicular 


because their slopes are 3 and —4, respectively, and (3)(—5) = —1 


Linear Equations and Functions 


\ 
Because the equation mm; =~ can be written as m, = — =! and also as 


m | We say that nonyertical lines are perpendicular if and only if their 


slopes are negative reciprocals of each other 


Example 4 ct P be the point (4, 1) and L the line 2x + Sy = —10, 


a, Find an equation in standard form of the line L; through P and parallel 


toL 
b. Find an equation in standard form of the line Ly through P and perpendicu- 
lar to L 
Solution — Solve the equation of line L for y 


Qe + Sy = 10; y= 


the slope of L is — 


a. To find an equation of L), use b. 
the point-slope form with 


fhe slope of L> is the negative 


: reciprocal of 2, which is 3 
Gis = GE, Und iis Use the point-slope form with 
hay Gm =4. Dandm=3; , 
+8 y-1=3@-4) 
~ 2°-2=53-20 


Oral Exercises 


Give the slope and y-intercept of 


3x + 2 2y=x-1 3. y=3-x 4. y= 24 1) 


ly 
5. W=046 6.xt2y=4 7. 6x —2y=1 8 2e+yt+5=0 
Give an equation of the line described in point-slope or slope-intercept form. 


9. Has slope 2 and y-intercept 3 10. Passes through (2. 1) with slope | 


IL. Contains (1, 3) and has slope 


1 


12. Has y-intercept —2 and slope —1 


Has slope —2 and x-intercept 3 


14. Has slope > and passes through (0, 0) 


Give the slope of any line that is (a) parallel to, and (b) perpendicular to, 
the graph of the given equation. 


15. y=—2v +6 16. y =S(r + 1) = 


apr Ss 18. & sy =3 
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‘Tell whether the given lines are parallel, perpendicular, or neither. 
19% y=x 20. y 


ax 


plain why the lines Ax + By = C, and Ax + By = C2 (C, 
rallel 


eS oa SS a SR 
Written Exercises 


d an equation in standard form of the line conta point P and 
having slope m. 


1. P23), m=1 2 P(2; Ds 3. POS, 0), m 


4. P(-1, 4), m=0 6. P(2, 1), m= 


7. Pld, -3), 8. P(0, 6), m= —4 9. P(-2. =). 


10. P(—3, 3), m= —4 I. P(-2, 4), m = 0.4 12. P(4, 0). m 


Find an equation in standard form of the line having slope m and 
intercept b. 


14, m=1,b=-3 


16. m 17. m 2, 18. m= -0.8 


Find an equati standard form of the line containing the given points. 
19. (0, 0), G, 20. (0,0), (-3, 1) 2G. 


22. (3. AZ, 23. (3, —2)}, (-3 4. (3, 


26. (4. -5), (1, 27. ( 


d_ equations in standard form of the lines through point P that are 
lel to, and (b) perpendicular to, line L. 
31. PO, 3): L 32. PO 
33. PO, —4); L $e 20 
35. P(2, 0): L 36. 
37. P(-4, 1): bs 38. 
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Find an equation in standard form for the line described, 


B39. Passing through the points (1, 4) and (—3, 4) 
ig through the ps 


3) and (—2, 6) 


40. Passing through the points ( 


41. Passing through the origin and with no slope 


42. Passing through the origin and with slope 0 
43. Having )-intercept 6 and parallel to the x-axis 

44. Having x-intercept —4 and parallel to the y-axis 

48. Having 1-intercept 4 and y-intercept 3 

46. Having x-intercept —3 and y-intercept — | 

47. Through P(—2, 1) and paralle! to the line containing (1, 4) and (2, 3) 
48. Through Q(— 


) and parallel to the line containing (2, 3) and (1, ~2) 


In Exercises 49-84 the vertices of a quadrilateral ABCD are given. 
Determine whether or not ABCD is a parallelogram, and if it is, whether 
or not it is a rectangle. (Hint: Check to see if the lines containing opposite 
sides are parallel. If they are, check to see if the lines containing two 
adjacent sides are perpendicular.) 


49. AQ, 0), B(—2, 2), C(2, 8), DI6, 6) 50. A(—2, 3), BU, 4), C3, -1), DO, —2) 
—2), B(6, 0), CUS, 3), D(-1, 1) 52. A(4, —2). BOS, 1). C(O, 3), D(—2, 0) 
1), BU, 4), C(-2, —1), D(6, —3) $4, A(S, 1), B(—1, 5), C(—3, 2), DG, —2) 


C $5. Consider two different nonyertical lines. 
Ly: Aix t Biy= Cy and Ly Aax + Boy = Cr 
a. Show that £; and L> are parallel if and only if A,By = A2B, 
b. Show that £; and Z> are perpendicular if and only if A\Ay + B\B> = 0. 


56. Show that an equation of the line containing the points (x;, y,) and (x2, y2) 
y= ; 
When ty % x9 is y~ yy = 2—""(x ~ 4). This is called the two-point 


form, 
$7. Show that an equation of the line having x-intercept a and y-intercept b is 


Sieh 
=, + 5 = 1. This is called the intercept form. 


RS a 


Computer Exercises For stud 


nts with some programming experience 


1, Write & program to find the slope of a line. given two distinet points on 


the line. If the line has no slope, then the program should print that the 
line is vertical 


2. Run the program in Exercise 1 0 find the slope of the line through each 
pair of points or to identify the line as vertical 
a. (3, —1) and (5, 8) b. ¢ 7) and (2, —9) 


c. (7. 3) and (7, 10) 
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Write a program to find the slope-intercept equation of a fin 
slope and a point on the line 


given the 


Run the program in Exercise 3 to find the slope-intercept equation of a line 
with slope 1.72 and containing the point (—5, 8.6) 

Write a program based on the programs in Exercises | and 3 to find the 
slope-intercept equation of a line given two distinct points on the line 
Allow for the possibility that the line may be vertical 


Run the program in Exercise 5 to find the slope-intercept equation of the 


2 


line containing each pair of points in Exercis: 


Sa SI ES 2s RS 
Self-Test 1 


Vocabulary 


Solve 4x 


Ata yard sale. 


open sentence in two variables 
(p. 101) 

ordered pair (p. 101) 

solution set (p. 101) 

xy-coordinate plane (p. 107) 

plane rectangular coordinate system 
(p. 107) 

axes (p. 107 
igin (p. 107) 

quadrant (p. 107) 

graphing an ordered pair (p. 107) 

plotting a point (p. 107) 

coordinates (p. 107) 


2y = 9 if the domain of x is {~3. 


Toni bot 


x-coordinate (p. 107) 
abscissa (p. 107) 
y-coordinate (p. 

107) 
Cartesian coordinate system (p. 107) 


nce (p. 108) 


107) 
ordinate (p 


graph of an open sent 
linear equation (p. 109) 
slope (p. 112) 

standard form (p. 118) 
point-slope form (p. 118) 
y-intercept (p, 119) 
x-intercept (p. 119) 
slope-intercept form (p. 119) 


3-1, p. 101 


t some jazz records at $4 each and some 


classical records at $6 each. If her purchases totaled $46, find all 
possibilities for the number of cach type of record that she bought 


Graph 2x — Sy = 10. 


Find the slope of line 9x — 6y = 5 


Find the slope of the line containing the points ( 


Find the slope of the line 2y ~ 12 = 0. 


Find an equ 
(2, 4) and ( 


Find an equation in standard form of the line through (~3, 


4,3). 


parallel to the line 1 


4. Graph x 


2. 6) and (2 


tion in point-slope form of the line containing 


2) and 


Find an equation in standard form of the line through (5, 1) that is 
perpendicular to the line x = 4 


Check your answers with those at the back of the book 
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Linear Systems 


3-5 Systems of Linear Equations 
in Two Variables 


Objective ‘To solve systems of linear equations in two variables 


A set of linear equations in the same two variables is called a system of linear 
equations, or a linear system. Any ordered pair of numbers that is a solution 
of each equation in the system is called a solution of the system, or a 
imultancous solution of the equations. 

When you graph a linear system with two equations in the same 


coordinate plane, the result is one of three types of graphs, as illustrated 
below 


(e) Coineidi 
mies 


dvt3y=9 


+4 6x ~ 10y = 12 


Algebraically. these geometric relationships mean 


(a) When the graphs intersect in only one point, the system has one 
solution 


(b) When the graphs are parallel, the system has no solution 


(e) When th 


aphs coincide (that is, are the same line), every ordered pair 
that satisfies one equation also satisfies the other equation. The solution set 
for the system contains infinitely many ordered pairs 


We can extend the definition of equivalent equations to systems 
Equivalent systems are systems that have the same solution set 
system of equations 


To solve a 
you transform the system into an equivalent system whose 
solution is easily seen. Transformations that produce equivalent systems 
listed in the chart at the top of the next page A 
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Transformations that Produce 

Equivalent Systems 

1. Replacing an equation by an equivalent equation. (Recall that multiplying 
ach side of an equation by the same nonzero number produces an equiva- 
lent equation. ) 
Substituting for one variable in any equation an equivalent expression for 
that variable obtained from another equation in the system, (This expression 
may be the value of the variable, if known.) 
Replacing any equation by the sum of that equation and another equation in 
the system. (Recall that to add two equations, you add their left sides, add 
their right sides, and equate the results.) 


Example 1 Solve this system: 4x 


2 


‘Solution At each step replace the system by an equivalent one, using one of the 
transformations listed in the chart. 


1. Multiply the second given equation 


by —2. (Transformation 1) 


Replace the second equation in (1) by the 
sum of the two equations, (Transformation 3) 


Solve the second equation in (2) 
for y. (Transformation 1) 


Substitute 3 for y in the first equation in 
(Transformation 2) 


Solve the first equation in (4) for x 
(Transformation 1) 


Check that the solution (~1, 3) satisfies both of the original equations, 
ax + 3y=5 2x — Sy 7 


the solution of the system is (—1, 3). Amswer 


When you add two equations, the result is a linear combination of the 
equations. To solve a system of equations, a useful goal is 10 obtain a linear 
combination that has fewer variables than the given system. 

Solution | of Example 2 illustrates the linear-combination method for soly 
ing a lincar system and shows you an efficient way to set up your work. You 
do not need to write out cach system in the chain of equivalent systems as was 
done in Example 1 
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Example 2 Solve this system: r— 2y=5 


ay + 3y=9 


Solution 1 (1inesr-Combination Method 
Find a linear combination that climinates x 
1, Multiply the first equation 
by —4 so that the coefficients 4n+3y=9 
of x will be opposites 


2, Add the equations in Step +My =—-11 
and solve the resulting equation ly =-11 
for y y=-l 

3. Substitute —1 for y in either of the x-2-1)=5 
original equations to find x x=3 

4. Check that (3, —1) satisfies 3—-2%-lN=5 
both equations 43) + 3-1) =9 
the solution of the system is (3, —1), Answer 


This algebraic solution of the system verifies the graphic solution shown 
in diagram (a) on page 124 


Solution 2 itution Metho 


1, Express x in terms of y in the first equation v-2y=5 
(since the coefficient of x is 1) x=2y+5 
Substitute for v in the 4y+3y=9 
second equation, Solve for y 4 +3y=9 

Sy + 204+ 3) =9 
ly=-1 
y=-] 

3. Substitute —1 for y in either of the 4x+3(-1)=9 
original equations to find x 4x = 12 


4. The check is the same as Step 4 above 


the solution of the syst 


mis (3,1), Answer 


Example 3 Solve this system: 3x— 4y = 14 


ax + 10y = 1 
Solution Combination Meth 


Find a linear combination that eliminates y 


1, Multiply the first equation by 10 and 30x — 40y = 140 
the second equation by 4 so that the 16x 


coefficients of y will be opposites 
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Add the equations in Step 1 and 
solve the resulting equation for a 


Substitute 4 for x in cither of 


the original equations to find y 


Check that (4, —1) satisfies 


both equations 


the solution is (4, -4). Answer 


When the 


ye 124), the system has no solution, If you try to solve such a system 


graphs of the equations of a system are parallel (see diagram (b) 


on pe 


algebraically, both variables are eliminated and the result is a false statement 


Example 4 Solve this system: x 


y 


Solution Substitute the expression for y from the second equation into the first 


equation: 


x+8=1 
8=1 False! 


Since 8 = | is false, the system hay no solution, Answer 


When the graphs of the equations of a system coincide (see diagram (c) on 
page 124), the system has infinitely many solutions, If you try to solve such a 
system algebraically, you obtain an identity and all solutions of on 


equation 
are solutions of the other 


Example § Solve this system: ax + Sy 6 


Gx — 10y = 12 


Solution — Multiply the first equation by 2, and then add the equations 


by + 10y 12 
6x — 10y= 12 
0 0 


(Solution continues on the next page.) 
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Since 0 = 0 is an identity, the solution set of the system is the same 
+ the 


finite set 


as the solution set of either of the equations, namel; 
{(x, vy —3x + Sy = 6}, Answer 


6 
Three of the solutions are (0, —-2), (2,0), and (7, 3). 


Ifa system of equations has at least one solution, the equations in the system 
are called consistent, This was the case in Examples |, 2, 3, and 5. If the sys- 
tem has no solution, theyequations are called inconsistent and their graphs are 
parallel lines. This was the case in Example 4. If a consistent system has infi 
nitely many solutions, then the equations are called dependent and their graphs 
are coinciding lines. This was the case in Example 5 

Another method for solving linear systems, called Cramer's Rule, will be 
presented in Chapter 16. The method is especially useful when using a com- 
puter to solve linear systems 


Oral Exercises 


Tell whether the given ordered pair is a solution of the system. 


2. (4, 
3x 
dy 

5. ( 

3x + 2y=—1 x 
wt y=l 2x 


Explain how you would form a linear combination of the given equations to 


eliminate the variable printed in red. 
‘Sample sx +2 ‘Solution — mutiiply the first equation 


w+ iy=Ty by 3 and the second by —2; 
then add. 


7+ y=l =7 9. Sx —b6y =9 
+ 3y=Tha Sy 2x —4y=3y 
10. 4x — 3y = 6 =3 12. 4x + Sy =3 
v= Sy = 4; x 7 Int ly=4px 


Use intersect, are parallel, or coincide to make a true statement. 


13. If bvo lines have the same slope and different y-intercepts, then the 


lines 


14. If one equation can be obtained from another equation by multiplying both 
sides by the same nonzero number, then the . 


aphs 
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Use intersect, are parallel, or coincide to make a true statement. 


15. If two lines have different slopes and the same x-intercept, then the 


lines'_2_ 


16. If two lines have more than one point in common, then the 
lines — 


17. Why do you think the linear-combination method is more efficient than 
substitution in solving the system in Example 3? 


SSS a 
Written Exercises 


Solve each system. 
1-6. The systems in Oral Exercises 7-12. 
8. Sx + 6y 
3x — 2y 
10. 8 — 3y=3 1. 6u + Sy 
3x -—2y+5=0 2u + By 


Graph both equations of each system in the same coordinate plane. Then 
estimate the solution (that is, the coordinates of the point of intersection) to 


the nearest half unit. 


13. y= -x+3 axt+ y 1S. y = 5x 
y= x-4 2x - 3y=15 x+y=10 


Solve each system. If the system has an infinite solution set, specify it and 
give three solutions. If the system has no solution, say so. 
17, 3x + 3y=6 i 2=6 

5x — 6y = 15 3y + 9=0 

. Or = 4y +5 i Sq = 14 


4(y + 2) 
Uy +4) 


Write each equation of the 
slopes and y-intercepts, determine whether the equations are consistent or 
inconsistent. 


B 29. 3x=4y—4 30. 3x = 4y + 8 
4y = 3x-3 By =4e +8 


Linear Equations 


Solve each system. Note that the equations in Exercises 33-38 are not 

ais +, 1 1 a 
linear in the original variables, (Hint: Let x = {> and y =. Rewrite the 
nd y to find w and y.) 


system in terms of x and y and solve. Then use x 


33. £42=2 34. 5 + 1 BF 
ope seit A ate eT 
3%, 2+ 1 37, 3-4-4 38. 442-3 
iter ae, 1B 5: 
u wy uty 


In Exercises 39-41, a, b,c. dy ¢, and f represent constants. Solve each 
system. What conditions must be placed on the constants in each system to 
be certain that the system has a unique solution? 


C Wavty=b 40. ax ~ by ax + by 
bet+y=a by tay=d ext dy =f 


Exercises 42 and 43 outline a proof of the first part of the theorem stated 
on page 119. 


42. Proof of the “if’* part: If my =m =m, then L; and L2 have equations of 
the form Ly: y= mx + by and La: y = mx + bp where by # b>. Show that 
these equations have no common solution 

43. The “only if” part is equivalent to: If my # mp, then Ly and Lp are not 


parallel. Show that if m, # ms, then the equations Ly: y = mx + 6, and 
Ly: y = mx + by have a common solution 


SREP SES OS SS 
Mixed Review Exercises 


For the line containing the 
equation in standard form. 


iven points, find (a) the slope and (b) an 


1. (-2,0),.0, 2. (1, -2), (3. 4) 
(-6, —4), (3, 2) 1, =, IV 


6. (0. 0). (—3, 4) 


Find the slope and y pt of each line. 


qex-y=4 8. 5x + 3y=6 
9. -xt+y=1 10. y-5=0 
MW. y=3y42 12. x=4-6y 
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(Es rt mee 
3-6 Problem Solving: Using Systems 
Objective ‘To use systems of equations to solve problems. 


Sometimes you can solve a problem involving two unknown quantities most 
easily by using a system of equations. The problem solving plan given in Les- 
son 1-9 is useful here, However, you must set up and solve a system of equa- 
tions rather than a single equation 


Example 1 To use a certain computer data base, the charge is $30/h during the day and 
$10.50/h at night. If a research company paid $411 for 28 h of use, find the 
number of hours charged at the daytime rate and at the nighttime rate 


1 The problem asks for the number of hours charged at each rate 


2 Let d= the number of hours of use at the daytime rate 
Let = the number of hours of use at the nighttime rate. 
Set up a system of two equations 
Total number of hours charged is 28. d+n=2 
Total amount charged is 411 > 30d + 10.50n = 411 
Step 4 Solve the system. Express d in terms of # in the first equation and substitute 
in the second equation 
d=28-n 
30(28 — nn) + 10.50n = 411 
840 — 30n + 10.50n = 411 


~19.50n = —429 


n=22 


Since n = 22, d= 28 — 6. The solution is (6, 22) 


Step 5 The check is left for you 
there were 6 h charged at the daytime rate and 22 h at the 
nighttime rate. Amswer 


‘The following terms are used in connection with aircraft flight 
air speed the speed of an aircraft in still air 
wind speed the speed of the wind 
tail wind a wind blowing in the same direction as the path of the aireratt 
head wind a wind blowing in the direction opposite to the path of the aireraft 
ground speed the speed of the aircraft relative to the ground 


With a tail wind: ground speed = air speed + wind speed. 
With a head wind: ground speed = air speed — wind speed 
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“Example 2 ‘to measure the speed of the jet stream (a high-speed, high-altitude, west-to- 
¢ plane flew 1800 km with the jet stream as a tail 
wind and then back again. The eastbound flight took 2 h, and the westbound 


east wind), a weather-se 
one took 3h 20 min. Find the speed of the jet stream and the air speed of the 


plane. 


Step 1 The problem asks for the plane's air speed and the speed of the wind 
= the wind speed in km/h. 


Step 2 Let p = the air speed in km/h and ¥ 
Step 3 Using the fact that rate * time = distance, construct a table 


Ground speed | Time Distance 
km/h h km 
Eastbound pt+w 2 Xp +w) 


Westbound |p — w Pip -w) 


is 1800 km. 


Ap+w) = 1800 


‘The distance west is 1800 km. 


p-w) = 1800 
Step 4 Solve the system. 

2p + w) = 1800 is equivalent to p + w = 900 
540 


0 : 

2p — w) = 1800 is equivalent to p — w 
Using the linear-combination method, you will find that p = 720 and 
w= 900 — 720 = 180. The solution is (720, 180) 


Step 5 The check is left for you 
+. the air speed of the plane is 720 km/h and the speed of the jet stream is 
180 knv/h. Answer 


A 1. Kerry asked a bank teller to cash a $390 check using $20 bills and $50 
bills. If the teller gave her a total of 15 bills, how many of each type of 
bill did she receive? F 


2. Tickets for the homecoming dance cost $20 for a single ticket or $35 for a 
couple. Ticket sales totaled $2280, and 128 people attended, How many 
tickets of each type were sold? 
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Find the measures of the angles of an isosceles triangle if the measure of 
the vertex angle is 40° less than the sum of the measures of the 
angles 
Two isosceles triangles have the same base length. The legs of one of the 
triangles are twice as long as the legs of the other. Find the lengths of the 
sides of the triangles if their perimeters are 23 cm and 41 cm 
On Friday, the With-It Clothiers sold some jeans at $25 a pair and some 
shirts at $18 each. Receipts for the day totaled $441. On Saturday the store 
priced both items at $20, sold exactly the same number of each item, and 
had receipts of $420. How many pairs of jeans and how many shirts were 
sold eweh day 
A grain-storage warehouse has a total of 30 bins. Some hold 20 tons of 
grain each, and the rest hold 15 tons each. How many of each type of bin 
are there if the capacity of the warehouse is 510 tons? 

~ With a tail wind, a helicopter 
veled 300 mi in Ih 40 min. The 
return trip against the same wind 
took 20 min longer. Find the wind 
speed and also the air speed of the 
helicopter 
With a head wind, a plane traveled 
1000 mi in 4-h. With the same 
wind as a tail wind, the return trip 
took 3 h 20 min, Find the plane's 
air speed and the wind speed. 
An overseas phone call is charged at one rate (a fixed amount) for the first 
minute and at a different rate for each additional minute. If a 7 min call 
costs $10, and a 4 min call costs $6.40, find each rate 

. A caterer’s total cost for catering a party includes a fixed cost, which is the 
same for every party. In addition the caterer charges a certain amount for 
each guest. If it costs $300 to serve 25 guests and $420 to serve 40 guests 
find the fixed cost and the cost per guest 
A financial planner wants to invest $8000, some in stocks earning 15% 
annually and the rest in bonds earning 6% annually. How much should be 
invested at each rate to get a return of $930 annually from the two 
investments? 
For a recent job, a plumber earned $28/h, and the plumber’s apprentice 
earned $15/h, The plumber worked 3 hours more than the apprentice. If 
together they were paid $213. how much did each earn’? (Hint: First write 
an expression for the number of hours each worked on the job.) 


Marcia flew her ultralight plane fo a nearby town against a head wind of 
15 km/h in 2 h 20 min. The rewurn trip under the same wind conditions 
took | h 24 min, Find the plane's air speed and the distance to the nearby 
town 
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ina 


7 


16. 


17. 


18. 


19, 


A plane whose air speed is 150 mi/h flew from Abbot to Blair in 2 h with 
a tail wind. On the return trip 
60 mi from Abbot after (wo hours. Find the wind speed and the distance 
between Abbot and Blair. 


If a particle starting with initial speed vp has constant acceleration a, then 


inst the same wind, the plane was still 


its speed after 1 seconds is given by 


v= Vo + al. 


Find vp and «if y = 28 nv/s when = 4s and v = 43 m/s when r= 7 
While training for a biathlon race, Kevin covered a total distance of 9 km 
by swimming for 45 min and running for 20 min, The next day he swam 
for 30 min and ran for 40 min, covering 14 km. Find his rates (in km/h) 
for swimming and running. (Assume that these rates are constant.) 
Davis Rent-A-Car charges a fixed amount per weekly rental plus a chai 
for cach mile driven. A one-week trip of $20 miles costs $250, and a two: 
week trip of 800 miles costs $440. Find the weekly charge and the charge 
for each mile driven 


In a certain mill the cost C in thousands of dollars of producing x tons of 
steel is given by 
C=03r +35 


The revenue & in thou: 


ds of dollars from selling x tons is given by 
R=0.5« 
Graph each equation in the same coordinate plane. (Let the vertical axis 
represent cost or revenue in thousands of dollars.) 
b. Find the point at which R = C (the break-even point) 
¢. What does the difference R — C measure for all x greater than the 
x-coordinate of the break-even point’? 
The supply S$ of a commodity (in thousands of units), if the price is p dol- 
lars per unit, is given by the equation 
S=03p +3 
The demand D for that commodity (in thousands of units), if the price is p 
dollars per unit, is given by the equation 
b= 
The value of p for which S = D is called the equilibrium price 
a. Graph both equations in the same coordinate plane. (Let the horizontal 


axis represent price and the vertical axis represent supply or demand in 
thousands of units.) 


+9, 


b, Determine the equilibrium price 
¢. What will happen at prices 


reater than this price’? 


Two miles upstream from his star 


point, a canveist passed a log float- 
ing in the river's current. After paddling upstream for one more hour, he 


paddled back and reached his starting point just as the log arrived. Find the 
speed of the current 
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3-7 Linear Inequalities in Two Variables 


Objective ‘To graph linear inequalities in two variables and systems of such 
inequalities 


When you replace the equals sign in a linear equation in two variables by one 
of the symbols >, <, =, or =, you obtain a linear inequality in two 
variables. For example, 


yotxsti, 3y<12, and 


are linear inequalities in the two variables . and y. 
A solution of an inequality in two variables is an ordered pair of numbers 
that satisfies the inequality. For example, the pair (4, 5) is a solution of 
+L since 5> (4) + 1, There are infinitely many ordered pairs that 


satisfy this inequality. and so its graph contains infinitely many points 
When graphing a linear inequality, it is helpful first 
to graph the associated equation of the inequality, The 


associated equation of y>-bx + Lis y 


graph is shown at the right. Every point P(x,y) on the 


line y = Le + 1 has y-coordinate equal to Ly + 1. It is not 


difficult to see that if a point Q is above P. its y-coordi- 


nate is greater than Lx + 1, Similarly, if a point R is below P, its y-coordinate 


is less than Ly + 1. Therefore, the graph of y >-Ly + 1 is the set of all points 


above the line y=+x + 1, and the graph of y <-Lx + 1 is the set of all points 
1 


below the line y= 4x + 1. 
The graphs of y > x + 1 and y are shown as shaded regions in 


l 
x + 1 as its 


ure 1. Each graph is a half-plane with the line y = + 


boundary. We show each boundary as a dashed line be it is not included 
in the graph. We call each graph an open half-plane. 


Figure 1 
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1 y+ | are shown in Figure 2, Since 


The graphs of y= 4x +1 and y 


1 
the boundary line y = Lx + 1 is included in cach graph, we show it as a solid 


line, We call a half-plane together with its boundary a closed half-plane. 


Figure 2 


“Example 1 Graph 3x + 2y + 4>0. 
‘Solution Transform the inequality into an equivalent inequality with y alone on one 
side 
rt 2y+4=0 
ay>—3x-4 


Graph the associated equation 


as a solid line. The graph of the 
inequality includes this boundary 
line and the half-plane above it 


| Example 2 Graph sx - 4y > 10 


—4y > 5+ 10 
ss 
y<ix 
4°" 3 
Graph the associated equation y 
y=ix-3 


as a dashed line. The graph of the 
inequality is the open half-plane 
below this boundary line 
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‘You can tell whether you have shaded the correct half-plane by testing a 
point that is not on the boundary. The origin is a convenient point to use. In 
Example 1, the ordered pair (0, 0) satisfies the given inequality (4 = 0 is true), 
and the point (0, 0) is in the shaded region. In Example 2, (0, 0) does not sat- 
isfy the given inequality (0 > 10 is false), and the point (0, 0) is not in the 


shaded region: 


“Example 30 Graph x <2 in a coordinate plane 
‘Soluition he graph of x = 2 is a vertical line. A 


point P(x, y) belongs to the graph of the 
inequality if and only if the x-coordinate 
of P is less than 2 (that is, if and only if 


P is to the left of the boundary line 


qualities consists of points satisfying all of 
the inequalities in the system. This is the region where the graphs of the indi- 
vidual inequalities overlap. 


Graph x + y = 6, showing the boundary as 


“Example @ Graph this system: 


a solid line. In the same coordinate plane 
graph x, showing the boundary as a 
dashed line. The graph of the system is the 
doubly-shaded region in the figure at the 
right 


Graph this system 


i 


‘Solttion ‘the incqualities x > 0 and y > 0 tell you 


that the graph of the system is contained in 
the first quadrant. The graph of the sy 

is the shaded region in the first quadra 
below both of the lines 

x 
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Oral Exercises 


‘Tell whether each ordered pair satisfies the given inequality. 


1.3, 4), (3, 4a ty >0 2. B,-1),. 1, Ixy 
3. 2: i), (1,2) = SS 4,62) -0-1, 2) —- y= 1 
5. (3, 2), (2, —3); 3x + 2y <0. 6. 5, (-3, -Iiix- ay +10 


Tell whether point P lies above, on, or below the line L. 


7. PO, 2); Liy=2e +1 8. P(2, 2); Li y=3x-1 
9 P(-1, 2); Li y= —40 +2 10. P(-3 yo4et3 
1. P(4, 5); Li y= 4 43 12. P(-5, -3); L:y=—4e-1 
Give the letter of the inequality whose graph is shown. 
Boaxt1=0 y 14. a. ; 
by=l b. 
ea 120 ey 
0 
dx>t dvs 
¥ * 16. a. 1+ y=0 y 
baxr-y>0 boxrty>0 
eaty20 ex-y=0 
ry) 
dey >x dy-x=0 


Written Exercises 


Graph each inequality in a coordinate plane, You may wish to check your 
graphs on a computer or a graphing calculator. 


f 0 BRavt1<o 

4.y+ 0 6 x+y<0 

Tia KR a+y 1 
1x-y<t 1. x + 252 

13. 3x + 29<6 15. 3x > 2y— 1) 

16. ys 4-0) 17. y= tax +3) 18, %y — 1) > 3ur+ 1) 
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Graph each inequality or system of 


Sample r+ I<2 
Solution The given inequality is equivalent to 


so x and x<] 


The graph is the shaded region be- 
tween the vertical lines = —3 and 
x=1 


Mixed Review Exercises 


Each system has a unique solution; find it, 
wath y 3 
x 3y 
Find an equation in standard form of the line through P haying the given 
slope. Then graph the line. 


4. P(-1,3),m=1 5 3), vertical 6. P(0. 0), m 


7. P(-6, —2),m f 9 PIC )m 
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Self-Test 2 


Vocabulary system of linear equations (p. 124) linear ineq 


ty in two variables 


linear system (p. 124) (p. 135) 

solution of a system (p. 124) associated equation (p. 135) 
simultaneous solution (p. 124) open half-plane (p. 135) 
equivalent systems (p. 124) boundary (p. 135) 

linear combination (p. 125) closed half-plane (p. 136) 
consistent (p_ 128) system of inequalities in two 


inconsistent (p, 128) variables (p. 137) 
dependent (p. 128) 


Solve each system. If the system has an infinite solution set, specif 
give three solutions. If the system has no solution, say so. 


L4ce— y= 12 2. 6x + 3y=5 
3x + dy = 66 4x + 2y=9 
3. 4x=10—3y 4. 8 + 3y=5 
12x = 30 — 9y Sx + dy = 18 
5. If it takes an airplane 3h to fly 360 mi with the wind and 4h Obj. 3-6, p. 131 


to make the return trip against the wind, find the speed of the 
wind and the air speed of the airplane 

6, Last summer Bret earned $32 a day and Sandra earned $36 a 
day, Together they eared a total of $3560. How much did each 
eam, if Bret worked 5 days more than Sandr: 

7. Graph 2x + 3y < 12 

8. Graph Sx — 2 


—10. 


9. Graph y >0 in a coordinate plane Obj. 3-7, p. 135 
10. Graph this system; x + 2y=6 
v—3y=4 


Check your answers with those at the back of the book. 


EEL PETE OP OPP EM PB 
Challenge 


Suppose that you want to rank four people (Alicia, Beth, Carlos, and Dave) in 
order from youngest to oldest, No two of them have the same age. They won't 
(ell you their ages, but they will answer questions like “Dave, are you older 

than Beth?"” What is the least number of such questions with which you can be 


sure of finding out the order of their ages? Describe your method for finding 
the order. 
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Functions and Relations 


3-8 Functions 
Objective To find values of functions and to graph functions. 


The post office provides an everyday ex 
ample of a function: The cost of mailing a 
letter is a function of its w Here 
there is a correspondence, cost to weight, 
given by a definite rule. The mathematical 
concept of function involves such a corre 
spondence between (wo sets. 


The mapping diagram at the right pictures a correspon 
dence between two sets, D und R. A rule that defines this partic 
ular correspondence is 

To each whole number, assign 

the number of leticrs in its name 
For example. 5 is assigned to 3 because there are 5 letters in the 
word “three.” Such a pairing is called a mapping, or a finetion 

In Lesson 3-10, you will learn a general definition of fune 

tion stated in terms of ordered pairs. Here you will work with a 
definition that emphasizes a correspondence between two sets 


nction is a correspondence beiween two sets, D and R, that assigns to 
each member of D exactly one member of R. 


The set D is the domain of the function, The range of the 
function is the set of all members of R assigned to at least one 
member of D. In this book, domains and ranges of functions will 
be seis of real numbers, unless otherwise stated. 

To define a function, you can give a rule describing the cor 
respondence and then specify the domain, For example, if the 
function with the rule 

“double the number 
has the set of integers as its domain, it assigns 4 to 2, 21 1.0 
to 0, —2 1, —4 to —2, and so on, as illustrated at the 
The range of this function is the set of even int 
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The letters /. g. F d (Greek phi) are often used to name func 
tions. If the rule of a function is given by an algebraic expression, you can de- 
scribe it using “*arrow notation.” For example, if g is the name of the doubling 
function, you can write 


gx 


‘This is read “*g, the function that assigns to x the number 2x 
The graph of a function fis the set of all points (x, y) such that x is in 
the domain of fund the rule of the function assigns y tox 


‘Example 1 Given /: x 4x —° with domain D = {1, . 5} 
a, Find the range of f- b. Graph f. 


Solution 
a, Make a table showing the numbers b. Gra 


that the tule of f assigns each 
member of the domain, 


h the ordered pairs from the table. 


x dx (x, 9) 
1| 44- a. 3) 
2) 4-2 (2.4) 
3] 4-3- Q.3) 
4) 4:4-— (4,0) 
5 | 4-5— (5. —5) | 


From the second column, 
R={-5,0, 3,4}. Answer 


The values of a function are the members of its range. Thus, in Example 1, 
Fassigns to 2 the valve 4. To indicate this you use Funetional notation and 
write f(2) = 4, read “the value of f at 2 is 4° or “fof 2 is 4.7 In general, for 
any function / 

fix) denotes the value of fat x. 
Caution: f(2) is nov the product of f and 2 


Example 2 Given f: x 


a. f2) 


Solution a, f(2) 
b. ge) 
c. fla) = 2a— 1 
dd. Use (by: 002) = 15) 1=9 
e. Use (a): 9(/(2)) = 9) = 3 + 1 = 10 


x7 + 1, find the indicated values 
. fla) d. flei2)) e. ff) 
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Often a function f is defined simply by giving an equation for fx) and 
specifying the domain, as in Example 3 


Example 3 Given f(x) = |x — 1) with domain D = { 0. 1, 2} 


a. Find the range of f b. Graph f 


Solution 


- 0}, Answer 


Sometimes a function is defined by an equation and its domain is not spec- 
ified. For such functions, take ay the domain the set of those real numbers for 
which the equation produces real numbers 


Example 4 Give the domain of cach function 


1 1 . =V2 
| afO=zeq_ beW=sQeH © hw = V2 


x 


Solution |. D = fall real numbers} 


b. The expression <5 is not defined when x = 0 and x= 2 
2. D = {all real numbers except 0 and —2 
¢. The expression V2— x is not defined when 2 — x <0, or + >2 


. D={x: x= 2} 


Oral Exercises 


For each function, find the indicated values. 


a. g(0) b. g(-2) sl) d. (2) 
a. f(-2) b. fil) f(O) a. (2) 
a. G(—2) b. G1) G0) d. G3) 
a. F(L) b. FO) c. FI) d. FQ) 
a, h(1) b. h(-1) c. h(2) d. A(—2) 
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For each function, find the indicated values. 


a. dO) b. 1) c. G2) d. ff—2) 
a. KO) b. k-2) ~~ k(2) d. ki3) 
a. H(O) b. H(-2) ©. H(2) d. H(-3) 
a. s(0) b. s(t) c. 92) d. (3) 
a. A(—1) b. AiO) ee ACD d. h(2) 


Give the domain and range of the function whose complete graph is shown 


in red. 
HG 12, y 
. . . 
ele 
a x] 
4 y 15, y 16. By 
ele 
. oe 
7) i) T 


17. Suppose that the domain of a function has” members. 


a. What is the least number of members in its range? 


b. What is the greatest number of members in its range? 


Written Exercises 


In Exercises 1-12, the domains D and rules of some functions are given. 
Find the range of each function. 


AL Fix>3 


;D={0, 

3. ga —2;D={-2. 0,2} 

5. fix 3x; D={-1, 0, 1. 2, 3} 
1. 4x +4; D = (0, } 


gx 


4 — 3; D = {-2, 0, 2} 
+ tt: 2 1 — 2 D = {-2, -1, 0, 2} 


13-24. Graph the functions in Exercises 1-12 
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Complete the equation for the function pictured in each mapping diagram. 


B 25. f= ‘x1 26. g@)=x+_2 27. Wx) =_2* 2B. F(x) oxt5 


a ) 1/1 tae hay - 
Seale 24—+| 4 3 | 
| 9 a | 
ial) asa yo se al res 
t | [Me ey ole aa 
Give the domain of each function. 
29, fix) = -— 2 30. six) 31. A(x) = ; 
32. x= L = 
Fix) 33. flO = 2555456 34. Gix) = 7 
Let fix) = x? — 1 and g(x) = 1 — 2x. Find the indicated values. 
38. fig(1)) and gf f(1)) 36. fig(—1)) and gf f(—1)) 37. fig(2)) and g¢ fi2)) 
38. fig(—2)) and gf f(—2)) 39. fl fi2)) and f(2f(1)) 40. g(9(2)) and g(2g(1)) 


(3) 


Cc a.) 
g 


44. fla + 1) — fla) 


46. 

47. If fis a function such that fla + 6) = fla) + fib), for all real numbers a 
and 6, then show that the following statements are true 
a. f(0) = 0 (Hint: Let a = 
b. f(2a) = 2fla) (Hint: Let b 
c. fi-a) = -fia) 

48. The greates 


-integer function is defined for all real numbers x as follows 
g(x) = the greatest integer not exceeding x 
aonolae 
For example: g(2) = 2, g{25) = 2, (3) = 3, g(m) =3, and 


e(—24) = —3. Graph the greatest-integer function for 3 = x= 3 


49. The signum function is defined for all real numbers 1 as follows: 


lifx>0 
s(x) Oifx=0 
lifa<0 


Graph the signum function for 3 = x = 3. How does the signum function 


x| 


differ from the function fix) 
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3-9 Linear Functions 


Objective — To find equations of linear functions and to apply properties of 
linear functions. 


‘The graph of the function fix) = 2x — 3 
the set of all points (ir, y) such that 

~ 3. This graph is the line with 
and y-intercept —3, as shown at 
the right, A function such as f, which 
has a straight line for its graph, is called 
a linear function. 


A linear function is a function f that can be defined by 
fa) = mx +b 

where xr, m, and b are any real numbers. The graph of fis the graph of 

y= mx + b, a line with slope m and y-intercept b. 


If fix) = me + b and m = 0, then fix) = b for all x, and is a constant 
function. lis graph is the horizontal line y = b. 

For any linear function f that is not a constant function, a change in the 
value of x produces @ change in the value of f(x). For a linear function 
mx + b, the rate of change of f(x) with respect to x is the constant m. 
) The tables below illustrate this fact. 


Exercise 3 


2 fe) = —Sx +7, m= 


5 

15 
When x increases by 1, When ¥ increases by 1, fix) 
Ax) changes by 2+ 1, or 2 changes by —5 + 1, or —5 
When x increases by 3 When v increases by 3, fix) 
fix) changes by 23, or 6. changes by —5 + 3, or —15. 


Notice that changing x by an amount a changes /(x) by a corresponding amount 
ma. In general, to find the change in f(x) you multiply the change in by the 
rate of change m, If m is positive, the change in f(x) is an increase: if m is 
negative, the change in fix) is a decrease 
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When you know the change in f(x) produced by some chang 


© in.x, you 
can find the rate of change m by using this formula: 


change in fix) 
change in x 


tate of change m = 


Example 1 Find equations of the linear functions f and g using the given information 
a. f(4) = 1 and f(8) =7 


b. 9(0) = 5 and an increase of 4 units in x causes a decrease of 12 units in 
g(x) 


Solution a. Since f is linear, let fl) = mx + b. First find the value of m. 


change in 


) 


rate of change m =~ 
change in x 


fi) — 4) ts 
jester Ty als rae 
Thus, m = 4 and f(x) = 4x + b, Now find the value of b 
Since f+) = (4) +b 
1=6+b 
5S=b 
*. fix) =tx—5 Answer 


b. Since g is linear, let g(x) = mx + b. First find om. 


change in g(x) 
rate of change m = = 3 
: change in x 4 
Thus, m and g(x) x + b. Now find b. 
Since g(()) = 5, 310) +b 
5=b 
g(a) = —3e +5 Answer 


Many real-life situations can be described by linear functions. Here are 


some examples 


1. A manufacturer of television sets spends $6000 per day in fixed costs and 
0 for each set produced, The total cost C for product 


x sets a day is 


given by 
Cox) = 6000 + 250x 


Notice that the domain of the linear function C is restricted to positive inte: 


gers, since x represents a number of television sets 
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A computer purchased new for $3600 loses $600 in value each year 
(straight-line depreciation). Its remaining worth, or book value B, y years 
after purchase is given by 


B(y) = 3600 — 600y. 


Notice that the domain of B is restricted to {y: 0 <y = 6}, since afier 6 
years the book value has reached $0. 


3. A hiker climbing Mount Jefferson left the 4000-foot level at 6 a.m. and 
gained elevation at the rate of 800 fUh. The hiker’s elevation Z at any time ¢ 
hours after 6 a.m. is given by 

E(t) = 4000 + 8000. 
Here 1 is restricted also, because the hiker’s elevation cannot exceed the 
height of the mountain. 


It is customary to call functions such as C, B, and E linear functions even 
though the domain of each is not the set of all real numbers. 

In Example 2, an equation of a linear function is found using a method 
different from that shown in Example |. 


SII (4 ccna pace anita ccpijtng an el coonge ek a cartlac a AL 
2 pM. there were 1680 barrels left in the tank, At 5 pM. there were 600 bar- 


rels left. 

a, Write a linear function to describe this situation 
b. How many barrels were in the tank at noon? 
¢. What time will the tank be empty’? 


“Solution a. Let fie) ~ the number of barrels of petroleum in the tank ¢ hours after 
noon. Then, since f is linear, fir) = mr + b 
To find the values of m and b, use the facts that f(2) = 1680 and 
f(5) = 600 to write a system of linear equations: 
SZ 2m + b = 1680, 
#15) = 5m + b = 600 
Solve this system to obtain m = —360 and b = 2400. Therefore, 
f(t) = —3601 + 2400. Answer 


b. At noon, 1 = 0, and 
‘fi0) = ~360(0) + 2400 = 2400. 
» there were 2400 barrels in the tank at noon. Answer 
¢. The tank will be empty when f(z) = 0. 
0 ~ 3601 + 2400 
360r = 2400 


_ 2400 
360 


6% (hours after noon) 


+ the tank will be empty at 6:40 p.m. Answer 
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Each table is a table of values of a linear function. Supply the missing entries. 


‘The rate of change m == 


fx): from 5 to 


© of 62, or 4, in 


causes an incre 


in x (from 3 to 6) causes an increase of 3 


This means an increase of 3 


An increase of 6 in x (irom 6 to 12) 


fix): from 7 to 


~ the missing entries are 7 and 
L [x [s@ 2. [x | foo x | fa) 4. [x [7 
1a o[ 3 o| 2[-1 
2[ 4 if 2] 4 4[ 
= A fa Ze 4/2? 6 ? 
4[2 3| 2 6| 2 | ies 
x 6 [x [hw % 8. [x [f@ 
0 0 ? 1 6 
1 =1[=1 a[% rH 
[ai 2 T (a EE [-3] 2 
i 
61 =i hee 3] 4 [-s | -6 


Written Exercises 


Find an equation of the linear function f 


ing the given 


BA 1. m=2,b=3 2. m= 
3. m=3, ft) =1 4.m= 
5. fi0) = —2, slope of graph = 1 6. 
7. f(O) = 1; fix) increases by 6 8. (0) = 
when x increases by 3 when 
9% m=2, fl) =5 10. m= 
11. m= —3, f4) = -1 12. m 


- 0) = 1, slope of graph = 


information. 


lL b= 


3/0) = — 


1; fla) decreases by 3 


x increases by | 
1, fQ)=3 
2 (6) = -2 
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13, f(0) = 1. (G3) =7 14. flO) = —2. fl) =4 
1S. (0) = —3, f(3) = -3 16. f(O) ), 2=4 
17. fl) = 2, f2) =5 18. f(2) = 6, fi4) = 0 
19. f(-2) |, 2) = -3 20. f(-1) 

21. fi-1) = 1, ful) = -2 22. (3) = 4. f(6) = — 


Complete the table, given that g is a linear function, (Hint: See the Sample 
on page 149.) 


B 23.) x} aw m4. x | gir) 25. x] 9) 26. x | ga) 
[3] 4 7 =4| 4 | 2) -3 
ile [Ear 4| 4 r| 2 2|-1 
o| 2 | -2 zit Ne 
?[-8 =z |. 2 aE) =r] 1 


In Exercises 27-30, is a linear function. 

If (6) = 7 and f(3) = 2, find f(—3) and f(10). 

If (2) = 10 and f(10) find fi—10) and f(100). 
Wf and (7) = —6, find (10) and f(20) 

If f(S) = —S and f(—25) = —25, find f(2) and f(50). 


S28 


firth 
k 


© 31, Uf fy = mx + b and k #0, find 


2) — fly) 
32, IF fla) = me + b and xy #25, show that 200) — 


ra 
33. A function f is increasing if fxs) > flay) whenever x3 >). A function f 
is decreasing if fxs) < fiay) whenever x; >.x,. Show that if fix) = mx + b, 
then (a) / is increasing if m> 0, and (b) fis decreasing if m <0. 


SS Sea 
Problems 


Solve Problems 1-11, Assume that each situation can be described by a 
linear function. 


A 


A photocopying machine purchased new for $4500 loses $900 in value 
each year. 

a. Find the book value of the machine after 18 months. 

b. When will the book value be $1200? 

2. The charge for a one-day rental of a car from Shurtz Car Rental Agency is 
$24 plus 15 cents for each mile driven. 

‘a. If Jill drives 85 mi in one day, how much is the charge? 

b. If a one-day rental cost Jill $42, how far did she drive’ 
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10. 


A plumber charged $110 for a three-hour job and $160 for a five-hour job 
At this rate, how much would he charge for an eight-hour job? 

It costs Ace Electronies Company $1900 to manufacture 10 VCRs and 
$2200 to manufacture 16 VCRs. AC this rate, what would be the cost of 
manufacturing 25 VCRs? 


Allied Airlines charges $90 for a ticket to fly between two cities 260 mi 

apart and $150 for a ticket to fly between two cities 500 mi apart. At this 
rate, What would it cost for a trip between two cities 1000 mi apart? 

A load of & kg attached to the bottom of a coil spring stretches the spring 
to a length of 76 cm, and a load of 14 kg stretches it to a length of 85 c 
Find the natural (unstretched) length of the spring 


Fifteen days after Alan began a diet 
he weighed 176 Ib. After 45 days 
he weighed 170 Ib 
a. How much did he weigh at 

the beginning of the diet? 
b. At this rate, when will he 

weigh 165 Ib? 
A climber left base camp at 5 A.M 
to ascend a 7400-meter peak. The 
climber gained altitude at the rate of 
240 m/h and at 8 A.M. was at the 
6500-meter level 
a. Find the elevation of the base camp 
b. At what time did the climber reach the summit? 


‘The table below shows the freezing and boiling points of water in degrees 
Celsius (°C) and degrees Fahrenheit (°F) 


] 
Celsius | Fahrenheit | 
| 


freezing 0 32 


boiling 


a. Find 
b. What 
¢. At what temperature do the two scales give the same readi 


linear function that gives °C in terms of °F 
> temperature corresponds to 98.6° F? 


On a 50 question truc-false test, a student received 3 points for e 


rect answer, For each incorrect answer, the student lost 1 point. F 

unanswered question, no points were added or deducted 

a. Find the best score possible b. Find the worst score possible. 

¢. Find the linear function that converts the raw score described above to a 
score from 0 to 100. 

d, What score from 0 «9 100 corresponds to a test result of 38 correct, 4 
incorrect, and § omitted? 
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C 11. South Coast Utilities makes the following monthly charges for residential 
electrical services: 


Service Charge $4.50 


Energy Charge: 
First 800 KW +h = —> $0,062 per KW +h 
All over 800 KW + h— $0,055 per kW +h 


Express the monthly charge C in terms of the number 1 of kilowatt-hours 
used, for (a) 0 = n = 800 and (b) n > 800, Then (c) draw a graph of Cin) 
for 0 = c = 1500. 


ES Sa aaa aT 
Mixed Review Exercises 


Graph each open sentence. 


1. 2r+3y=9 3.y=x 
4y+2=0 6 y=K 
Tyet 9. ax + 4y <8 
Find the range of each function with domain D. 

10. fix 3x+2,D= -1, 0} D={-1,0, 1} 
12. F: x |x - 4], D= { -2,-1} , D= {1, 2, 3} 


ZG Historical Note / Functions 


In the seventeenth century, two different concepts of function developed. One 
was geometric: Mathematicians studied curves defined by geometric conditions 
(like the conic sections you will study in Chapter 9) and explored geometric 
properties of graphs such ay their slopes and maximum and minimum points. 

Another approach dealt with functions that could be defined by a formula, 
Such as a polynomial in the variable x, The methods of calculus were used to 
analyze these and other basic functions, such as the exponential, logarithmic, 
and trigonometric functions you will meet in Chapters 10 and 12-14. It was 
Leibniz, a pioneer of this analytic approach, who introduced the term function. 

As mathematicians became interested in a greater variety of functions, 
more formal definition was needed. In 1837 the German mathematician Dirich- 
Jet proposed the following definition: y is a single-valued function of the varia- 
ble « when a definite value of y corresponds to each value of x, no matter in 
what form this correspondence is specified. 

Most modern treatments of functions use a definition based on ordered 
pairs, like the one stated on page 153 
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ESS 
3-10 Relations 


Objective ‘To graph relations and to determine when relations are also 
functions. 


The mapping diagram, the table, and the graph below illustrate a correspon- 
dence between the members of the set D = {1, 2, 3} and those of the set 
R= {0, 1, 2, 3, 4} 


D|R| 
1} 0 


WeSles: 
3/2] 
alia ) 
314 ‘ 


‘A rule that defines this particular correspondence is; “to each x in D assign a 
number y if and only if |v — y| = 1." Another way of describing this correspon 
dence is to list the ordered pairs determined by the rule: 


(1.0). (1 


2. 3). B,2, GB, 4} 


A more efficient way of describing this set is to use se¢ notation 
{(x, y): by — y| = 1 and x € D} 


This is read “the set of all ordered pairs (x, y) such that |x — yj = 1 
in D. 

The correspondence just discussed does nor assign exactly one member of 
R to each member of D, For example, both 0 and 2 are assigned to 1, There 
fore, this correspondence is nof a function. It is, however, a relation 


and x is 


A relation is any set of ordered pairs. The set of first coordinates in the or- 
cred pairs is the domain of the relation, and the set of second coordinates is 
the range. 


A function can now be defined as a special kind of relation: 


A function js a relation in which diffe 
coordinates 


ent ordered pairs have different first 
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Note that the definition just given does not refer to any rule. The set of 
ordered pairs {(1, 5), (3, 2), (5, 2)} is a function even though no rule is given 
The set of ordered pairs ((1, 5), (2, 3). (2, 5)} is a relation but not a function, 
since (2, 3) and (2, 5) are different pairs with the same first coordi 

When a relation is defined by an open sentence in two variables and a 
domain and range are not specified, include in the domain and range those real 
numbers and only those real numbers Jor which the open sentence is true. The 
relation is the solution set of the open sentence. The graph of the relation is. the 
graph of the open sentence. 


Example 1 Graph cach relation, and then tell whether it is a function. 


a, fa, 0, (2.1), 


by (Gx, 9): [el + ¥ = 3} 
ce. {Or 9 > bl} 
Solution a. This relation is nor a function, The 
ordered pairs (2, 1) and (2, +) have the 


same first coordinate. Answer 


b. The open sentence |x| + y 
equivalent to: 


Bis 


w= [372 ifx=0 
la+x ifx<o0 


3 


This relation és a function, since each 
value of «x is paired with exactly one 
value of y, Answer 


: _{ x ifx=0 
Pee. rd 
The boundary of y > |x| is the pled 


V-shaped region shown at the right 
The relation is nor a function, since 
it includes different pairs with the 
same first coordinates, for example, 
(1, 2) and (1, 3). Answer 


raphs in Example | suggest a convenient way of telling whether a 
relation is a function, It is called the vertical-line test. 


Vertical-Line Test 


A relation is a function if and only if no vertical line intersects its graph more 
than once. 
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Example 2 In the relation {(x. y): |xl + [| = 3 and |x| = 2 


domain D of the relation and draw its graph 


Find the 
1 a function? 


x and y are integers 


Is the relati 


Solution Since x is an integer and |x| = 2, the domain D 2 1, 2} 
The relation x) + bl =3 
is equivalent to y n 
Here is a table of yalues 
1 
Since the vertical line x = 1 intersects the 
graph in the ovo points (1. 2) and (1, —2), the 
relation is mot a function Answer 


Oral Exercises 


Give the doma 


jin and range of each relation. Is the relation a function? 


{(3, 2), (1. 4), (5, 2), (7, 0} 
D={1,3 R 4, 6}; yes 
5). ( 2 4), (1, 3). 1} 
(0) D} 4.44, D. G2 vt 
{(a, b), (b, a)} 6. (a,a +1), (a 

List the ordered pairs in the relation pictured in each diagram. Is the 

relation a function? 

tk 8. 9. = 10. 
on | i" 


List the ordered pairs in the relation pictured in each graph. Is the relation a 
function? 
¥ 2 x 13. uo 14. 4 
iW, 2 7 y 
* . 
. 
. . . 
7] r af by BE 
qe C 7 ; 
. 
. ° 
oe . 


Give the domain and range of each relation graphed below. Is the relation a 
function? 


15. ay 16, iY 17. 4 18, 77 
7 y Hae en 


Give the domain of each relation, 


4 


9. [av y=} 20. {ix ys ¥< hy} 
a. {a y=] 22, {uv yo: nt + b= 1} 
l 70) 


‘True or false? 


23. All relations are functions. 
24. All functions are relations. 


A 


Written Exerc 


Graph each relation. Then tell whether it is a function. If it is not a 
function, draw a yertical line that intersects the graph more than once. 


L {4, 2, (2,0), U1) 

2. | 2), (0. 1), CL, 2} 

3. {(—2, 1), (2), 0. (- 1, |= 20), (1. — 2} 
4.12. D, 1. —D, 0. 2). 2. 09} 

5. {3}. 2). GB, —2), (-2. -1), ¢ 1)} 
6. {(1, 2), (2, -1), (“1.1 - 1). 0, 
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In each relation in Exercises 7-20, x and y are integers. Find the dor 
of the relation and draw its graph. Is the relation a function? 


7. {(x, 9): A] = | and |x| = 1} 8. {on yo: yi = 2} 
9, {(x. y): [yl =x and x= 3} 10. {x ys ¥ + fx] = 0 and y > —3} 
WH. (Cx, »): x] + pl = 2} 12. {x, yi a} + bts 1} 

13. {(x, y): |v + y| = 0-and ly 14, {(x, yb: lal Sy and y= 2} 

15, {(v, y): ly] = 2 and |r| = 2} 16. {(x, y): |x| = 2 and 

17. {(x, y): fay = 2} 18. {(x, y): xly| = 2} 

19. {(x, y): [xy = 2} 20. {(x, y): [ay] = 2) 


‘Two functions are equal if they consist of the 
Exercises 21-24, f and g have the same domi 
Determine whether f and g are equal 


ne ordered pair 
D and the same range. 


21. D={-1, 0. 1,2, 3} fox>2e+l 

22, D={x:x>—I} fixaxets 

23, D ={-2, -1, 1.2} fix>4—x 16-3) 

24, D = {-2, -1, 0, fix blt ew gixm il - 2 

In Exerc 36, each open sentence defines a relation, and x and y are 


real numbers. Graph each relation and tell whether it is a fu 


25, (Gx. ys y = —blt 26. {(x, yi: [yl = 2t 
27. {ex yy y= 1 — bel 28. {x,y}; y= 1+ 
29. {ix, ys y= [IT — af 30. {(x. ys y= [1 + 
oy = 1 —a} 2. f(x, yb: Ly 1 +4} 
! |} 34. (ix. yh: Ly 1 xl} 
xe = Ay} 36. (ax, yw = 9 — yh 


inition of “ordered pair’’: The pair “a,b” is the set {a, b} (which is 
the same as {b, a}). We can define ordered pair in terms of the simpler 
concept of pair: The ordered pair “a, b,"" written (a, b), is the pair having 


as its two members a and the pair “ta, b."* Thus, 
(a, b) ={a, (a, by} of (a, b) = {{h. ah. a} 


For example, in {{3, 5}, 5}, the pair member {3, 5} telly you that the pair is 


either (3, 5) or (5, 3), while the lone member 5 tells you that the first co- 
ordinate is 5, so that ((3, 5}, 5} = (5, 3) 
a. Express the ordered pair (5. 3) in terms of pairs in three other ways 


b. What ordered pair is (4, {1, 4}}? 
¢. Write a definition of the ordered triple (a. b. ¢) in terms of pairs. 
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Self-Test 3 


Vocabulary mapping diagram (p. 141) functional notation (p. 142) 
function (p, 141, 153) linear function (p. 146) 
domain (p. 141) constant function (p. 146) 
range (p. 141) relation (p. 153) 
graph of a function (p. 142) domain of a relation (p. 153) 
values of a function (p. 142) range of a relation (p. 153) 
1. If fi «a? — x» + 1 has domain D = {-2, —1, 0, 1, 2}, Obj. 3-8, p. 14 
what is the range off? 
- Give the domain of gor) = 5.5 


3. Graph fix) = |v — 2| if the donain D={0, 1,2, 3, 4). 
4. Find an equation of the linear function f if (3) = 


Obj. 3-9 p. 146 
and f(x) decreases by 4 when x increases by 6 


5. Find an equation of a linear function f having slope 
2 iff) =3 
6. Write un equation of a linear function f that describes 
this situation: A bank's total monthly charge for 
maintaining a checking account is $.20 for each check 
written plus an $8.50 service charge. 
7. The cost of printing the school newspaper is $500 for 
800 copies and $620 for 1200 copies. If the printing 
cost is a linear funetion of the copies printed, find the 
cost of printing 1500 copies 
8. Graph the relation {(—2, 0), (—1, —1), (0. —2), (2, 0). Obj. 3-10, p. 153 
(1, 1), (0, 2)}. Is the relation a function? 


9. If and y are integers, find the domain of the relation 
(x, 9): = 2 xf and y = 0} and draw its graph 
Is the relation a function? 


‘Check your answers with those at the back of the book, 


OME LEAS TLE PME NF ATF AB 
Challenge 


Using three different weights, you want to be able to balance an object with 
any integer wei 


ht from 1 gram to 13 grams on an equal-arm balance. You can 
use one, two, oF all thiee of your weights, and one or two of them can go in 


the same pan with the object you are balancing. What should your three 
weights weigh? 
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Application / Linear Programming 


A farmer wants t maximize the revenue resulting from the production 
and harvesting of com and wheat. For every 100 bushels of corn he 
produces he receives $265 and for every 
100 bushels of wheat he produces he 
receives $365. However, his production 
is restricted by the availability of land, 
capital, and labor, For example, he needs 
one acre to produce 100 bushels of 

corn and three acres to produce 100 
bushels of wheat, and he can plant a to 
tal of 100 acres with these crops. The 
following table shows the availability of 
resources and the restrictions placed 

upon them 


Input requirements per 100 bushels of 

Com Wheat Available Material 
Land (acre) i 3 100 
Capital ($) 120 90 9000 
Aug. labor (h) 1 2 200 
Sept. labor (h) _| 1 6 160 
Value of output tae 7 

265 365 
of 100 bushels ($) = Ks 


The farmer can formulate the problem of maxit 
mathematically 


zing revenue 


Let x = the number of hundreds of bushels of com produced 
Let y = the number of hundreds of bushels of wheat produced 
If R denotes the total return in dollars, then R = 265x + 365y 
The complete problem facing the farmer is to maximize 
R = 2651 + 365y subject to 
x+3ys100 
120x + 90» = 9000 
x+ 2y=200 


r+ 6y = 1600 
r=0 
peo 


Notice that the set of restrictions forms a system of linear inequalities, Each 
linear inequality is called a const and the expression to be maximized 
is called the objective function. The problem of maximizing (or minimizing 
a linear function subject to a set of linear constraints is called a problem in 
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linear programming. Decision makers in many organizations formulate and 
solve linear programming problems as part of their management activities. 

‘The graph of the solution set of the system of constraints for a linear pro- 
gramming problem is called the feasible region. The figure below shows the 
feasible region for the farmer’s problem. A computer may be helpful in finding 
the feasible region, or you can obtain it by hand 


100 


50 


Bushels of wheat in hundreds 


- 50 D 100 150 200 * 
Bushels of com in hundreds 
‘The farmer needs to determine which point in the feasible region gives the 
maximum value of R, Although there are infinitely many points in this region, 
the following theorem from linear programming (which is proved in more ad- 
vanced courses) makes the list of points to check manageable 
The maximum and minimum values of the objective function occur at ver 
tices of the feasible region 
Vertex 25x + 365y 
By solving x + 3y = 100 and = sebalali dal, 
¥ + 6y = 160 simultaneously, a) 26510) + 365(0) = 0 
point B, (40, 20), is obtained. 2 s 2 P 
Alo, 2 265(0) + 365(262) = 973 
Each of the remaining vertices O, Al 2) 265(0) + 365(26-3:) = 9733.33 
A.C, and D is obtained by solving | (40, 20) 265(40) + 365(20) = 17900 
a system of two equations associ i = ; 
ated with a pair of constraints. The | €(665-, 11-4} 265(66) + 365( 11-1) = 21722.22 
table shows the vertices and the lpeeecera era ss 
enttearaiding Wales ofA (75,0) 265(75) + 365(0) = 19875 


A maximum revenue of $21,722.22 is achieved if the farmer produces 


66 * 100 = 6667 bushels of com and 114% 100 = 


ILI1 bushels of wheat 


Thus he should plant | x 662, or 66: res rn and 3 Lor 334 
id plant = and por 334 
yeres of whi 
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Exercises (A computer may be helpful in Exercises 3-5.) 


1. A linear programming problem gives (0, 0), (0, 90), (50, 80), (70, 20) 
and (70, 0) as consecutive vertices of the feasible region. Find the maxi- 
mum and minimum values of the objective function P = 3x + 4y in the 
feasible region 


2. A linear pr g problem gives (10, 0), (10, 40), (30, 50), and 
(40, 20) as the consecutive vertices of the feasible region, Find the maxi 
mum and minimum values of the objective function P = 13x ~ Sy in the 
feasible region 


grammil 


3. Find the maximum and minimum values of the objective function 


5 = 10x + 3y in the region which is the solution set of the system 


OSx=10,y 


and y = —0.3x + 10. 

4. Find the maximum and minimum values of the objective function 
5 = 6x ~ 2y in th 
0=y=10, y= —2v + 4, and y 


region which is the solution set of the system 
ID 


A nutrition center sells health food to mountain-climbing teams. The 


Trailblazer mix packa 


contains one pound of com cereal mixed with four 
pounds of wheat cereal and sells for $9.75. The Frontier mix package con: 
tains two pounds of com cereal mixed with three pounds of wheat cereal 

and sells for $9.50. The center has available 60 pounds of corn cereal and 
120 pounds of wheat cereal. How many packa; 


center sell to maximize its income? 


es of cach mix should the 


Sa ee ee 
Chapter Summary 


An equation that can be expressed in the form 


Ax + By =C 


(A and B not both zero) is 
coordinate plane is a straight line. The line is horizontal if A = 0 and verti- 
cal if B= 0. 


led a linear equation because its graph in the 


2. The slope, m, of a nonvertical line L is given by 


where (x), 1) and (x2, y2) are two points of L. An equation of L is 
y— yy = mlx =) (point-stope form), 
and if £ has y-imtercept », it has the equation 


y= mx +b (slope-intercept form). 


If the slopes of the nonvertical lines Ly and [> are m, and ms, then 


(a) Ly and Lp are parallel if and only if my = ra 
(b) L, and Z, are perpendicular if and only if mts = 
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4. A solution of a system of linear equations in two variables is an ordered pair 
that satisfies each of the equations. The number of solutions of such a s\ 
tem is one, none, of infinitely many according to whether the graphs of the 
equations intersect in one point, are parallel, or coincide, 


wn 


Systems of equations can be solved algebraically by the substitution method 
or the linear-combination method. 

6. The graph of a linear inequality in two variables is an open or a closed 
half-plane. The graph of the solution set of a system of such inequalities is 
the intersection of the solution sets of the individual inequalities 


7. A function is a correspondence that assigns to each member of its domain 
exactly one member of its range. The value assigned by the function f to the 
number x is denoted by fix). The graph of a function f is the set of all 
points having coordinates (x, y) 


8. A linear function is a function f that can be defined by f(x) = mx + b where 
x, m, and are any real numbers. The graph of f is the graph of 
mx + b, a line with slope m and y-intercept b. 


9. A set of ordered pairs is called a re 
different ordered pairs have different 


SLE 
Chapter Review 


Give the letter of the correct answer. 


lation. A function is a relation in which 
t coordinates. 


1, Find the solution set of x + 2y = 4 if each variable represents a whole 31 
number. 
a. ((2, )} b. {(2, 0), (1, 2), 0, 49} 
c. (0, 2). (2, 1), (4, 0} 4. (0,2), (1,4), 2.0, (3 


2. Frank has $1.85 in dimes and quarters. Find all possibilities for the number 
of dimes that he has 


a. 1,3, 5,0r7 b. 7 or fewer 
ec. 1,6, 11, or 16 d. 18 or fewer 


a Groh the equation 


y a. y 
7) T a) 


4, Determine & so that the line 3x + ky = 7 will pass through the point 
P(-3, -2) 


a. | db. 8 . -8 a, -2 
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6. 


Find the slope of the line containing the points (—4, 3) and (2, —5), 3-3 
3 4 4 3 
a. 7 b. —4 «4 a. -3 


Find the slope of the line 2x — Sy = 8. 


a, -4 b. 2 ¢ a. 


5 5 5 


Find an equation in standard form for each line. 


7. 


17. 


18. 


3 
having stope — } 34 


a, 3xn+4y=5 b. -3x+4y=11 c 4x + 3y 
he line through (3, —2) and parallel to 4x — y 


The line through ( 2) 


axt4y=-S bedv-y=14 ce 4rty=10  dex—4y=1l 

‘The line through (4, 1) and perpendicular to 3x + y 

axt3y=7  boaxty=130 0 e@x-3y=1 daxy-y=ll 

. Solve this system: 4x + 3y = 7 3-5 
t+ y=9 

a. (1, 1) b. (-4, 1) Cc a. 6 


Find an equation of the form y = ax* + 6 whose graph passes through the 
points (—1, 1) and (2, 7) 


ay=2etl by= L cy=-22+1 dy 1 

‘Two shirts and one tie cost $42, but one shirt and two ties cost $39. What 3-6 

does one shirt cost? 

a. $12 b. $13 ec. $14 d. $15 

Find the ordered pair that does nor satisfy this system: 2x + y= 3 37 
x—3y>4 

a. (-1, -3) b. (1, 1) ©. (0, =2) a. (2. -1) 

If fix) = 3 — x? and g(x) =» + 2, find f(g(1)) 38 

a, —6 b. 0 62 dad. 4 

The function g: x—> x + jx] has domain (2, —1, 0, Find the range 

of g 

a. (0, 1, 2} b. {-4, —2. 0} ec. {=2,0,2,4}  d. 40, 2. 4} 

The function fis linear. If f(2) = 2 and f(—6) = 6, find f(6) 3.9 

a. 0 b. -6 ©. 6 d. | 


A student's test score was 684 on a scale of 200-800, Convert this score 
to a scale of 0-100. 


a, 80 b. 804 «. 802 d: 81 
Which relation graphed below is a function? 3-10 
, b. 7 € J a. u 
ak 2 lo 
7 : r7 : q : : 


Linear Equations and Functions 163 


SSE 
Chapter Test 


ind the value of k so that (—2, 1) satisfies kx + 6y = k 31 


2, Find the solution set of 3x + 2y = 12 if each variable represents a positive 
integer 

3. Graph each equation 3-2 

a.y—2=0 

b. x= -3 

c. 4x - 3y=6 


a. y=—te42 


4. Find the slope of each line described 33 
a, Passes through (—7, 1) and (3, —4). 
b. Has equation y= —-Lx +7. 
¢. Has equation 2 — Sy = 3 
5. Find the value of & so that (k + 2) ~ 3y = 1 has slope 2. 
6. Find an equation in standard form for each line described. 34 
a. Through (—2, 4) and slope —3 
b. Through (—S, —1) and (3, 3) 
c, Having 1-imercept 4 and y-intercept ~6 
7. Find equations in standard form for the lines through (3, —1) that are 
(a) parallel to and (b) perpendicular to the line 4x ~ 3y = 7 
8. Solve this system: Sx ~ 4y = 13 35 
2x + 3y = —4 
9. Two cement blocks and three bricks weigh 102 Ib, as do one cement block 36 
and ten bricks. What does one brick weigh? 
10. Graph this system: 2x + 37 
x-y<l 
ML. The domain of the function f: x ( — 2)? is D = {0, 1. 2. 3. 4}. Find the 38 
range of f 
12. If fi) = [2x + 1) and g(x) = 6 ~ 4, find fig) and eg) 
13. Find an equation of the linear function f if f(1) = —1 and fia) = 8 30 
14. A refrigerator repairman charges a fixed amount for a service call in addi- 
tion to his hourly rate. If a two-hour repair costs $50 and a four-hour re- 
pair costs $74, what is the repairman’s hourly rate? 
15. Graph the relation 11), 1, Cy 1), (2, 0)). Is the relation 310 


a function? 


16. If x and y are integers, draw the graph of the relation 
(x,y): Ja] + ly] = tf Us the relation a function? 
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GEES SS 
Cumulative Review (Chapters 1-3) 


Simplify. 
1, -1(4-7° +6 2, 2—\(-39(4) + (-1) 3. 26+ y)- 30-9 


4, Evaluate “Pl ip a = 6 and b = 2 


5, On a 5-hour trip, Thomas drove part of the time at 30 mi/h and the rest at 
55 mi/h. If he traveled a distance of 250 mi, how much time did he spend 
driving at $$ mi/h? 


Solve each open sentence and graph each solution set. 


6. 32x 1)= 4x +7 7.13 -Ty234 8. S<3wt8<14 
10. |S$>3) <1 I. 6— n=4 


12, Prove: If @ and b are real numbers, then a + (b — a) = b. 
13, Solve 3x 
14, Find the slope of the line 8* — 6y = 5 


= | if the domain of x is {-1, 0, 1} 


Find the slope of the line 3y — 9 = 0. 


Find an equation in standard form for the line deseribed. 
16, Passes through (4, —3) with slope — + 


17. Passes through (—2, 4) and (—3, 4) 


18. Has «intercept 6 and y-intercept 4 
19, Parallel to the line 5x ~ 4y = 7 and contains (—1, —2) 


+ y= 5 and contains (3, 2) 


20, Perpendicular to the line 


Solve each system. If the syst 


21, 3x — 4y = 10 22, y \ 2. x 4 
+3y=1 x 4 y=Tx+4 
24. Graph this system: 2x —y <3 
x+y=0 
25. Admission to a county fair costs $20 for two adults and one child and $16 


for one adult and two children. What is the cost for one adult? 
26. I fle) = 4-4 
27. If h(x) isa linea 


28, Gra 
the relation a function? 


and g(x) = + find f(g(2)) and g(2)) 


function such that f(—3) = 2 and ACL) = —4, find h(7). 
1), (0, 2), (2. 0), 1. =, (, =2)}. Is 


ph the relation {( 
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Working with Polynomials 


4-1 Polynomials 


Objective 


To simplify, add, and subtract polynomials 


Here is a review of some terms you'll use when working with polynomials 


Definition 


Examples 


Constant; a number 


Monomial: a constant, a variable, or a product 
of a constant and one or more variables 


Coefficient (or numerical coefficient): 
the constant (or numerical) factor in a monomial 


The coefficient of 3m? is 3 
The coefficient of is | 
The coefficient of —s*r 


Degree of a variable in a monomi: 
the number of times the variable occurs as a 
factor in the monomial 


The degree of x is 1 
The degree of y is 3 


Degree of a monomial: 

the sum of the degrees of the variables in the 
monomial. A nonzero constant has degree 0 
The constant 0 has no degree 


6xy> has degree | + 3, or 4 
sF has degr 3 
uw has degree 


7 has degree () 


Similar (or like) monomials: 
monomials that are identical or that dilfer only 
1 their coefficients 


Polynomial:  monomisl or a sum of mono- 


s. The monomials in a polynomial are 
called the terms of the polynomial 


=F and 2°P are similar 


6xy? and Ge'y are nor similar 


x + (—4)x + 5, ort = 4 


The terms are x°, —4x, and 5. 


Simplified polynomial: 

a polynomial in which no Wwo terms are simi 
lar. The terms are usually din order of 
decreasing degree of one of the variables 


Degree of a po 
the greatest of the degrees of its terms after it 
has been simplified 


Products 


20° -—5 + 4x +x is 
not simplified, but 
ay) + 4 5 is simplified. 


The degrees of the terms of 
v= dey) + by 
in order, 4.5, | 


Hare, 
and () 


The polynomial has degree 


and Factors of Polynomials 


167 


When simplifying @ polynomial, you use many of the properties of real 
numbers discussed in Chapter 1. By using the commutative and associative 
and group the terms of a polynomial in 


lar terms are usually grouped together and then combined. For 


properties of addition, you can ord 
any way. Simi 
example 


4s — 38 — 9 + S91 — 7 = (391 + S97) + (49 — 5) — 7 
= 2+ 3s—7 


‘Example 1 simplify. arranging terms in order of decreasing degree of x, Then write 


the degree of the polynomial 
ax—3°+8+02—24 dy 
b. 48y) — bry + 2e'y — V3 + Bayt = ay 


‘Solution a.) 3 +8+ 8-244 =(-3P te) H(t 4+ 8-2 


+ 5x +6 


in order. 2. 1. and 0. 
the degree of the polynomial is 2. Answer 


The degrees of the terms ar 


bof y? — Gry + 2xty — xy? + Bayt - 4? = 


Gey? = Fy) + Orly — a 
0 + 2v'y = dey — Bayt = 


Ixty — 4y2y — Say? 


+ (-6n"* + 34") = 


The degrees of the terms are, in order. 4. 3, and 5 
the deg 


wee of the polynomial is 5. Answer 


a a a ERE I eee 
Adding and Subtracting Polynomials 
To add (wo or more polynomials, write their sum and then simplify by combin- 
ing similar terms. 


To subtract one polynomial from another, add the opposite of each term of the 
polynomial you're subtracting 


“Example 2 Aid 2x? — 3x +5 and xv) — 5x24 
‘Solution 1 «2 


Fae Se Soe 


5) 


P+ [22 + (—Sey] + (—3x + 20) 4+ 
vr - 3x —~ Answer 
‘Solution 2. You can also add vertically 
a —4r45 
+25 
i i Answer 
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"Example 3 subtract 2° ~ 30+ 5 trom. ~ se + 


+ 5-10 


Answer 


Simplify 


[SQRBEREN Use the distributive propeny first. Then combine similar terms 


3) + 4x + 


3x — 1) = 2xy— 3x+ 4x + By — Say + By 
=ax-ayt Ily 
Answer 


Oral Exercises 


Give (a) the degree and (b) the coefficient of each monomial. 


5.34 =f pene tees al tA, 16? 
6. w?, —3uv, —w, Si, wv, 4. Qu, A, ey, -7 
7. 6xy, —Axz, yz, dex. —2xy, ay = ae 

8. p’g, —3pq°. 2g, 6gp, EE. spa’. —8p*y. pry’. q'p 


ial with terms in order of de 
of the polynomial. 


Read each pol 
give the degres 


easing degree of x, Then 


9. Ie =7 10. 1 
Ti: t= 39 « 2.7 
13, ux iP + | 14. x 


In Exercises 15-18, (a) add the polynomials and (b) subtract the second 
polynomial from the first, 


iS. x+7,304+2 16. 3145, 4-7 


1. — Sat +6 18. 1 = 6u +7, + Ou —8 
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snake MA Monkey 1 


(RS i i eS a a 
Written Exercises 


Simplify, arranging terms in order of decreasing degree of x. Then write 
the degree of the polynomial. 
A 12-4304 22-55 2. — de + Txt +3 + 2e 


Ss =i + SP By toe cpa age ees gine ees) 


is 


In Exercises 9-16, (a) add the polynomials and (b) subtract the second 
polynomial from the first. 


9. Sm —4, 2m +3 WW. 3u+7.u-8 
Mit =f Te 12. Qn? — +5, n7 41 
Wt lt 2 14. — wt w- 1, 1-w- ww 
= Qay + 4y?, 2x? + 3y? 16. 4a? + 3ab ~ b*, b> ~ 2ab 


B 17, 30° - 2x +4) +2 D 18. 44 ) 
19. (4m? + 3) — Wm? — 2) + 1 20. 5(2n? — 3) — 2(5n? + 2)- 6 
21, dala — y) + Bale + y) + ay 22. 2d(3m + n) — Sd(m — 4n) — 10d 


23. 32p? — g3p + 4q)] — 214g? — 3p(p — 29)] 
24, 4[2a(3a — b) + Bab] + 5|3b(a + 2b) ~ 4ab] 


Find values of a, 6, c, and d that make the equation true. 


o 


Te He = ord 


) = (28 — ex — Sx - 4d) = +x-6 
27. (2 + ax + Ib) + (2 — Qhr + 3a) = er! — Ix +3 


25. (41° — at” — 2br + 5) — (ct + 
26. (ax* — 3x7 + 2bx — 


Mixed Review Exercises e 
Find an equation of the form f(x) = mx + 6 for the linear function f. 
1, m 342: fla) = -6 2. f0) = 


(2) =7 23. f(-D=%/8)=1 
For the line containing the given points, find (a) the slope and (b) an 
equation in standard form. 


4.0. 4), (4,0) 
7. (6, —5). (-2, 1) 


3.1), (5, 3) 6. (0, 0). (= 
4,7). (1, 9) % 5). ( 
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GT Te Ee A TS] 
4-2 Using Laws of Exponents 


Objective — To use laws of exponents to multiply a polynomial by a 


monomial. 


In this lesson you'll review the laws of exponents that are used when multiply 
ing polynomials 


Laws of Exponents 
Let a and & be real numbers and m and 1 be positive integers, Then: 


1. a™ +a" =a"*" 2. (aby" = a™b" 3. (a"y" =a™ 


Without the first law you would have to simplify a product of powers, 
such as e* + ¢*, by counting factors: 


* 


PA 5 factors 3 factors 
% eer 
But using the first law you can write av x 


Using the second law you can simplify a power of a product 


(2xy" = 2°x* = Bx", 


and usin 


the third law you can simplify a power of a power: 


10 

; ie Ms 
We'll prove the law (aby ab” by counting factors; the prools of the 
other faws are left as Exercises 39 and 40 ® 


(10) = 10 


Statements 


m factors af ab 


1. (aby" = (abyab) . . . (aby 1. Definition of a power 
2 =(a-a- = aylb= b= +b) 2. Commutative and associative 
“ properties of multipl 
im factors of am factors of b 
3 «a"b" 3. Definition of a power 


You can use the ks 
ve properties of multiplication to simplify products and powers like the 


s of exponents along with the commutative and 


ones in Examples 1 and 2 on the next page. 
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Simplify: a. (—3v7y"y(4ay") b. (ey enka) 


a. Use the first law of exponents and the fact that x =x 
(—3r7y\day?) = (3-400 
—12r'y5 Answer 


“oly 9") 


b. Use the second law of exponents, Then apply the third law 


“he” = si? Answer 
| ¢. Use the fact that —x* = (~ 1x and the second law of exponents. 


(-x8'P = (1 P 
(ee = (“Ie Pr =e 


Answer 


Example 2 simplify. a. u-uey-W b. Gay" 
Solution a. wu)'w = wl iP 


+645 
uw 


=u! Answer 


To multiply « polynomial by a monomial, use the distributive property € 


Example 3 simplify 3° — 2° + 1-4) 
Solution 3)'(— 2° +1 4) = GP - GFAP) + GPw- GPA 


L_ = 38 — or +36 = 12F Answer 


Fy + Assume that variable exponents represent positive integers. 


a. ar ya'y’ men xy 


as (a )Ma)' = a" a = a! Answer 
Be TAREn 4 yey = ee EL gm, 
= xlm—tdt nd glint 


= 2m 4 ye 


Answer 


Oral Exercises 


mplify. Assume that variable exponents represent positive integers. 


3. (ys 4. ky 
Rey 
12. (ry 


10. b+ b= b 


If the statement is true, give the law of exponents that justifies it. If the 
statement is false, give a counterexample. 


13. (ab)? = ab? 14, a’ +a? = a @ra 


16. (a’y =a” 17. (a’)t= a 18. (a*b)? = ah? 


plify. Assume that variable exponents represent positi 


19. 7? — 3) 20. uv(u + ¥) 21. pip 
22. 4y?. 23. —3s(s* + 2577) 24, —2ay 


rs Pa ae! DE. ae 


Written Exercises 


Simplify. Assume that variable exponents represent positive integers, 


8 2. Set 
sey 4. (-Py* 

5. (3ey\ar) 6. (4p*qhp'q*) 

Te. (2 uv? 17) 8. (r29)(—3rs\(2rs) 


10. (2c°a)4 


20. p?qp? — 4q) 


22s i= th4 
24, yl"? + yh 
NY aaa tae 26. s(s2A-")3 
27.40 +1 + 28. 2" 43h) 
29. ppt + prey BW. PeGer* — gooey 
34, on gntm mg omy 32, yh thcghk— gh 4 phy 
ESF (ad 0 34. (yh yi(y *HE 
In Exercises 35-38, solve for n. 
35,3 = 34a? % 
37. 3-9" = (3p 
39. Prove the first law of exponents 49. Prove the third law of exponents. 


41. Prove that for positive integers m, m, and r, ((a"Y")" 


42. Prove that for positive integers m and n, (a!")! = (ay 
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4-3 Multiplying Polynomials 
Objective To multiply polynomials. 
‘To multiply two polynomials, you use the distributive property: Multiply 


each term of one polynomial by each term of the other and add the resulting 
monomials. 


| Example 1 Multiply: (2+ 3)2 + 4x - 5) 


Solution 1 You can arrange the work horizontally 

(2x + G2 + 4x — 5) = 1x? + 4x — 5) + 307 + 4x — 5) 
Ie +8 10x + 3x7 + 12x — 15 
= 234 [be + 2e— 15 Answer 


Solution 2 You can arrange the work vertically. 


| + 4x5 
+3 
28 + Re — 10x<—_—— THhiis is 2x(x” + 4x — 5). 
| 3x2 + 12x — 15 —— This is 37 + 4x — 5). 
Ll Qe + 1? + 2x- 15 Answer 


In Example 1, the factors of the product (2x + 3)? + 4x — 5) are a binomial 
and a frinomial, respectively. A binomial is a polynomial that has two terms. 
A trinomial is a polynomial that has three terms 

When multiplying two binomials, you can save time if you learn to find 
the product mentally, Study the method illustrated in Example 2 


Example 2 Mutiply: (2a — b)(3a + 5b) 
‘Solution 


1. Multiply the firse terms of the binomials, | 
(2a\(3a) — 
Multiply the outer terms of the binomials. 


Muliply the inner terms of the binomials. 
Then add the products, 


(2a)(5b) + (Bab) — 
3. Multiply the /ast terms of the binomials. 
(by Sh) 


The method used in Example 2 is sometimes called the FOIL method. 


(Qa — b\(3a + Sb) = 6a? + Tab — Sb* 
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‘The word FOIL reminds you to multiply the First, Outer, Inner, and Last terms 
when multiplying two binomials 


Certain special products occur so frequently that their patterns should be 
memorized 


SS a i Ee 
Special Product 


Pattern and Example 


= 9x7 — 30x + 25 


(a + bY =a? + 2ab +B (first + second)? = (first)? + 2(first)(second) + (second)? 
(4s + GaP + 2149)080 + G0? | 
= 165° + 24st + OP 
(a — bY =a? — 2ab + (first — second)* = (first)* — 2(first)(second) + (second)? 
Qu = 5)? = Gay? — 2045) + | 


(a + ba — b) =a — HP (first + second)(first — second) = (first)* — (second)? 


Qp + 39)Qp — 34) = Qp)* — Gg? 


= 4p? — 947 


o von 7 


al Exercises 


Use the FOIL method to find each product mentally. \ ON. OPV we 
1. (x + 6x + 4) 2. (y+ My — 3) 3. (3m + 1)Qm + 5) 

4. (2n = 3)(n +8) 5. (2-3) + 2p) 6. (1 = 403 

7. (3x + yx + 2y) 8. (¢ + d)(2c ~ Sd) 9 (2p ~ g3p — 4) 

Find each special product. 

10. (x + 3) MM. (2y + 12. (3m +m)? 

13, (a— 2) M4. (42 — 37° 15. (p — 29? 

16, (k + 1k = 1) 17. (ar + 5)Gr — 5) 18. (de + dae = d) 


Written Exercises 


Multiply. 

|. (Bv + 1)(Qv— 5) 
4. (r— 4)r — 2) 

7. (Sy — 2)(Sy + 2) 
10, (5 + 662 — 5) 


2, (2x — 3)Gx +2) 
(Gx + 10)* 

8. (2s + 7)(2s — 7) 
1. (9¢ + 11 — 91) 


3. (42 + 39132 — 4) 
(4k = 57 
(7t + 2r — 1) 


eH 


12, (9 — 5in(5r — 9) 
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Multiply. Assume that variable exponents represent positive integers. 

13. (x = 2yGx + 4y) 14. (Sh — 3h — 2k) 

15. (2p + 3g)3p — 24) 16. (10r = 3sr + 25) 

17. (x? — 3) + 3) 18. (p? — 2g? Mp? + 297) 

19. (8 + FP 20. (2:7 — 5? 

2. e- D+) 22. (x — 3)(x + 3) 

23. wor = yF 24, matin ~ nym ~ 2n) 

25. (2c + Ine? 26. (t — 327 — 1+ 2) 

27, (@ + 3x — 5)x + 2) 28. (2? — 2: + 4)(2 + 3) 

29. (y* — 3y° + 107 - 2) 30. 3 — RY2— BY 
Boat. (@— 4+ 7 4+4-1 32. (? - Ivy + DOF ty FD 

33. (a + 2b\a* — 2a°b ~ BY 3. (3s + 2299 — 3s + 20) 

38. (p" — 1)? 36." — y'P 

37. (r" = sr!" + 2s") 38. ie" FDO" =D) 

39. (a — by 40. (a + b)* 

41. (a+ bXa? ~ ab + B) 42. (a — ba? + ab + BP) 

43. (a — bya’ + wb + ab? + b) 44. (a + bus — ath + ab? — bY 

45. (x + yx — y)G7 + y*) 46. (x + YP yP 


47, G2 + Iv + 2x? — Ie + 2) 48. (8 — dv + 8)? + 4 + 8) 


Without actually finding the product, determine how many terms the 
simplified product has. 


CS 49. (u + vir + yu = we = y) 50. (ut + wie by + 


(ut+v + whe tv w) $2. (n—y tainty +z 


Find the value or values of k that make the equation true, 
53. (x + 2kyix — 3k) = 17 + 
55. (2x — kN 3x + 2k) = 6x7 


w 


(2x + kyl — 2k) 


+ Ov — 18 
BLO + 12kv + 4 


56. (3kx + 


SSS SSS See 
Mixed Review Exercises 


Simplify. 
fe i — Tat 9) — GP ae — I) 2. (by 
3. (4m ay —3mn’) 

5. ell — 3) + 3dle + 4) 


4. 5(2y — 1) — y+ 2) 


To i= iP 


Bly? = Sy +9) — (9-4 Sy +7) 
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Vocabulary constant (p 9, polynomial (p. 167) 
monomial (p. 167) 4 th simplified polynomial (p. 167) 
coefficient (p. 167) 4 L" degree of a polynomial (p. 167) 
degree of a variable (p. 167) / binomial (p. 174) 
degree of a monomial (p. 167) trinomial (p. 174) 
similar monomials (p. 167) 


Simplify. Assume that variable exponents represent positive i 


jegers. 


3x-2)+U- 2) 2. MP — 2) 181-1) Obj. 4-1, p. 167 
A pi la old Obj. 4-2, p. 171 
6. 2y — iy? + 3) Obj. 4-3, p. 174 


y 8. (ec — 3)(4e + 3) 


Check your answers with those at the back of the book 


Y Biographical Note / Ernest Everett Just 


How the biologist Ernest Everett Just 
(1883-1941) felt about life affected how 
he studied it, He saw living thi 


more than a mass of cells and a chain of 
chemical interactions, He was the 


very careful about how he conducted his 
laboratory work 

Isolated cells, unless handled prop- 
erly, can easily die or grow unnaturally 
At the Marine Biology Laboratories in 
Woods Hole, Massachusetts, Just showed 
how to keep cells normal and healthy in 
a laboratory 

Just was particularly interested in 
the function of the cell wall. Describing 
the cell wall as more than just a ‘dam 
inst the outside world,” he saw it as 


a living, interacting part of the cell. One 


result of his work with cells was an im- at Howard University in Washington 
portant original book, The Biology of D.C. By applying new experimental 
the Cell Surfac techniques to the study of cell develop 
Besides spending the summers be: ment, Just became an important fore 
tween 1912 and 1929 working at Woods n the advancement of genetics and 


Hole, Just taught and performed research embryology 
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Reading Algebra / Symbols 


At times you may think that the use of symbols only complicates algebra and 
that it’s not worth the effort to master the skill of reading symbols. To see why 
this is not the case, try to write in simple words an understandable version of 
the law a+ a" =a!" The task is difficult even if you are allowed to use var- 
iables. The use of symbols permits the presentation of ideas in a clear, concise, 
and easy-to-remember fashion 

When you come across an unfamiliar symbol, be sure you learn what it 
means, If necessary, check the list on page xvi. which includes each symbol in 
your textbook, its meaning, and a reference to the page on which it is intro- 
duced. Practice translating back and forth between expressions using the symbol 
and equivalent expressions in words. 

The exercises below deal with two symbols related to divisibility. Let a. b. 
and n be integers with n= 0. We say that a is congruent to b (mod n) if n di- 
vides the difference a — b. (Recall that one integer is said to divide another if 
and only if the second integer is an integral multiple of the first.) The sym- 
bol stands for “‘is congruent to," and the symbol | stands for *‘di- 
vides."* Therefore, a = b (mod ») if n|(a — b). For example, 18 = 3 (mod 5) 
since 5|(18 ~ 3) 


Exercises 
1. Rewrite each expression in words and tell whether it is true or false. 
a. 2|8 b. 4/4 © 2i! d. 2\0 e. 0/3 
What do you think the symbol 


2. What docs the symbol + mea 
{ means’ 
3. Tell whether each statement is true or false 
a. 245 b.n{int Vifn=2 
4. If a|b and ble, is it necessarily true that ac 


5}0 


5. If m|n and n|m, is it necessarily true that m =n? 


6. Write the statement that 17 is congruent to 2 (mod 5) using the congruency 
symbol = 


7. Write 19 = 4 (mod 5) using the div 
8. If Aly and &|¢, is it necessarily true that » = 1 (mod 4)? 


lity symbol | 


9. Rewrite each expression in words and tell whether it is true or false. 


a. 100 = 25 (mod 5) b, —3 = 3 (mod 5) 

c. 6= | (mod 5) d. 0 = 5 (mod 5) 
10. What do we call the set of integers n that satisfy » = 0 (mod 2)? 
11. What do we call the set of integers n that satisfy 2 1 (mod 2)? 


12. Find a value of that makes the statement true 
a. 1] = 27 (mod mn) b. 6 = 1 (mod 2) 
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4-4 Using Prime Factorization 
Objective To find the GCF and LCM of integers and monomials. 


To factor a number over a set of numbers, you write it as a product of m 
bers chosen from that set, called the factor set, For example, the number 14 
can be factored over the integers in the following ways 


(4, (1-14), (27), and (= 2(-7) 


In this book, integers will be factored over the set of integers unless some other 
set is specified. 

The adjective corresponding to the word “integer"’ is integral. Because 
2+7=14, you say that 2 and 7 are integral factors of 14 and that 14 is an in 
tegral multiple of 2 and of 7 

A prime number, or prime, is an integer greater than 1 whose only posi 
tive integral factors are itself and 1. The first ten primes are 


2, 3,5, 7, 11, 13, 17, 19, 23, and 29. 


If the factor set is restricted to the set of primes, then I4 has only one factor 
zation, 2+7. This is called the prime factorization of 14. To find the prime 
factorization of a positive integer, you write the integer as a product of primes 


If a prime factor occurs more than once, use an exponent 


Example 1 Find the prime factorization of 936. 


Solution Here is a systematic way to find the prime factorization of a large number: 
Try the primes, in order, as factors. Use each repeatedly until it is no lon 
factor. Then try the next prime 


936 468 


936 


The greatest common factor (GCF) of (wo or more integers is the great 
est integer that is a factor of cach. ‘The least common multiple (LCM) of two 
or more integers is the least positive integer having each as a factor, When 
given two or more integers, you can use their prime factorizations to find their 
iCF and LOM. 
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Example 2. ind (a) the GCF and (b) the LCM of the following numbers: 
72, 108, and 126. 


‘The prime factorizations are 


2=? 


and: 126 = 2+ 37-7. 


a. To find the GCF, take the 
least power of each common 
prime factor. 


b. To find the LCM, take the 
greatest power of each prime 
factor. 


GCF LCM = 2° 


= 18 


Factoring monomials is very similar to factoring integers. For example, 
6x? is a factor of 18x7y" because 1817)? = 6xy?- 3x7, Moreover, 183°)" is a 
multiple of 6xy? and of 3x°. 

In this book, monomials with integral coefficients will be factored over 
the set of monomials with integral coefficients unless some other factor set is 
specified. 

The greatest common factor (GCF) of wo or more monomials is the 
common factor that has the greatest degree and the greatest numerical coeffi- 
cient, The least common multiple (LCM) of two or more monomials is the 
common multiple that has the least degree and the least positive numerical coef- 
ficient. Here is an example. 


‘The GCF of 9a*x and —6ax' is 3a. 
‘The LCM of 9a and —6ax* is 18a2x3 


Although numerical coefficients of monomials may be negative, the numerical 
coefficients of the GCF and LCM of monomials are always positive 


Example 3 Find (a) the GCF and (b) the LCM of the following monomials 
4877 and 60uv" 


The prime factorizations of the coefficients are 
48=2°-3 and = 60=2?-3- 
a, The GCF of 48 and 60 is b. The LCM of 48 and 60 is 


23 = 12 2*+ 3-5 = 240, 


Compare the powers of each 
variable oceurting in bowh 
monomials. Use the power 
with the /east exponent 
Compare 1? and «. Use « 
Compare v7 and v', Use 
3CF = I2uy 


Compare the powers of each 
variable occurring in either 
monomial. Use the power 
with the grearest exponent 


Compare 1? and uw. Use «* 
Compare v° and v2. Use y° 
Use w 


LCM = 24002y5w 
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Oral Exercises 


Find all positive factors of each integer. 
12 2. 15 3. 26 4, 35 


Find the prime factorization of each integer. 
5. 10 6.33 7. 25 8. 50 
9. 20 10. 49 I. 98 12, 18 


Find the GCF and LCM of each pair of integers. 


13. 8 and 12 14. 15 and 20 15. 9 and 11 16. 13 and 26 
Find the GCF and LCM of the given m als. 

17. ath and ab? 18. 20) and x*y 

19, 4s and 6rs"r 20. 4uv?w and —20?v 


21. 15x7y, —25xyz*, and 20xy* 22. 12ar7v', 8a7r*s, and ar* 


23. There are fifteen primes less than 50. Ten of them are g 
What are the other five? 


cn on page 179, 


RS 


Give a convincing argument that justifies the following statement: 
If ais a factor of b and b is a factor of c, then a is a factor of ¢ 


IE = Eb RRS VS Na 
Written Exercises 


Find the prime factorization of each integer. 
1. 140 2. 198 3. 89 4. 756 
5. 441 6. 203 7, 2548 8. 3861 


Find (a) the GCF and (b) the LCM of the following mo 


9. 20, 35 10. 45, 
11. —48, 108 12, 315, —529 
13. 84, —56, 140 14. 168, 280, 196 
16..3,,5,,.7, 9 16. 30, 35, 36, 42 
17. 9p%q, 1Sp? 18. 49x°, 357y 
19, 68ry72, Sly"z 20, 52r?s, 78rsr 


TOA Er, -88i7 Er 98a°b?c, — Mabe? 
. Idab, Ibe, 2lae 24, 22? 


25, 26piqPr?, 39p2g3r?, T8p2q2r* 26. 200a°b'e, 300a7be*, 400ab% 


2, 33x"yz", 44x7yz 
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B 27. The GCF of 84 and another integer is 42, and their LCM is 252. Find the 
other integer 

28. The GCF of 12:7y? and another monomial is 6 

36x*y", Find the other monomia 


and their LCM is 


A positive integer 1 is perfect if it is the sum of all its positive factors 
except 7 itself. 


29. Show that 496 is perfect. 
30. There are two perfect integers less than 30. Find them 
In Exercises 31 and 32, p and q represent different prime numbers. 


31. List all the positive factors of each product 
a. py b. py? cp 


32. How many positive factors does pq" have? 
‘Two integers are relatively prime if their greatest common factor is 1. Give 
a convincing argument to justify each statement. 


33. The LCM of two relatively prime integers is their product 


34. If cach of two integers is divided by their GCF, the wo quotients are rela- 
tively prime 


C 35. Prove or disprove: Ifa and b are relatively prime and b and c are relatively 
prime, then @ and ¢ are relatively prime 
36. Prove that m and n are relatively prime if there are integers f and & such 
that him ~ kn = 1. (The converse of this statement is also true, See the 
Euclidean Algorithm, page 215.) 


ZO ito 


Note 


Prime Numbers 


The Greek mathematician Euclid, author of the Elements, is best known for his 
work in geomeiry. In fact his famous book still provides the basis for most 
modern geometry courses. The book, however, is not entirely devoted to geom- 
etry, Euclid also stated and proved many algebraic theorems, One of the most 
important theorems states that there are infinitely many primes. Euclid’s reason- 
ing, considered today a model of elegant simplicity, was as follows 


Suppose there were only finitely many prime numbers: 2,3, 5.0... 7 
Let @=2-3-+5- +p, the product of all the existing primes, Then 
Q + 1 could nor be prime, since @ + 1 > p and p is the largest in the 
finite list of primes, But if @ + 1 were composite (that is. not a prime), 
it would have to be divisible by one of the primes 2, 3, 5... . , p. This 
is impossible, since each of these primes divides Q and therefore leaves a 
remainder of | when divided into Q + 1. Therefore. there must exist 
infinitely many primes, since the assumption that there are only a finite 
number of them leads to a contradiction 
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4-5 Factoring Polynomials 


Objective —_To factor polynomials by using the GCF, by recognizing special 
poly y using y recognizing spy 
products, and by grouping terms 


Many real life situations can be described by 
using polynomials. For example, the height 
of a baseball hit directly upward with initial 
speed 96 fi/s will be about 96r — 16/7 feet 
after ¢ seconds. This polynomial can be writ- 
ten as 161(6 — ) by factoring, as you'll soon 
see in this lesson. The factored polynomial 
can then be used to determine how long the 
all is in the air and what its maximum 


height is, as you'll see later in this chapter 

To factor a polynomial you express it 
as a product of other polynomials taken from 
a specified factor set. /n this chapter the fac- 
tor set is the set of polynomials having inte- 
gral coefficients. 

The first step in factoring a polynomial is to find its greatest 
monomial factor, that is. the GCF of its terms, If this factor is other 
than 1, “‘factor it out.”* In other words, write the given polynomial as the 
product of its greatest monomial factor and a polynomial whose greatest 


monomial factor is I. 


| 7 Factor cach polynomial 
poly 


a, 2x4 — 4x5 + 8x b. 1abs — 1506" 


Solution a. The GCF of 2x*, —4x°, and 8x is 2x 


2x4 — 4x3 + Be 


= 270? — 204+ 4) Answer 
b. The GCF of 10ab* and ~15ath? is Sab? 


1Oab} — 1Sa7b* = Sab*(2h — 3a) Answer 


When a polynomial has | as its greatest monomial factor, you may still be 
able to factor it by recognizing it as one of the special products listed on page 
175. The polynomials a + 2ab + b* and a? — Jab + b*, which are the result 
of squaring a + b and a ~ b, respectively. are called perfect square 
trinomials. Also, the polynomial a? — 6’, which is the product of a + b and 


a ~ b, is called a difference of squares. 
Perfect Square Trinomials Difference of Squares 
@ + ab + b= (a + bP a — b =(a + b\a— b) 


a —2ab + 0? = (a— bP 
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Example 2 Factor cach polynomial 
a +9 


pent tated b. 4s? — 4or +P c, 2Sx* — 1607 


2+2+2+3 + 9 ——_____ perfect square trinomial 
Answer 


b, 4° — 46+ P= (29)? — 220 + 


—— perfect square trinomial 
= (2y— 1" Answer 


2517 — Loa? = (Sx)? = (4a? — difference of squares 
= (Sx + 4ayiSe— 4a) Answer 


Sometimes you need to use more than one method to factor a given 
polynomial. Remember that the first step is to look for and factor out the 
GCF of the terms. 


Example 2 Factor 3x5 — 48x 
Solution ‘The GCF of the terms is 3¢ 


3x° = 48x = 3x(x* — 16) 


axle)? — 4] difference of squares 
Sax? + 4)7 = 4) 
= dat? + 4) — 23 


difference of squares 
Ba(at + 40 + 2ye = 2. 


The following patterns are useful when factoring polynomials that are sums 
or differences of cubes. 


Sum and Difference of Cubes 
a@ + = (a + bw — ab +b) 


a’ —b* 


‘a — ba? + ab + by 


Example 4 Factor cach polynomial. 


a yl b. 818 + v4 


Solution a. y' ~ 


be 818 + v8 = (2u)8 + v8 = (Qu + du? — Quer + 


y—B=(v- DO? +y+ 1) Answer 


Answer 


When a polynomial is not a spe 


ial product, you may be able to factor it 
his method can be particularly helpful 
when there are four or more terms, as Example 5 on the next page shows. 


by rearranging and grouping its terms. 
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Example 5 Factor each polynomial 


a. Ary — 4 — 6x + 2y b. e— 4h — ay +4 


Solution a. The first and third terms have a common factor of 3x, and the second and 
fourth terms have a common factor of 2. 


ary -4 (3xy — 6x) + (2y — 4) 


6x + 2y 


= 3ny—- 2+ Uy-2 


(3x + 2)y— 2) Answer 
b. The first, third, and fourth terms form a perfect square trinomial 
s?— 4 —4s +4 = (9 — 4s + 4) — 4° 
ar 


2 — (21) « difference of squares 
= [ts — 2) + 2nl(s — 2) — 201 


— Ns — 2 


Answer 


Don't be discouraged if your first attempt at factoring doesn’t work. In Ex 
ample 5(b) you might write s* — 47 — 4s + 4 = (9 + 20s — 22) — Ais — 1), 
but that Would not lead to a factorization, so wy 4 different 


>uping 


Ba a 
Oral Exercises 


Factor each polynomial. 


1, 32 + 6: 2, Vix? — 336 3. Say? — 1Sa*y 
4, 1897s" + 124s ov 16 6. 0r—4 

1, 4a? — 2 P= Br + 16 + On+9 

10, ut = 4y? 25y* — 10y + 1 12. 4 +4541 
13, 8 —x 14. 4h? + 161% 15. 5 ~ 12 + 36r 
16. xy" + ay 17, ax thx + ath 18. av — bv +a—b 
For what value(s) of k will the polynomial be a perfect square trinomial? 

19%. x = 10K +h 20. y? + ky +9 21. 100P + kr +1 


ES ES 
Written Exercises 


Factor each polynomial 


AL. tort ~ 642 2. Gry? + Bry 
3. P+ 181+ 81 4. 2 = 122+ 36 
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Factor each polynomial, 
5. 16k —1 6. 121-1 
7. Ay? + 20y + 25 8. 9s? — 24s + 16 


9, 16x? ~ 25 10, 4h? — 81 
11, 12157 — 6691 + 97 12. 16x" + 40xy + 25)? 
13. 36p* — 49q7 14, 9x* — 1627 
15. sP—s 16. p’q — pq 
17, 6-27 18. Sp +1 
19. 16r4y + 2rst 20, 3x*y* — 81x'y 
21. x(y — 3) + Ay—3) 22. wy — D- 2-1) 
23. wy —3)+28-y) 24. wy = 1) — 21 = vy 
28. pq — 2g + 2p—4 26, xy — 2y— x42 
27. ab-2-2b+a 28. dab +1 ~2a— 2b 
2 3. 2 +224+1-W 
32, P -y?-4y-4 
34, au’? + 41ey + 1 
36, 25017 — 20° 
38. 
40. 
42. +a-b 
43. (p +g — (pg 44. (c+ yt =P 
+P +r oP 46. 08 — v3 =v + wv? 
C 47. (a +b) — (a — by 48. (a + by — (a — by" 


Factor each polynomial. In Exercises 49-54, assume that 1 represents a 
positive integer. 


je at +P + | (Hint: Add and subtract x*.) 
x + 4 (Hint: Add and subtract 417.) 

ext y* (Hint: See Exercise 55.) 
xt + dy? (Hina: 


e Exercise 56.) 
59. a. Show that x* 
b. Show that x* 


Write a general pattern for the factorization of x" — y" where n is a 
power of 2. 


(e = ye + yl? + y4) 


( — ye + ya? + y?)0r4 + v4) 
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Mixed Review Exercises 


Write as a simplified polynomi 


LiGc—or 2. (2y + 3y — 4) 3. m?nQ2m — 3n) 
5 


4, Ge —4)-— (5-0) - (a? + 2y(a — 6) 6. (—wFQw)P 


Find (a) the GCF and (b) the LCM of the following monomials. 
7. 18x, 240° 8. 30a7b*, 75a5b* 9, 63mp, 42mp* 


Computer Exercises For students with some programming experience. 


How can a computer determine whether a given positive integer is a perfect 
square? One way is to use a loop like this 

LET R=0 

FOR I=1 TON 

IF Isl=N THEN LET R=1 

NEXT I 


If the given integer N is a perfect square of some integer /, then the value of 
will be stored in R by the time the computer completes the FOR , . , NEXT 
loop; otherwise the value of R will be 0. 

You can use loops like the one above to determine whether the polynomial 
Ax? + Bay + Cy* with A> 0 and C > 0 is a perfect square trinomial 


Exercises 


1. Write a program to determine whether Ax? + Bay + Cy? is a perfect 
square trinomial for given integers A, B, and C, (Assume A > 0 and 
C > 0.) If the polynomial is a perfect square trinomial, the program 
should print its factorization 


2. Use the program in Exercise 1 to test each polynomial and, if the 
polynomial is a perfect square trinomial, print its factorization 


a. x? — S6xy + 784)? b. 9x7 + 144xy + S76y? 
c. 64x? + Sry + 4957 d. 6; 1050xy + 441)? 


3. Modify the program in Exercise 1 to determine whether the polynomial 
Ax? + Bry + Cy? is a perfect square trinomial or a difference of squares, 
(Assume A > 0.) If the polynomial is factorable, print the factorization 


4. Use the program in Exercise 3 to test each polynomial and, if it is, 
factorable, print the factorization 
a. 144.° — day + 4y? b. 144x? — 4y* 
ce. 144x? + 48xy + 4y? d. 14x? + dy? 
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4-6 Factoring Quadratic Polynomials 


Objective — To factor quadratic polynomials 


Polynomials of the form 
ac t+bx+e (a#0) 

are called quadratic or second-degree polynomials. The term ax’ is the 

quadratic term, bx is the linear term, and ¢ is the constant term, 

A quadratic trinomial is a quadratic polynomial for which a, b, and ¢ are 
all nonzero integers. In Lesson 4-5 you factored a special type of quadratic tri- 
nomial, the perfect square trinomial. In this lesson you'll review how to factor 
Qe quadratic trinomials that are not necessarily perfect squares 
N If the quadratic trinomial ax* + bx + ¢ can be factored into the product 

Abe + q™\rx + 5) where p,q, r, and s are integers, then 
axe + bx + c= (px + gre +5) 
+ (ps + qr + qs 


pr 
Setting corresponding coefficients equal gives 


a=pr. b=pstar, and e= qs. 


‘These equations suggest a way to find p,q, r, and y; it is illustrated in the fol- 
lowing examples. 


Example 1 Factor x + 2x — 15. 


| Solution 1. Since the coefficient of x is 1, pr= 1. Therefore, let both p and r equal 1 
| so that the factorization begins (vx). 


| 2. Since the constant term is —15, gs = — 
opposite signs. There are four possibilities 
(D5). X15), (- 35), and (3)(—5)- 
3. Since the coefficient of x is 2, ps + gr = 2. But p and r are both 1, so 


ps + qr = 8 + q= 2. Therefore, choose the pair of factors having sum 2: 
| —3 and 5. 


Therefore, y and » must have 


Example 2 Facior 15 — 16r + 4 


Solution |. pr = 15. The positive factors of 15 are I. 3, 5, and 15, so the factoriza- 
tion begins in one of these ways: 


@ MISE ee ae Ge! 1S 


| 2. qs = 4. Since the product gs is positive, its factory are both positive or 


both negative. But the coefficient of x is negative, so choose negative fac- 
lors of 4. Therefore. the 


ictorization ends as 


¢ =I =e LHC Bie or ak ~4)( i) 
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3. There are six possible factorizations to check. 


Linear Term 


Trial Factorization of Product 
(i= st = 4) 191 
(= 2(1St — 2) 321 
(= Ase — 1) —61 
(3r— 1)(5¢— 4) -17 

31 — 2X5 ) 16 
r= 4)(5r— 1) 23 


Since the required linear term is —|6r, the fifth factorization is the 


correct one 


15 — 16r + 4 = (r= 251-2) Answer 


2 -22+3 Write the terms in order 
of decrea! 


degree of = 


1G? + 22 = 3) Factor out ~1 


= -(2+ 32-1) Factor 2* 


+ 32-1) Answer 


There are quadratic polynomials with integral coefficients that cannot be 


factored over the set of polynomials with integral coefficients 


Example 4 Factor 


Solution Since | is the coefficient of the quadratic te 
whose sum is 4, The only factorizations of —3 are (~1)(3) and (1)(~3). 
Neither pair of factors has sum 4. Therefore x* + 4x — 3 cannot be 


you need factors of —3 


factored over the set of polynomials with integral coefficients 


A polynomial that has more than one term and cannot be expressed as a 
product of polynomials of lower degree taken from a given factor Set is said to 
be irreducible over that set. Example | shows that + 2x ~ 15 is reducible, 
while Example 4 shows that 1° + 4x — 3 is irreducible. An irreducible polyno: 
mial with integral coefficients is prime if the gi 
efficients is 1, Therefore x7 + 4x — 3 is prime, but 2x7 + 8x — 6 is nor prime 


atest common factor of its co: 


since 2 can be factored out 

A polynomial is factored completely when it is written as a product of 
factors and each factor is either a monomial, a prime polynomial, or a power of 
a prime polynomial 
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Example § Factor 3x° — 48° completely 
‘Solution 3x" — 48° = 3°" — 16) Factor out 3°. 


= 3x4? + 4)07 — 4) Factor x* — 16. 
= 3x’? + Aye + 2e— 2) Factor x7 — 4, 


‘The polynomial is now factored completely since x? +4, x + 2, and x ~2 are 
prime polynomials. 
B® = 482 = 


2 + 4y(x + 2x — 2) Answer 


The greatest common factor (GCF) of (wo or more polynomials is 

the common factor having the greatest degree and the greatest constant factor. 
The least common multiple (LCM) of two or more polynomials is the 
common multiple having least degree and least positive constant factor. To 
find the GCF and LCM of two or more polynomials, first write the complete 
factorization of cach. 


Example 6 Find (a) the GCF and (b) the LCM of the following polynomials: 
12p*q + 12p?q? + 3pq* and 12p4 — 6p*q — 6p?q? 
Solution Factor the polynomials completely. 
12p3q + 12p7q? + 3pq) = 3pql4p? + 4pq + @?) 
= 3pq(2p + gy? 
12p4 — 6p5q — 6p 


pq) 

= 6P(2p + ap — @) 

a. The GCF of the monomial factors is 3p. 
‘The GCF of the binomial factors is 2p + g, because each binomial 


factor is taken the least number of times that it occurs in both 
factorizations. 


| ~ the GCF of the polynomials is 3p(2p +g). Answer 
b. The LCM of the monomial factors is 6p7y. 
The LCM of the binomial factors is (2p + q)*( — q), because each 
binomial factor is taken the greatest number of times that it occurs 
in either factorization 


the LCM of the polynomials is 6p"q(2p + g)*(p — q). Answer 


EF AS a a 
Oral Exercises 


Tell which factorization is correct. 
1, x7 — Ry — 48 2.42 =4eo 15 
(= 4x + 12) or (x + Ayr = 12) (Qn = 52x + 3) or (4x + 5) = 3) 
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Factor each polynomial. 
3.7 4+ 344+2 


w+ 7-8 


State whether or not each polynomi 


9. 4x+9 
Hl. x 
13x x7 


15. One factor of x7 + 3x — 10 is x — 


16. One factor of 


4.7 + 1it+ 10 
6. y? +4y—5 
ped ems 
10. x7 + 3x 
12. x7 +1 


4. x 


What is the other? 
24 Sx — 12 is.x +4. What is the other? 


Written Exercises 


Factor completely. If the polynomial is prime, say so. 


Ox + 8 
— Mz +18 
+ 12r + 20 
~ Sp +9 

20s + 36 


19; x2 — xy — 0” 


+ 51-3 


5. 3p? — Ip—6 

27. Ge — Txy— 3y7 

29, 2h? + Thk — 15° 
B 31. 6x + 7x 10 


2 P+ OF 
10u +9 


6 y —Sy+6 
8. 1° — 10h + 24 


Oz + 12 


20. p? + 2pq ~ 24q* 


28. 6s? + st — 5° 


36. 4r? + Ory — 10s? 
38. 4x? + Buy — 15y? 
40. Stuy? + But 

42. x" — 64y° 

44. 102° +9 
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Find (a) the 


SCF and (b) the LOM of the given polynomials. 


45. 3x +2; — 4444 = 16,2 +24 —8 


47. 8-2-3 P+ SP + At 


9%. p-—ap—q 
C 51. Show 
$2. Show that x? + (k + I)x + k is reducible for all positive integers k 


+ x + kis prime for all positive integers k 


Factor completely. Assume that 1 represents a posi 
Caled al 54, a" — bo" 
5 Se + 4: 

57. ( 2x + 3? — (7 — ar - 1 
59. One factor of xi — 3x7 + 3x — 2 is x — 2, What is the other? 


53. 
5! 


20= 4 — = 


07 
Self-Test 2 


Vocabulary factor, factor set (p. 179) sum of cubes (p. 184) 
prime number, prime (p. 179) difference of cubes (p. 184) 
prime factorization (p. 179) quadratic polynomial (p. 188) 
greatest common factor (GCF) of jadratic term (p. 188) 
imegers (p. 179) Jinear term (p, 188) 
Teast common multiple (LCM) of constant term (p. 188) 
integers (p. 179) quadratic trinomial (p. 188) 
greatest common factor (GCF) of irreducible polynomial (p. 189) 
monomials (p. 180) prime polynomial (p. 189) 
least common multiple (LEM) of factor completely (p. 189) 
monomials (p. 180) greatest common factor (GCF) of 
greatest monomial factor (p. 183) polynomials (p. 190) 
perfect square trinomial (p. 183) Teast common multiple (LCM) of 
difference of squares (p. 183) polynomials (p. 190) 


Find the prime factoriz: 


jon of each integer. 

1. 990 2. 3000 Obj. 4-4, p. 179 
Find (a) the GCF and (b) the LCM of the following. 

3. 36a°b*, S4abe? 4. Ophy?r, 8p??? 4p'g* 


Factor completely. 


5. 27x35 — 12x 6.9 + Ort 1 Obj. 4-5, p. 183 
7. 12555 — 81° 8. ab-atb—1 
9 6F + 41-2 10. 42° +2-14 Obj. 4-6, p. 188 
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In Lesson 4—6 you leamed how to factor ax’ + bx + ¢ where a, b, and ¢ are 
integers and a # 0, The following program uses a similar method to factor 

Ax + Bx + C where A #0 and C# 0, Although the process of complete fac: 
torization includes factoring out the GCF of the terms of a polynomial. this pro- 
gram does not factor out the GCF of A, B, and C. (See the Computer Key-In 
in Chapter 5 for a program that will find the GCF of two integers.) 


10 PRINT "THIS PROGRAM FINDS FACTORS OF” 

20 PRINT "A*X/\2+B*X+C." 

30 INPUT "ENTER A, B, AND C (A, C NONZERO); "; A, B, C 
40 IF A=0 OR C=0 THEN 30 

50 LET FLAG=0 

60 FOR M=1 TO SQR (ABS (A)) 

70 IF INT (A/M)<>A/M OR FLAG<>0 THEN 170 


80 LET P=M 
90 LET R=A/M 
100 FOR N=1 TO ABS (C) 


110 IF INT (C/N)<>C/N OR FLAG<>0 THEN 160 
120 LET Q=N 
130 LET $=C/N 
140 IF P*S+Q*R=B THEN LET FLAG=1 
150 IF P*S+Q*R=~—B THEN LET FLAG 
160 NEXT N 
170 NEXT M 
180 IF FLAG =0 THEN 
PRINT A; "#X/\2+ "; By" #X+"; C; "IS IRREDUCIBLE.” 
190 IF FLAG 
PRINT 
200 IF FLAG = 
PRINT "("; P; 
210 END 


For each possible pair of factors P and R of A, the program tests each pos- 
sible pair of factors Q and S of C. If PS + OR = B in line 140, the program 
will print the factorization (Px + Q)(Rx + 5). If PS + QR = —B in line 150, 
then reversing the signs of Q and S will yield a factorization. If all pairs of fac- 
tors of A and C are checked and PS + OR is neither B nor —B, then the com- 
puter will print that the given trinomial is irreducible 


Exercises 


Run the program to display a f 


torization, if possible, for each quadratic 


trinomial. 
1. 12? = 13x — 120 2, —15x2 + 22v + 48 + 56 
4. + 5x4 5. 2x? + 8x — 10 
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Applications of Factoring 


So en 
4-7 Solving Polynomial Equations 
Objective To solve polynomial equations. 


The factoring that you have learned to do is a necessary step in solving polyno- 
‘mial equations, A polynomial equation is an equation that is equivalent to one 
with a polynomial as one side and Q as the other, Both x° — Sx — 24 = 0 and 
x? = 5x + 24 are polynomial equations, 

A root, or solution, of a polynomial equation is a value of the variable 
that satisfies the equation, The roots of x7 ~ Sx ~ 24 = 0 are —3 and 8, be- 
cause (—3)? — S(—3) — 24 = 0 and 8? — 5(8) — 24 

When a polynomial equation in x is written with 0 as one side, you can 
solve the equation if you can factor the polynomial on the other side into linear 
factors of the form ax + b (a 0). The basis of this method is the zero-product 
property (page 83): 


ab = 0 if and only if a =0 or b= 0, 


‘The zero-product property can be extended to any number of factors. 
Therefore, a product of real numbers is zero if and only if at least one of its 
factors is zero. 


ee a 
To use the zero-product property to solve a polynomial equation, you need to 


1, write the equation with 0 as one side, 
2. factor the other side of the equation, and 
3. solve the equation obtained by setting each factor equal to 0. 


Example 1 Solve (x — 5)ix + 2) = 0. 


Solution The given equation already has O as one side, and the other side is already 
factored. Simply set each factor equal to 0 and solve: 


x-5=0 or 
v=5 or 
Check x = 5; Check x = —2 
6-55 +2)20 (2-5-2 +220 
0-720 -7-020 
| o=0 0=0 


the solution set is {S, —2}. Answer 
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Example 2. solve ° =x + 30. 
Solution 1. ° —x-30=0 Make one side 0. 


2. (x + Mx Factor the polynomial 

3.x+5=0 Use the zero-product property 
r=-5 

Check: Substitute —5 and 6 into x + 30 to verify that they are 
solutions 


the solution set is {—5, 6}. Answer 


Example 2 Solve 3x° = 4x(2« — 1) 
Solution 1, 3° = 8° — 4x 


3x3 — 8x7 + dr = 00 Make one side 0 
2. 3x — 8x +4) =0 Factor the 

x(3x — 2) - 2) =0 polynomial 
3.x=0 or 3x-2=0 of x-2=0 Use the zero-product 


property 


x=0 or x=+ or x=2 


[2 ae 
the solution set is {0, 2, 2]. The check is left for you, Answer 


As you have seen, the zero-product property is used to solve polynomial 
equations. You can also use it to find zeros of polynomial functions, A number 
r is a zero of a function f if f(y) = 0. For example, 3 and —3 are zeros of 
— 9 because g(3) = 37 — 9 = 0 and g(—3) = (-3° —9 = 0. 


en) 


| Example 4 Find the zeros of f(x) = (x — 4)° — 43x — 16). 
Solution 1. fix) = (x — 4) - 4x - 16) To find the zeros of f, 


(x — 4)' — 4x — 16) = 0 write fir) = 0. 
2. (x — 127 + 48x — 64) — 12 + O64 = 0 
Simplify 
yo — 124 + 36% =0 


xix — 12x + 36) = 0 
Factor the polynomial 


3.4=0 or x-6=0 of x-G=0 Use the zero-product 
| x=0 oF x=6 oF x=6 — Property 
| Check: fO) = (0 — 4)' — 43-0 — 16) = -64 + 64 = 0 
f(6) = (6 — 4) — 43-6 — 16) =8-8=0 
the zeros of f are 0 and 6. Answer 
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From Example 4 you can see that fix) = x01 ~ 6)°, Since x — 6 occurs as 


a factor of f twice, the number 6 is 
a double root of the equation f(x) 


called a double zero of the function f and 
0, In general, the zeros and roots arising 


from repeated factors are called multiple zeros of functions and multiple roots 


of equations. 


Oral Exercises 


Solve. 


1. Qe — 3) - 7) =0 
3. (u— Iu + 2u — 3) =0 


$s. 
ie 
9. P—25=0 


2 (y+ 2y—5)=0 
4. (1 — 3)0+4)=0 
2— $s=0 
+9=0 
—1L=@ 


10, 4x 


Find all zeros of the given function. Identify all double zeros. 


11. fix) = 3x - 12 
13. h(t) = (2r = 3)(t + 2) 
15. fis) = (s — 27 

17. g(x) = x? — 2e + 1) 


Written Exercises 


Solve. Identify all double roots, 


A 1. &— Iir- 4) =0 
3. e+ Ie 2) =0 
5. (s— 17s — 3 =0 
7. +3 
9 f-1=0 


I. t+ 4x = 4 
13. 3° =4r—1 
15. 2 +y=6 

17. 6 — Tu = 312 
19. 6(x + 12) = 
21. (y—4P = 
23. 3+ = 40+ 1) 
25. (x- IN? + x — 2) 
27. Fy — Uy? — 9) = 0 


12. gy) =y*— 16 

14. =3l2+ 1 
16. g(ue) = wu — 2) 

18. fi) = (6 — 27° — 3° 


(r+ Qe 5) =0 
N=0 


Pe 


20. (u + 3Xu ~ 3) = Bu 
(x ~ 67 


(x + 20? = 4) = 0 
28. (x — IP + 3x + 2)= 0 
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Solve. Identify all double roots. 


29. 4-22 +1=0 30. y'— Sy +4 =0 
31. f+ 9P = 10r* 32. PO" + 16) = Bet 
33. (u~ 2° — 3u+8=0 34. (s — 6)° = 27(s — 8) 


Multiply both sides of the given equation by a number that will eliminate 
decimals or fractions. Then solve. 


. 0.3 + O.2e-0.1=0 36. 0.2 lix+0.5=0 


ies ee 
38. 5% 7 tak 


39. (x- 1) -(x- 1? =0 40. (1-2)? (1 
4. (P — 4 =0 42, (xe — 3x + 2) 
43. (2 + 1) - 407 + 1) +4=0 44. (7 — 3P +? —3)-2=0 


d all zeros of f. Identify all multiple zeros. 


45. f(x) = (x — 4° — a(x — 4) 46. fit) = (t— 27 — (¢- 2) 
a7. fiz) A — 1229 + 42* 48. fis) = 49-17 + 4 
49. fix) = (x — It - 4x — 18 $0. f(y) = Gy? — 98 


In Exercises 51-54, a and b are constant 


. Solve each equation for x. 


SI. a? — b? = 0 (a #0) $2. 7 + ax— bx —ab=0 
53. x $4, x0 — be — 4x + 4b =0 
55. Under what conditions placed on x and y is (x + yy = 47 + y? true? 
56. Under what conditions placed on x and y is (x + yy’ = 18 + y* tue? 


Mixed Review Exercises 


Factor completely. If the polynomial is prime, say so. 


1. - 6x49 2. 3y? 
3. 8mn — 10n + 12m — 15 4. 16a" 
5. 12x + 246 — 347 6. 80 +1 


Express as a simplified polynomial, 


1) 8. (4a + 5)? 
9. (3m — 7) + 2m + 4) 10. (p? + 2)(p? — 3) 
BM, Geet: 0) 12, (-3d)* 
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4-8 Problem Solving Using 
Polynomial Equations 


Objective To solve problems using polynomial equations. 


An equation that represents a real life problem is called a mathematical 
model. The plan for solving word problems outlined in Lesson 1-9 can be 
used to develop a mathematical model for a given problem. After solving the 
equation, you should always check your answer against the conditions stated 
in the original problem. Checking your answer just in the equation is not 
sufficient, because an acceptable answer in mathematics may not be reason- 
able in real life. 


Example 1 A graphic artist is designing a poster that consists of a rectangular print 
with a uniform border. The print is to be twice as tall as it is wide, and 
the border is to be 3 in. wide. If the area of the poster is to be 680 in.*, 
find the dimensions of the print. 


Step 1 You are asked to find the width and 
| height of the print. A border 3 in 
wide surrounds the print. Draw a 
diagram. 


Step 2 Let w= width of the print. Then 
2w = height of the print. Since the 
dimensions of the poster arc 6 in. 
greater than the dimensions of the 
print, w + 6 = width of the poster 
and 2w ++ © = height of the poster 
Label your diagram. 


Step 8 Write an equation that shows the area of the poster is 680 in.” 
Length x Width = Area 
(2w + Gv + 6) = 680 
Step 4 Solve the equation. 
uw + 3K + 6) 


680 Factor 2w + 6, 
(wv + 3)00 + 6) = 340 Divide both sides by 2 
w? + Ow + 18 = 340 


w? + Ow — 322 =0 Make one side 0. 
(w = Low + 23) =0 Factor the polynomial. 
w-14=0 or wt23 Use the zero-product property 


w=14 or w 
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Step § Although w = —23 is a solution of (2w + 6)(v + 6) = 680, it must be 
rejected because width cannot be negative. The other solution, w = 14. 
results in @ print that is 14 in, wide and 28 in. tall. Check these two 
dimensions: 

Print’s height = 28 = 2 - 14 = twice print’s width 
Poster's area = (14 + 6)(28 + 6) = 20 - 34 = 680 


the print is 14 in, by 28 in. Answer 


Vertical motion affected only by gravity leads to a mathematical model that 
is a polynomial equation. When a projectile is launched vertically upward with 
an initial speed v, its height h above the launch point 1 seconds later is given 
approximately by: 


h = vt — 4.9¢ if the distance is measured in me 


and ht = vt — 168° if the distance is measured in feet 


Example 2. A batter hits a baseball directly upward with speed 96 ft/s. 


a. How long 1s the ball in the air before being caught by the catcher? 
b, How high does the bull go? 


Solution a. Use the formula A = 961 — 167°. When the ball retums to the level at 
which it is hit, the height / is 0 


0 = 961 — 16? 
0 = 166 — 1) 
t=0 or 1=6 
. the ball is in the air 6 seconds. Answer 


b. The ball reaches its ma 
hit (¢ = 0) and the time when it is caught (1 = 6) 


ifr=*=3, f= 9613) — 16 144 


the maximum height of the ball above the level of the bat is 
144 ft. Answer 


imum height halfway between the time when it is 


Problems 


Solve each problem. If there are two correct answers, give both of them. 


A 1. The sum of a number and its square is 72. Find the number. 
2. Find a number that is 56 less than its square 
3. Find two consecutive odd integers whose product is 143 


4, Find two consecutive odd integers the sum of whose squares is 130. 
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n it is wide, and its area is 117 cm?, Find its 


5. A rectangle is 4 cm longer th: 
dimensions. 


6. A rectangular garden has perimeter 66 ft and area 216 fC, Find the dimen- 
sions of the garden 

7. The area of a right triangle is 44 m*. Find the lengths of its legs if one of 
the legs is 3 m longer than the other 


8. Two ships leave port, one sailing east and the other south, Some time later 
they are 17 mi apart, with the eastbound ship 7 mi farther from port than 
the southbound ship. How far is cach from port? 

9. The top of a 15-foot ladder is 3 ft farther up a wall than the foot of the 
ladder is from the bottom of the wall. How far is the foot of the ladder 
from the bottom of the wall? 

10. The height of a trian 
area is 15 cm*. Find the height. 


lc is 7 cm greater than the length of its base, and its 


11. The hypotenuse of a right triangle is 25 m long, The length of one leg is 
10 m less than twice the other, Find the length of each leg 

12, The side of a large tent is in the shape of an isosceles triangle whose area 
is 54 ft and whose base is 6 ft shorter than twice its height, Find the 
height and the base of the side of the tent 


13. A rectangle is 15 em wide and 18 em long. If both dimensions are 
decreased by the same amount, the area of the new rectangle formed is 
116 cm? less than the area of the original. Find the dimensions of the 
new rectangle 

14. A rectangle is twice as long as it is wide. If its length is increased by 4 em 
and its width is decreased by 3 cm, the new rectangle formed hi 
‘of 100 cm?, Find the dimensions of the original rectangle 


an area 


15. A projectile is launched upward from ground level with an initial speed of 
98 m/s. How high will it go? When will it return to the ground? 


16, A ball is thrown directly upward from ground level with an initial speed of 
80 ft/s. How high will it go? When will it return to the ground? 


red upward from 
round level with an initial speed 
of 294 m/s. A balloonist cruising 
at a height of 2450 m sees it pass 
on the way up. How long will it 
be before the flare passes the bal 
Joonist again on the way down’? 

18. Luis wanted to throw an apple to 
Kim, who was on a balcony 40 ft 
above him, so he tossed it upward 
with an initial speed of 56 ft/s 
Kim missed it on the way up. but 
then caught it on the way down 
How long was the apple in the air’? 
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19. 


20. 


2. 


A rocket is movin 


vertically upward with speed 245 m/s when its fuel 
runs out, How much farther will it travel upward before starting to fall 
back to the ground? 

A ball is thrown upward from the top of a 98-meter tower with an initial 
speed of 30.2 m/s. How much later will it hit the ground’) (Hint; If h is 
the height of the ball above the top of the tower, then h = —98 when the 
ball hits the ground.) 


The distance d, in feet, required for 4 vehicle traveling at r mi/h to come 
toa stop is 
55 mi/h speed zone required 240 ft to stop, was its speed within the Ie; 
limit? 


en approximately by d = 0.057? + r. If an automobile in a 
al 


The cost C of manufacturing 7 calculators per day at a certain plant is 


given by C = 2(20 ~ 0.01n) + 100. The size of the plant limits the ma: 


mum output to 500 calculators per day. If the company plans to invest 
$5200 per day in manufacturing costs. how many calculators per day can it 
manufacture 


h of the six faces of a wooden cube, its 
volume decreased by 169 cm’, Find its new volume 


When 0.5 cm was planed off 


A farmer plans to use 21 m of fencing to enclose a rectangular pen 
having area 55 m*_ Only three sides of the pen need fencing because 
part of an existing wall will form the fourth side. Find the dir 
sions of the pen 


The width, length, and diagonal of a rectangle are consecutive even inte- 
gers. Find the integers 

Give a convincing argument why the width, length, and diagonal of a rec 
tangle cannot be consecutive odd integers 

A rectangular corner lot, originally twice as long as it was wide, lost a 
2-meter strip along two adjacent sides due to street widening, Its new area 


is 684 m?, Find its new dimensions. 


A decorator plans to place a rug in a room 9 m by 12 m in such a way 


that @ uniform strip of flooring around the rug will remain uncovered. If 
the rug is to cover half the floor space, what should the dimensions of 

the rug be? 

A garden plot 5m by 15 m has one of its longer sides next to 4 wall. The 
area of the plot is to be doubled by digging up a strip of uniform width 
along the other three sides. How wide should the border be? 


A rancher p gular corral 
and to divide it into two parts by a fence parallel to the shorter sides of the 
corral. Find the dimensions of the corral if its area is 1000 yd 


< to use 160 yd of fencing to enclose a recta 


The general formula for the height hr after 1 seconds of a projectile 


‘ound level with initial speed y is A= v1 


launched upward from 1 her, 


avitational constant (approximately 9.8 m/s? or 32 fs?) 


where g is the g 


Show that the greatest height of the projectile is 
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MEETS eee 
4-9 Solving Polynomial Inequalities 


Objective To solve polynomial inequalities. 


A polynomial inequality is an inequality that is equivalent to an inequality 
with a polynomial as one side and 0 as the other side. Both x? —x—6>0 
and x2 > x + 6 are polynomial inequalities 
You can often solve a polynomial inequality that has 0 as one side 

by factoring the polynomial into linear factors and applying one of the 
following facts: 

ab >0 if and only if a and b have the same sign; 

ab <0 if and only if a and b have opposite signs, 


‘Example 1 Find and graph the solution set of 2? — 1 >.4 +5. 
Solution 


C-toxetd 
-6>0 Make one side 0 
(e+ Moe-3H>0 Factor the polynomial 


ep 


The product is positive if and only if both factors have the same sign 


Both factors positive on Both factors negative 
x+2>0 and x-3>0 x+2<0 and x-3<0 

x>—2 and x>3 ¢<-2 and r<3 
The solution set of this The solution set of this 
conjunction is {x: x > 3} conjunction is (x: x < —2} 


© the solution set of the given inequality is (x: x > 3 ory < 


The graph of the solution set is given below 


Example 2 Find and graph the solution set of 31< 4-7 


Solution 3<4—P 
P+3-4<0 Make one side 0, 
@- bet 4) <0 Factor the polynomial. 


‘The product is negative if and only if the factors have opposite signs, 


t-1>0 and 1+4<0 or 1-1<0 and 1+4>0 
t>1 and 1<-4 t<1 and t>-4 
no solution {ne -4<14< 1} 
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the solution set of the given inequality is {: —4 <1-< 1) 
The graph of the solution set is shown below 


After solving a polynomial inequality, you can make a partial check of 
your solution by choosing test points on the number line. For instance, with the 
answer in Example 2, first check a number to the left of the endpoint ~4, say 
does not satisfy the inequality. ‘Then check a number between —4 and 
1, say 0: 0 does satisfy the inequality, Finally, check a number to the right of 
the endpoint 1, say 2: 2 does not satisfy the inequality 

In Example 3 a sign graph is used to help find and graph the solution set 
of a polynomial inequality. This visual method is particularly helpful when the 
polynomial has three or more factors. 


Example 3 Find and graph the solution set of 9x = x 


v= %=0 Make one side 0. 
ve? = 9) 20 Factor the polynomial, 
x(x + 3)(a 3)=0 


To draw a sign 


faph, draw a number line for each factor and label the part 


where the factor is positive, where it is zero, and where it ig negative 


The sign of the product x(x + 3)(v — 3) is determined by the number of nega: 
tive factors. When exactly one or exactly three factors are negative, the prod: 
tive. When no factors or exactly two factors are ni 


uct is ne; tive, the prod 


uct is positive 


xix+ 3-3) <—+-—+—+—_ + +--+ —————— 


+. the solution set of the given inequality is {x 


The graph of the solution set is shown below 


a 
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Oral Exercises 


Match each inequality with the graph of its solution set. 


1. — 2 + 3)<0 a 
2. (x — 2x + 3) > 0 
3. (x + 2 3) <0 b. 
4. (+ 20-3 =0 
5. &+ 2-39 >0 Re 
6. (= 2+ 3) 50 
d. 
cs 
t 


Justify the following statements. 

7. The solution set of «7 = 0 is {0}. 

8. The solution set of x7 > 0 is {real numbers except 0} 
9. The solution set of x7 + 4=0 is 

10. The solution set of 


> + 1 >( is {real numbers}. 
11. The solution set of x(02 + 1) >0 is (x: x > O} 
12. The solution set of (x ~ 2)(x* + 1) <0 is (x; x <2} 


Give the solution set of each inequality. 


13. xv + <0 14. x(a ~ 3) > 0 15. x(x + 2)=0 16. x — 4) 50 


ES eee 
Written Exercises 


Find and graph the solution set of each inequali 


A 1.@-du-5<0 2 (r+ DG-2>0 
4. 9 
5. 6+ W=0 
1 B. 39? < 48 
9, 0 10. 2 -2:-6>0 
IL, F > 91-2) Xr +4) 
13. 4z(2— 1) < 15 14. dev + 1) S38 
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16. x +9 = 6x 
18. 9 — 31—-2F >0 


B 19. 8 - 16r>0 20. ¢ 
21. y+? <6y 22. 34 


4 <0 24. (2 + HU? + day > 0 
26, x4 = 18 <7? 
28. x* + 100 = 29x" 
0) 30. (P+ — 20? — ae + 4) <0 
32. FG + 9) > 6x 


33. Under what conditions placed on the real numbers p and q will 
(x + pix + q) <0 have a nonempty solution set? 


Mixed Review Exercises 


Solve. 
1. (2x + 3x — 1) =0 2. 3p -7=8 3.5 = |bj=1 

5. [2a — 5) =3 6. 2a =Tat+ 4 

8. (n—1P =1 9% Get 1P=0 

HL. y74-y) =0 12. 43d ~ 5) 1) 


Self-Test 3 


Vocabulary polynomial equation (p. 194) 
root (p. 194) 
zero of a function (p 


multiple zero (p. 196) 

multiple root (p. 196) 

195) mathematical model (p. 198) 

polynomial inequality (p. 202) 


double zero (p. 196) 
ph (p. 203) 


double root (p. 196) sign 


Solve each equation. 


2-1 Obj. 4-7, p. 194 


1, x? - 1x-42=0 
A 10 m by 20m pool is surrounded by a deck of uniform width 
The area of the deck is 216 m*_ How wide is the deck? 


Obj. 4-8, p. 198 


Find and graph the solution set of each inequality. 
Obj. 4-9, p. 202 


Check your answers with those at the back of the book 
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- Chapter Summary 


1. A monomial is « constant, @ variable, or a product of a constant and one or 
more variables. A polynomial is @ monomial or sum of monomials. A sim- 
plified polynomial has no two terms similar. The terms of a simplified poly- 
nomial are usually arranged in decreasing degree of one of the variables. 


2. If wand b are real numbers and m and are positive integers, then: 
Lawl a™-a" =a" 
Law 2 (aby" = ab" 
Law 3 (ay =a™ 


These laws of exponents are useful in simplifying polynomials. 


To find the product of two polynomials, multiply each term of one polyno- 
mial by each term of the other and simplify the result 


4. A prime is an integer greater than | whose only positive integral factors are 
itself and 1. To find the prime factorization of an integer, write it as the 
product of primes. 


Use prime factorization to determine the greatest common factor (GCF) or 
least common multiple (LCM) of two or more integers, To find the GCF, 
take the least power of each common prime factor in the factorization. To 
find the LCM, take the greatest power of each prime factor in the factoriza- 
tions 


6. The GCF of two or more monomials is the factor of each that has the great- 
est degree and greatest coefficient. The greatest monomial factor of a poly- 
nomial is the GCF of its terms 


7. The LCM of owo or more monomials is the multiple of each that has the 
least degree and least positive coefficient. 


8. The followit 


2 Strategies are useful in factoring polynomials: 
Factor out the greatest monomial factor 


Look for special products such as a perfect square trinomial, a difference 
of squares, and a sum or difference of cubes. 


Rearrange and group terms. 
Factor quadratic trinomials into products of linear factors 
9, Many polynomial equations can be solved by factoring and using the zero- 
product property. Many polynomial inequalities can be solved by factoring 
and determining the signs of the factors. If the polynomial has three or more 
ctors, it may be helpful to use a sign graph to determine the solution 
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Chapter Review 


Write the letter of the correct answer. 


Simplify (x3 — 3x? — 2e + 5) ~ (x 2). 
inet koa b. x x? = dy +3 
P= 4 +3 a. P48 - ae +3 
2. Simplify p(p ~ 2g) + Xpq — ¢?). 
a. p+ pq—@ b. p? + py 
ep = 2g + 3pq— d. p —Spq 
Simplify (—x° 4-2 
a oe? bee =x Cae) 
Simplify ay%(x + y) — 2yGy — 1) 
a. ay" — xy b. 0 +x di. 2x7y? 
Express (3¢ — 4)(2r + 3) as a simplified polynomial 43 
a. 6F + 1-12 b. 6P —1+ 12 ec. OF + Le 12 a. 6 — 12 
6. Express ax(x — a)(x + a) as a simplified polynomial 
a. ax? — 2a2x? + ax b. ar + + ax 
ce at ai ds -atx* 
Find the prime factorization of 1350 +4 
a es b. 2?-3*+5 a. 
8. Find the GCF of 54s°r°, 905°, and 108s*1 
a. 189° b. 9s" ec. 54094 d. 30s 
9. Find the LOM of 9a7b%c, 1Sa°b*, and 6a" 
a. 45abc b. 900°h cc. 180a°D% d. 90° 
10. Factor 4° + 4¢ + 1 completely, 4-5 
a. 400+ 1)+1 b. a4? +1 + 1) (20+ 1? d. \y 
11. Factor 3° — 27x completely 
a. 3x(x ~ 3) b. 3x(x + 3x — 3) 
ec. 3(x — 3a? + 3x + 9) d. 3(x + 3) — 3x + 9) 
12. Factor  — x — a — a? completely 
a (et alana 1) be xe 1)— ail +a) 
(x a)ix ta 1) d. (x— ayy tat 1) 
13. Factor 3x? — 4x — 4 completely 4-6 
a. (3x — 2x + 2) b. (3x + 20x - 2) 
ec. Gx — 4x + 1) d. (Bx— 1x +4) 
14. Factor x* — 3x? — 4 completely 
a. (x + Ale + Ilo 1) b. (x Due 1c + 2)(x — 2) 
ce. (2 + Ie — 20 + 2) a. (2 + Da? +4) 
15. Solve the equation 6x7 = Sx ~ 1 4-7 
\ {1 a} i a) 
a. {2,3} b. fo. 4} Exes d. (2, 3} 
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16. Find the zeros of the function fix 
a. O and 2 b. 2 and —2 ¢. 0,2, and —2 d. Q and 4 


17. A farmer plans to use 25 m of fencing to enclose a rectangular pen that has 48 


area 63 m*, Only three sides of the pen need fencing because part of an 
existing wall will be used for one of the longer sides. Find the dimensions 


of the pen 
a 3.5 mby 18m b.4.5mbyl6m ce 7mby9m — d. 63mby 10m 


18. Find the solution set of x7 + 2v~ 8 > 0 +9 
. {ts 4 << 2} b. {x x <—4 or x > 2} 
c. fx: -2 <a <4] d. [x x <—2 or x > 4} 
19. Graph the solution set of x4 + 2° < 2x 
a o—e—1— b. tt} be 
3 2-1 01 2 3 3-2-1011 + ee. 
oe he 
32-2 bt 2s 2. =) “9° T 2 3 


Chapter Test 


Simplify. 


1. -3(? — 2) + 2(3 - 44 
2, (ay? + 2? — 22y) y) 
3. (—2p’q')"(—p"q)' 4. Baya? — 2ay) 42 
— 3aj(x + 2a) 6. r9(r + 292s — rh 43 
ind (a) the GCF and (b) the LOM of the following. 
7. 315 and 882 8. 12a°b?, Sab". and 16b* 44 
Factor each poly complete 
9, xt — 8? + 16 10. xy + 2-2x-y 45 
IL. Ss? — 16y + 12 12. 6a° ~ Tab — 2ab 46 
Solve. Identify double roots. 
13. 3° — 10+ 3=0 14, x* = 80° — 2) 4-7 
15. The minute hand of a clock is 3 em longer than the hour hand. If the 48 
distance between the tips of the hands at nine o'clock is 15 cm, how 
long is the minute hand? (Hint; Draw a diagram.) 
Find and graph the solution set of each inequality. 
16. =x +12 17, > 4x 49 


208 


Chapter 4 


SS SS 
Preparing for College Entrance Exams 


Strategy for Success | 
Use your time wisely. Solve the easy problems first and skip the more difficult | 
ones. Do not spend too much time on one problem, When you come to the end | 
of the test, return to the problems that were skipped. If time remains, check 
your work 
Decide which is the best of the choices given and write the corresponding 
letter on your answer sheet, 
1. The lengths of the three sides of a right triangle are consecutive multiples 
of three. What is the area of the triangle? 
(A) 108 (B) 54 (C) 36 (D) % (E) 45 
2. A line contains the points (2, —7) and (—4, 2), Which statement is nor 
true? 
(A) The line has y-intercept 
(B) The line contains (1 
(C) The line is parallel to the line 3x — 2y = 6. 
(D) The line is perpendicular to the line y= Sx + 4 
(E) No portion of the graph of the line lies in the first quadrant 
3. The graph of the solution set of the system 2(x + y) = 30x ~ 1) 
x—3y=3-y 
is best described as: 
(A) a point (B) no point (C) a fine 
(D) a pair of parallel lines (E) a pair of intersecting lines 
4. The Simon brothers rowed 18 km upstream in 3.75 h. The return trip 
with the same current took only 2.5 h. What was the speed of the 
current? 
(A) 1 km/h (B) 1.2 km/h (C)45km/h — (D) 6 km/h (E) 6.5 km/h 
5. Which expression is equivalent to x"*5 +x"? 
(A) 2°" (B) x" as (D) (2) "5 (E) x" 
6. Which polynomial is prime? 
(A) 4x2 = 17 + 15 (B) 4c¢ + 13x (C) &x° + 27 
(D) &¢ + 7x — 16 (E) x4 
7. Which inequality is false for every real number? 
(A) re 4r=5 (B) <1 (C) A+ 950 


(D) 9u* + 49 < 42u (E) G2 - NG =2)=6 
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5 Rational Expressions 


~ 


Using the Laws of Exponents 


ee 
5-1 Quotients of Monomials 


Objective To simplify quotients using the laws of exponents 


When you multiply fractions, you use the multiplication rule for fractions 
For example, 


Multiplication Rule for Fractions 
Let p,q, r, and s be real numbers with g # 0 and s +0. Then 


pr 


Pay 
q 8 qs" 


A proof of this rule is asked for in Exercise 33 
Because equality is symmetric, the rule can be rewritten as 2 
op rp ; 


P 
= s, you can replace s by r, obtaining [= This proves 


q 
the following rule for simplifying fractions. 


a 
Let p, q, and r be real numbers with g #0 and r # 0. Then 


Example 1 simplity 


p 
Solution Find the GCF of the numerator and denominator. Then use the rule 2 
o 


simplify the fractions. 


30 
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In Lesson 4-2, you learned the first three laws of exponents listed below. 
The additional laws, Laws 4 and 5, cover quotients involving exponents 


—— al 
The Laws of Exponents 


Let m and n be positive integers and a and b be real numbers, with a # 0 and 
b £0 when they are divisors. Then: 


Lata" =a"*" 2. (ab)" = a"b” oy =a~ 
a” a es ad 
4a. If m>n, 5 = a" 4b. If n > m, = abe 


2 (i -€ 


Here is a concise proof of Law 4(b), We omit many steps that use only 
the basic properties of real numbers. For example, no reasons are given for the 
fact that n = (n — m) + m. 


Siatement Reason 


1 gt = qQermrm = gma Law 1 of Exponents 


Substitution 


a Rule for simplifying fractions 


Proofs of Laws 4(a) and 5 are left as Exercises 34 and 35, 
Notice how Laws 4(a), 4(b), and $ are used in Example 2 


Example 2 simplity: a. 
| Solution a. 


n 
: 
u 


2 5 
5 Answer 
=8 Answer “1 


ST 
A quotient of monomials having integral coefficients is simplified when: 


1. the integral coefficients are relatively prime, that is, have no common factor 
except 1 and —1; 


2. each base appears only once; and 
3. there are no “powers of powers” [such ss (a°)*]. 
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| Example 3 
Solution a. Method 


implify 


Method 2 As in Example 1, find the GCF of the numerator and the de 
wu nominator. Then simplify the fraction 


(This solution used Laws 5 and 3 and then Method 1.) 


Simplify. Assume that no denominator equals 0 and that variables in 
exponents represent positive integers. 


6 3 
1. § 24 3. 


Written Exercises 


Simplify. Assume that no denominator equals 


1x! 
A 1-2 2. 
6. 
10. 
14. ) 
18. 


Rational Expressions 213 


ms. (2) (=2) 


In Exercises 25-30, assume that no denominator equals 0 and that m and n 
are integers greater than 1. 


tions can be rewritten in the form 
by — and + by + 


31. The multiplication rule for fre 
(p> gs (r +s) = (per) +(q° 5). Replace 
Is the resulting statement truc? 


32. a. Rewrite the rule = = = using - for multiplication and + for division. 


b. In your answer to (a) replace + by + and + by ~. Is the resulting 
statement true? 


33. Supply reasons for the steps in the following proof of the multiplication 
rule for fractions 


1 2.2 =(p-2)(r-4) sae 


q $ 
4 es EN : ‘ 
2 =p iF ) 2 and 2 
1 
3 = prot 2 
ors 
4 se 
@ = 
ae 
“a5 @ 


34. Supply reasons for the steps in the following proof of Exponent Law 5 


m factors 


GV <= 


C 3S. Give a concise proof of Exponent Law 4a. 


36. In cach of the laws of exponents, replace + by +, + by —. and, for ex- 
ample, a” by ma. Is the resulting statement tue? (Example: a” + a" = a?" 
becomes ma + na =(m + n)a, which is true.) 
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(MEI 
Mixed Review Exercise: 


Find the solution set of each inequality. 


1, P+ 2x-8>0 2 4y+9s1 3. we 4 
4.5-3p>-7 5. \r+ 5)<3 6. Wa <a+3 
—1<5 8. mim — 1) =2 9. d+ 2>1 
I? +2=3n 12, -2u<-6 oru-1=1 


If you divide a by b, you obtain a quotient g and a remainder r less than b 
For example, 192 = 84 gives 

192 = 84-2 +4 24 

a=beqtr 

The Euclidean Algorithm uses repeated division to find the GCF of two positive 
imtegers a and b. To find the GCF of 192 and 84 by the Euclidean Algorithm 
you would proceed as follows 

192 = 84-2 + 24 

84 = 24-3412 

24=12-2+0 
The last nonzero remainder, 12, is the GCF of 192 and 84. 

Here is a program that uses the Buclidean Algorithm to find GCF’s 

10 PRINT "FIND THE GCF OF TWO POSITIVE INTEGERS.” 
20 INPUT "ENTER THE NUMBERS (LARGER FIRST): ": A. B 
30 PRINT "THE GCF OF "; A; " AND 
40 IF INT (A/B)=A/B THEN 90 
50 LET R=A~B®INT (A/B) 
60 LET A=B 
70 LET B=R 
80 GOTO 40 
90 PRINT B 
95 END 


Exercises 
1. Run the program to find the GCF of each pair of numbers 
a. (432, 528) b. (2592. 4682) c. (999, 259) d., (30,030, 13,122) 
2. Run the program to find the GCF of the numerator and the denominator 
of each fraction. Write each fraction in simplest form 
2048 


87 11.776. ¢, 2112 2048 _ 
1653 b. T5872 © S540 4d. 30.387 
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SS SSeS a a 
5-2 Zero and Negative Exponents 


Objective —_To simplify expressions involving the exponent zero and negative 
integral exponents. 


‘The definition of power can be extended so thal any integer may be used as an 
exponent, not just a positive integer, The power a" when m is 0 or n is a nega- 
tive integer is defined in such a way that the laws of exponents stated on pag 
212 continue to hold. 

If Law 1, a"-a" =a", is to hold when n =O, then this statement must 
be true 


Y= gna 


If a #0, you can divide both sides of the resulting equation a” « a” = a” by a®* 


to obtain 
&=F=1 
a 
If Law | is to hold for negative exponents, then this statement must be true: 
If —n is a negative integer and a #0. 


ha qon 


and 


Since a~" +a" = 1, a~* must be the reciprocal of a": 


The discussion above leads to these definitions. 
SSS ee ee 
If n is a positive integer and a ¥ 0: 
a’=1 


The expression 0° is not defined. 


Exainple 1 write in simplest form without negative or zero exponents. Assume that the 
variables are nonzero, 


a. 107 Rossa e tabs 
1 1 
Solution a, ? =.= , 
100 La 
Sar ly Som 
2d tet. yt 4. Gx? = 
1 1 
= 2b ar 
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” 1 
Since a and division by zero is not defined, bases of powers with 


negative exponents must not be zeto. To simplify matters we make the follow 
ing aj i, to hold throughout the rest of this book 


eeme 


SS 
The domains of all variables in any algebraic expression are automatically re 
stricted so that denominators of fractions and bases of powers with negative or 
zero exponents will not be zero 


For example, in the expression 


you may assume that ¢ # 0, b #0, x #2, and x = ~2 even though these re 
strictions are not stated 

It can be shown that all the laws of exponents hold even if some of the 
exponents are ne 


Live or zero, For example, Law 3 now implies that 


This statement can be justified with the help of Law 3 for positive exponents: 


1 1 r 
(ey? = a 


You can now see that Laws 4(a) and 4(b) give the same results. For ex- 
ample 


by Law 4(a); 45 =a’ a?= 


by Law 4(b): 


Answer 


Answer 
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Since a” and a" are reciprocals, a", Example 3 uses this fact. 


| Example 3° Write in simplest form without negative or zero exponents 


a. (3 Ne 


Answer 


Negative exponents are introduced in order to write expressions without 
using fractions. The form of the answer to Example 4(a) below is called seien- 
tific notation, This notation will be discussed in Lesson 5-3. 


ae 3 
Example 4 write without using fractions: a. oo 


=3x 10" b. 


Oral Exercises 

Express in simplest form without negative or zero exponents. 
3. 107- 10-5 ABT Yee 

+a Ry? 


ML. p?q™? 


« se 
Me ps 1s. 5 


Written Exercises 
Write in simplest form without negative or zero exponent 
A 13-5" 2. (3-5)! er i a 


5. (277 +3 


i a Fda (4 
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Write without using fractions. 


10. iL. 


10,000 1000 


Express as a decimal numeral. A calculator m 


10 14. 238 x 10 


18. (—4) 19. 


yw oly 
a 22, 

24. — 2s. (4) 
27. Qxy)? 

30. Sts" 7)? 3. 


Show by co 


Sample 2 


(e+ yy? and x 


Solution tet x=1 andy Then 
@+yy 2-49) x 
es) 
) 
43. c+ yy! anda! + yo! 
Re 
45. ay” |.and + 


aterexample that the given expressions are not equ 


SS 12, 
y be helpful. 
= 3.24 
7.2% 1073 16. 1.45 x 10 
(3 *< 274 20, (-5-' +2? 
23. * 
we 


alent. 


byt=i1242 
1_s 2% 
Itgse Asal 
44. (xy)! and 
46. (I~ xy and | x 
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In Exercises 47-52, replace the (_!_) by a polynomial to make a true 
statement, 


C 81. ew - 1? -4@- I! =@- 1) 
52, (x7 + 4)! — Sex? + 4)-? = (x? + 4) 


the forms of the laws given below. In each ease, m and n are positive 
integers with m > n. 


53, alta" = gt" 84. (@y-" = gn 55, aoMq" = giomen 


a" = gt mi-t-m 
7 =a 


anne 57, = gem a 


a 


ogr: 


Ch'in Chiu-Shao (ca, 1202-1261) he 
been called one of the greatest mathema 
ticians of his time, This achievement is 
particularly remarkable because Ch'in did 
not devote his life to mathematics, He 
was accomplished in many other fields 
and held a series of bureaucratic positions 
in Chinese provinces, 

Ch’in’s mathematical reputation resis 
on one celebrated treatise, Shu-shu chiu- 
chang (“Mathematical Treatise in Nine 
Sections"), which appeared in 1247. The 
trcatise covers topics ranging from inde- 
terminate analysis to military matters and 
surveying. Ch’in included a version of the 
Chinese remainder theorem, which used 
algorithms to solve problems. 

His interest in inde 
led Ch'in into related fi 


rminate analysis 
lds, He wrote down | 


the earliest explanation of how Chinese cal solving equations, finding sums of 
endar experts calculated astronomical data arithmetic series, and solving linear 


according to the tim 


of the winter sol- systems. His use of the zero symbol is 
stice, He also introduced techniques for a milestone in Chinese 1 
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hematies. 


ee 
5-3 Scientific Notation and 
Significant Digits 


Objective — To use scientific notation and significant digits 


In scientific work, you meet very large 
and very small numbers. For example, 
the distance that light travels in a year anna 

is about 5,680,000,000,000 mi. The aun 
time that it takes a si 
one component of a supercomputer to 
another might be 0.0000000024 s. The 


al to travel from anaes ay 


aaah, 


wavelength of ultraviolet light is about 
0.00000136 em. To make such numbers 
easier 10 work with, you can write them 
in scientific notation 


5.680,000,000,000 = 5.68 x 10! 
<10 


0.0000000024 
0,00000136 = 1.36 x 10 


In scientific notation, a number is expressed in the form 


m* 10" 


where |< m < 10, and n is an integer 


The digits in the factor m should all be significant, A significant digit of a 


number written in decimal form is any nonzero digit or any zero that has a pur 
mnples the si 


pose other than placing the decimal point. In the following 


icant digits are printed in red 


4006 0.4050 0.0 0.0020 


In scientific notation 


4006 = 4.006 * 10°, 0.4050 = 4,050 * 10 
320.0 = 3.200 % 10 0.00203 = 2.03 * 10 
For a number such as 2300 it is not clear which, if any, of the zeros are 


significant. Scientific notation eliminates this problem. Writing 2300 as 
2.3 .* 10 2.30 x 10 or 2.300 * I¢ 


or two of the Zeros ar ificamt 


indicates, respectively. that none. one 
Most measurements are approximate, and the more significant digits that 


For example, if 


given in such an approximation, the more accurate it i 


t digits 


length is given as 2.30 X 103 cm, the measurement has three significm 
Since the 0 is significant, you know that the length is nor 2.31 * 10° em or 


10% cm 


2.20 < 10 em, but it might be 2.31 
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When you multiply or divide measurements. their accuracy limits the 
accuracy of the answer. When approximations are mulliplied or divided, the 
product or quotient should have the same number of digits as the least accurate 
factor. 


Example? write each number in scientific notation. If the number is un integer and ends 
in zeros, assume that the zeros are not significant 


a. 75,040 b. 0,0000702 ce. 3,050,000, 
Solution a. 75.040 = 7.504 « 10° decimal point moved 4 places to the left 
b. 00000702 = 7.02 * 10°* decimal point moved 5 places to the right 


3,050,000 = 3,05 » 10° decimal point moved 6 places to the lelt 


Numbers expressed in scientific notation are easy to compare. 


‘Example 2 2. 6.84 x 107-2 >4.96 x 1072 because 6.84 >4.96. 


b. 8.7 * 10° <5,3 x 10° because 4 <5. 
e. 5.25 x 10° > 7.50 x 10 because 3 
Example 3 Find a one-significant-digit estimate of x, where 
= 5260 * 0.0682 * 86.1 
0.420 
Solution 26 * 10° 6.82 x 10-7 x 8.61 x 10! Write each number 
4.2% 107! in scientific notation. 
2x9 x 10! Round each decimal 


to a whole number 
Compute, and give 
the result to one 
significant digit 


I 
£ 
cs 


x 10'=8 * 10" 
x= 8 ¥ 10%, or 80,000 
Round off errors may cause the digit obtained in the process shown in Exam- 


ple 3 to be incorrect. (In the example, x = 73,500 to three significant digits.) 
Nevertheless, such estimates do deseribe the “‘size"’ of the answer. 


Before using a calculator in the exercises, see the Caleulator Key-In on page 
225 to determine how your calculator handles numbers that are too large or 
small or two long for the display 
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Oral Exercises 


Tell how many significant digits each number has. 


1. 40.05 2. 10,608 3. 0.050 4. 0.0250 
5. 4.0 = 10? 6. 7.06 « 10°? 7. 3.600 * 107 8. 4.8 x 10° 
Replace the _? with < or > to make a true statement. 

9. 4.60 * 10° 23.75 x 10° 10, 2.60 x 10° _2_ 6.75 * 10* 
Il. 7.73 10% 2 2.50°« 10-* 12, 2.78 X 10°-*_2_2.78 x 10°° 


MERE SS ee) 
Written Exercises 


Write each number in scientific notation. If the number is an integer and 


ends in zeros, assume that the zeros are not significant. 
A 1. 7500 2. 106.000 3. 0.608 4, 0.0038 
5. 10.05 6. 762.20 7. 0.0320 8. 0,0000460 
9, 655 x 10° 10, 0,025 = 10° 11. 0.560 x 10-3 12. 4775 x 10°? 
Write each number in decimal form. 
13, 5 x 10° 14, 10-* 15. 4.3 x 1073 16, 107 
17. 6.75 x 10° 18. 6.20 x 10°? 19. 7.50 * 107% 20. 4.000 x 10° 
Replace the —2_ with < or > to make a true statement. 
21. (2 x 10°? 5 x 10° 22. 1,6 * 10 _2_ (1.2 * 10°)? 
23, (0.005)) 2 2 « 10* 2A. (2K 10°)? 2 (2 X 10 
Find a one-significant-digit estimate of each of the following. 
478 * 0.230 96, 0525 * 7820 
B 2s. 0.0281 * 32.4 ae x 0.00475 
73.1 * (0.493) » 0.000212 * GR8Y 
* 0,620 *« (32. * 57.7 x (0.0620) 
Simplify, assuming that the factors are approximations, Give answers in 
scientific notation with the same number of significant digits as in the 
least accurate factor. 
< 1052 10-2 5 x 10°5.0 x < 10'S 
29. (B < 10°22 * 10°) 20. (7.5 * WPNS.0 Ww) 3 (8.4 © 10% 10%) 


4x 10° men 1.5 x 10" an (4.0 © 10.2 © 104) 
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(SSS eee 
Problems 
In these problems, all given data are approximate. In Problems 1-5, give 


answers reflecting the situation in 1987 using the following table. A 
calculator may be helpful. 


c 1987 Population | Land Area (km?) 
U.S.A. 2.44 108 9.36 = 10° 
China 1,06 x 10° 9.60 10° 
Italy 35.74 X 107 3.01 x 10° 
World 5.03 * 10° 1.49 x 10° 


A 1. Write the table above using decimal notation. 


. What percent of the world’s land area has (a) the United States, 
(b) Chi id (e) Italy? 

3. What percent of the world’s population has (a) the United States, 

(b) China, and (e) Italy? 


4, Find the population density (persons per km?) of (a) the United States, 
(b) China, (¢) Italy, and (d) the world 


In 1987 the national debt of the United States was about 2.50 * 10! dol- 
lars. How much debt is this per perso 


ba} 


6. How many nanoseconds (1 nanosecond = 10-° s) does 
signal to travel 60 cm at a rate of 2.4 < 10!" cm/s? 


i lake a Computer 


7. The designer of a minicomputer wants to limit to 4.0 nanoseconds 
(see Problem 6) the time that it takes signals to travel from one 
component to another. What restriction does this put on the distance 
between components? 


8. The estimated masses of a proton and an electron are 1.67 < 10° g and 
9.11% 10° g, respectively. Find the ratio of the mass of the proton to 
the mass of the electron 


B 9. The astronomical unit (AU), the light year, and the parsee are units of dis- 
tance used in astronomy. Copy and complete the following table showing 
how these unity are related 


AU | parsec | tight year 
| One AU equals 1 i) 1.58 x 1075 | 
‘One parsee equals ? 1 7 | 
One tight year equals |? | 0.307 | 1 
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10. Given that | light year = 9.46 = 10"? km, express 1 AU and | parsee in 
kilometers. (See Problem 9.) 

11, The mean distances from the sun to the planets Mercury and Neptune are 
5.79 x 107 km and 4.51 * 10° km, respectively. Express these distances in 
astronomical units. (See Problems 9 and 10.) 


A steady current of | ampere flowing through a solution of silver nitrate 


will deposit 1.12 x 107? g of silver in one second. How much silver will 
be deposited by a current of 12.0 amperes in one hour? 


13. An electric current of one ampere corresponds to a flow of 6.2 % 10! 
electrons per second past any point of the circuit. How many electrons 
flow through the filament of a 100 watt, 115 volt lig 


hour? (Note: Watts — amperes * volts) 


ht bulb during one 
14. If you were to receive as wages 1 cent for the first day, 2 cents for the 
second day, 4 cents for the third day, and so an, with each day’s wages 
twice the previous day's, about how many dollars would you 


ceive on 
the 31st day? Use the approximation 2'? ~ 10° and express your answer 
in decimal form 


The masses of the sun and Earth are 2.0 10% kg and 6.0 * 10 k; 
and their radii are 7.0 ¥ 10° m and 6.4 10° m. Show that the 
average density of Earth is about four times that of the sun. (Note 

Density = mass = volume) 


spectively 


Mixed Review Exercises 


4m, 4, ey 
n” Sa (eo?) 
as a (v 
Lars Lara 


ative or zero exponents. 


AL. (6m? )(2m) 12. 


Some calculators will indicate an error when the result of 4 computation has too 
many digits to be shown in full on the display. Others will display such « num: 
ber in scientific notation, with the exponent of 10 shown at the right. Most sci 
entific calculators have a key that allows the user to select scientific notation 


for all numbers displayed and to enter numbers in scientific notation 
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a 


226 Chapter 5 


When the result of a computation has more significant digits than the dis. 
play can show, the number may be truncated (the extra digits are discarded) or 
rounded (the last place shown is rounded to the correct value). 

You can find answers to some of the exercises below without a calculator, 
but doing them on your calculator will help you find out how your calculator 
handles numbers that are too large or small or too long for the display. 


Evaluate on your calculator. 


1. 20,000 50,000 2, 


129 * 416,187 3, (0.00001)* 


Find the yalue of each expression to four significant digits. Give your 
¢ notation. 


4. (4,325 x 105)(9.817 x LO!) 5. (1.589 * 10°)(6,.805 * 1078) 
10° 2.11 
563 x 10° 


a3 x 10°) 


6. 2.563 = 493,412 it 


a decimal on your calculator. 


8. a. Find § 
b. From part (a), tell whether your calculator truncates or rounds 


SSL A 
Self-Test 1 


Vocabulary scientific notation (p. 221) significant digit (p. 221) 
Simplify. 
ar 2ey yw 
Té6sr 2 (SVS Obj. $-1, p. 21 


Write in simplest form without negative or zero exponents. 


re 4. (=) () Obj. 5-2, p. 216 


Write cach number in scientific notation. 


6. 482.60 7. 0.000210, 


Write each number in decimal form, 
8. 3.609 < 10° 9. 5.400 « 10°? 


10. Give a one-significant-digit estimate of S85 = 0.536 
392 
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5-4 Rational Algebraic Expressions 


Objective To simplify rational algebraic expressions 


You know that a rational number is one that can be expressed as a quotient of 
integers. Similarly, a rational algebraic expression, or rational expression, is 
one that can be expressed as a quotient of polynomials, Some examples of ra- 
tional expressions are 


dy 
Ty 


and x(x? — 4)! 

A rational expression is simplified, or in simplest form, when it is ex- 
pressed as a quotient of polynomials whose greatest common factor is 1. (Re 
call Lesson 4-6.) To simplify a rational expression you factor the numerator and 


denominator and then look for common factors: 


Example 1 Simplify 


Factor the numerator 
(+ 2}2=2) — and the denominator. 
: Simplify 


Answer 


Factors of the numerator and denominator may be opposites of cach other, 
as in Example 2 


Example 2. Simplify (3x — 5x” — 2<°)(6x* — Sx + 1)" 
Solution 


: Write 
(QGx — 5x? — 2x3\(62 — Sx + LY 


a fraction 
Factor 


Replace 1 — 2x 
by (= 1)(2x — 1). 
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A function that is defined by a simplified rational expression in one varia 
ble is called a rational function. 


a, Find the domain of f 


Solution fx) = 


b. Find the zeros of f, if any. 


x(x — 1) + 2) 


The zero-product property is used for both (a) and (b). 


a, According to the agreement made on page 217, the domain of f consists of 


all real numbers except 0, 1, and —2. 
b. fix) = 0 if and only if (2x — 1)(v — 3) = 0. Therefore, the zeros of f are 
and 3. 


Oral Exercises 


Simplify. 


seh? 


1. 


any. 


9. {=F 


12. fq) = EDAD 


15. f(x) 


3-97 


2 
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- (p — aq — p) 


7. =5 
* 
x+ 12 
6)? —Sy +1 
1. 
1 6 


13. (r? — Sr + Ayr — 4) 


2e-8 
* 2=n4F a 
17. Net - zy 
19, @ = 2? 
(= ay 


21. fy) 


23. F(x) = Oct — 16)08 — 1)7! 


25.>(t) 


27, fi) 


Simplify 


29, Etec) 


37. : 
Coat 
4, = 
fast py 
a. 5 (Hint: See Exercise 5 
ety 
Sey" + 6)" 


Mrs 


51—3 
ay 

4 
6 


14. (p? + 4p ~ 5p — 1) 


16, (eI 
Ines 
18. (1-9) 
0 ae 
+ e+e) 


22. gx) 
24. hiy) 
26. G(s) 
28. his) 
20. 

Ps 
a 
4.5 
36. * 
38. = 
40. * 
p. 186.) 
a. = 
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Graphing Rational Functions 


To graph a rational function, fx) = for example, you need to plot points 


= 


(x, y) for which y = 5. As you will see, the graph of a rational function 


can approach, without intersecting, certain lines called asymprotes. 


Brample 1 Graph fos = —* 


Solution The domain of f consists of all real numbers except 2. Using a calculator, pre- 
pare two tables of 1-y values: one for x <2 and one for x > 2. 


x>2 
| 
x x 
| 2 
2 6 
| J 
=| 5 
0 4 
| 
| 
1 3 
| 
Ls 2.5 
1 
9 19 2 
i wey - 1 | 
} a x 
199-38 2.01 
AS x approaches 2 from the left, Asx approaches 2 from the right, 
y becomes increasingly small y becomes increasingly large. 


me of the points from the 
two tables are plotted on the grid at 
the right, Notice that for values of 
x near 2, the points on the graph of 

| Jf 'follow’” the vertical line x = 2 
The line x = 2 is an asymptote of 

| the graph of f 


230 Chapier 5 


The graph of f/has another asymptote, As |aj gets increasingly large, f(x) 


approaches | 


f12) = 1.2 f(102) = 1.02, 
fl-8) = 0.8 f(—98) = 0.98, 
Therefore the horizontal line y= | is 


also an asymptote of the graph of f. 
To obtain. the complete g 

of f, draw the asymptotes x 

y = 1 as dashed lines and connect the 

points already plotted with a smooth 

curve, as shown at the right 


Graph fix) 


@+2F 


The domain of f consists of all real numbers except 


increasingly large as x approaches ~2, the line x 


of the gr 
As |x| gets increasingly large, f(x) approaches 0. 
horizontal asymptote of the graph of f 


F002) = 1.002: 


fi—998) = 0,998 


| 
4 Ss 


Because fi) 
is a vertical asymptote 


Therefore the x-axis is a 


A table of .-y values and the graph of f are shown below 


Seo € 
WY, . 
WQS x |» 
S Sas S 
RN RA) 4 
WS < 3 1 
OX Va 2.5 4 
ay -15 4 
B =I 1 
o | 025 
Exercises 


Graph each func 
to check your graphs o 


1. fix) = 
4. fay =* 
7. fax) z 
10. fix) 


‘a computer or a graphing calculator. 


2. gix) = 


n 


en) 


8. glx) 


ga) 


n. Show any asymptotes as dashed lines. You may 
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3. h(x) = + 

v 
6. n= 5 
9. hx) 


12. h(x) 


fos ee a 
5-5 Products and Quotients 
of Rational Expressions 


Objective To multiply and divide rational expressions. 


To find the product of two or more rational expressions, you use the multiplic: 


bp = pa Products of rational expressions should al- 


ways he expressed in simplest form, 


tion rule for fractions 


sip en 
Simplify 3—*_. 
Example 1 Simplify 5 
Solutic ae —6r x -6 te) ee 3) 


v-@&+9 x4 (6 — 3x — 3) ee — 2) 


23) 
@— 30 —-3a—3} 


Answer 


By the definition of division (page 33), a quotient is the product of the 
dividend and the reciprocal of the divisor. The reciprocal of & is = because 


ag = = 1. Combining these facts gives the following rule. 


ES SS Eee 
Division Rule for Fractions 


Let p,q. rand 5 be real numbers with ¢ #0, r= 0, and s # 0. Then 


Example 2 simplity. 
14. 


es 


b. ‘ SoS = ar” Answer 
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When multiplying rational expressions, you can divide out factors comm 
to a numerator and a denominator before you write the product as a single frac 


tion, For instance, for the product in Example 2(b), 


By aby s 
a ay a 
Sometimes you may find it helpful to rewrite a quotient using the 
@ ~ 4ab + 30 
Example 3 Simplity Bay 
sab + 30 
Solution ati _ @ = 4ab + 3b? _ @ — ab— 6b 
a — ab — 6b a+ 2b 1 
— @ ~4ab + 3b 1 
a+ 2b @ ab ~ 64 
(a - bXw—3) 1 
a a+ 2b (a 
a Z Answer 
@+2 


and division in 


When you simplify expressions, perform multiplicatio 
order from left to right, as in Example 4 


6p" we 24 
Example 4 simpiry ©! « 2.74 
- We. 20 (We , we) 2 
big) ore 
Answer 


Oral Exercises 


4 nee 
et Pag sant 7.3 8. 3 
bb “ee 7 r 
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Simplify. Write answers without negative or zero exponents. 
39 


26 
A 2, -B+8 
&r 
5. a 
8. 2a ae 
B 


P+ Quy + 2 
w+ Quy + 
=(u+v)- - 20. _——s + 

a mw? =v Jax ee xta 


23. (a* + arb + bY) = (a* — bY) + (a — b) 


C8. (ut + Fv? + v4) = (8 — 9) G2 = 


ME See GH et Oe ng LA 
Mixed Review Exercises 


Express in scientific notation, 
1. 0.00054 2. 63,400,000 3.0.1 4. 3281 
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LR 
5-6 Sums and Differences 
of Rational Expressions 
Objective To add and subtract rational expressions 
The definition of division and the distributive property can be used to prove the 


following rules for adding and subtracting fractions with equal denominators 


a,b_ath a_b_a-b 


These mules can be extended to more than two terms. 


7 
TG 
ERI i 
=i 3 Answer 
b-v+9 
eee Answer 


To add or subtract fractions with different denominators, use this rule 


SS eG se 
Rule for Adding and Subtracting Fractions 


1. Find the least common denominator (LCD) of the fractions (that is, 
the least common multiple (LCM) of their denominators). 


y 


Express each fraction as an equivalent fraction with the LCD as 
denominator 


3. Add or subtract and then simplify the result 


| : oil 
Example 2 Simplity 35 + 45 ~2 
Solution — The LCM of 42 =2-3-+7 and 18 =2- 


So the LCD is 126. 


| 3 Ig 


427 18 


Reeall (page 190) that the least common multiple (LCM) of two or more 
polynomials is the common multiple having the least degree and least positive 
common factor 


§ 1 
Example 3 Simplity > ~ 5), + gy 


Solution The LCM of 64°, 2ub, and 8b? is 24a". 


ye “12 4 
Ly Se Sa 3 ay 


6a? 2ab © 8b ba? 4h? a= ab 8b? + 3a" 


So the LCD is 24a" 


4b? _1ab 9a" 
Mail? 2da*h®  4a"b* 


40? = 12h + 9a" 
al? 


(2b = 3a? 


Answer 


mel? 


When you add fractions in which the denominators are trinomials, factor- 
ing these trinomials will often shorten the work. 


5 3 
Example 4 Simplity =———; 
Solution 7 + x~ 6 = (x ~ 2x + 3, — Bu +2 


So the LCD is (x — 1)ix — 2a + 3). 


Ses 


x— I(x = 2} 


3 2 


=e tH = DA-D 


3-1) div +3) 


ie 3- 6 
re — Da = 2\G° + 3) 


1-9 
“Geers Ammer 


DGG +3)) WNW Desa 


351 sas - 
1341 2, 3-2 3-1 
aa a: iene 

Aalient 2 
stat 2-1 ni+t 
7 en ny 
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Written Exercises 


Veg pee ee rae = no» eed 
16 16 16 a «i : 20 2 mes 14 
5 ree ie = 7 9 
Pa 1s 36 6 2 2 20 
g 243 _ r lee ail eeocae 
un, 124126 1, BS 4 w-$ 
i ae 10x 
fies ah ites 
14. 18, ab“! ~a'b 
hae TIS a, 
be * ac * ab ye tax Sy 
iy, ~ = -= 4-5 mw. +4144 
2 x y Py ay 
1 1 x i 
2 2 
Oe erent ack SLT eT | 
oN ie 24. 1 
eer eo ft Sie tie “ w 4 
a5, 1_-_1, 26. = aad 
1 @-) yuoy-2  P+y 
27. B, - —— 
1 Pp ptp-2 
39, a+b, 0-b, b-a, b-a a+b, a-b ba, b-a 
li Nerea caer Sales Aare re ra er car a 2 
3h. (x yh - ety! 32, (xy) 2 w+») 
33. +—? M. ! ! 
wour6 ws 4? 441 ap 4 
35. ——! tt %. 3 I 
2a — Baw ra ogre 39 = 35 
37. x v Pa a 3. 7 4 
roa #-@ eta 2u—v hie —v 
39. Prove: a, #+h=a+h [ee ee Ag teal 2 
ants A and B that make the equation true. 
B-9 A B tana g A + B 
Cc #. r-x-6 =F: DEES 41; x x-6 x43 e—2 


Rational Expressions 


237 


Gm TS 
5-7 Complex Fractions 


Objective To simplify complex fractions. 


A fraction is a complex fraction if its numerator or denominator (or both) has 
one or more fractions or powers with negative exponents. For example, 


: 


4 
6 


and 


are complex fractions. Here are two methods for simplifying such fractions. 


(oS SE TTS 
Method | Simplify the numerator and denominator separately; then divide. 
Method 2 Multiply the numerator and denominator by the LCD of all the frac- 
tions appearing in the numerator and denominator. 


Example 1 Simplify 


Method 2 


Method 2 
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When the numerator or denominator of a complex fraction has powers 
with negative exponents, you should first rewrite the powers using positive 
exponents, Then simplify the fraction using either of the methods shown in 
Example 3. 


| Example 3 Simplity 


aa 


Solution Method 1 Method 2 


ai-«x wie ies ( 
Crane eT a (a ABN ALE Ep ea 
gene fd 
r-a__ax = 
ax(x— a) 
aXe ~ a) = 
=- G+ ae — ay 
axix + aya — a) 
= “34a 
yea 
Answer 
Answer 


GEES Disses SE See 
Written Exercises 


Simplify. 
ons 141 i-4 
3 2s 5 
A 17-4 2. i 774 
2-6 ISS 45 
os me 
16 r+] fe Hb 
4, Ls 6. 
12 ee 1-4 
: FH ¥ 
a-b 8. lime 9. # ; y? 
i a'-o' ae al uw y 
De eat 
lier 2 5 ¢ 
Saar aE a: 1 Ce 1 
y Po 
13, Atn* 14, = e225 
Sik rt—x =f 
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(oe yen 
atl a 2, S—2t1 
2) 20. = =e) 
amt a~l Xx ry | 
i 1 a_a-b 
t > bath 
22, 1 23. +b uty uw 
aria u-v uty 
1 
; 1 
25, 


x 
i 


27. Evaluate (o three decimal places, A calculator may be helpful 


eee bi OS er ait = 
a5 a oe T 
ee peers 
he farther this process is carried out, the closer the results will be 10 
V2 = 1.41421 ) 
‘ ‘ix +h) — fry ” 4 " é: 
In Exercises 28-31, express #*4— IU 26 a singte simplified fraction. 


(These exercises might be met in calculus.) 


Sample fix) 


Solutit fix + i) — fin) thy 
h h 


(=)-U-x-m 
ht —x— A — 


L 
(x= a) 


1 


C 28, fix) - 4 


30. fixy = + 
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In Exercises 32-35, express f(/(x)) as a single simplified fraction, 


32. fi) = 33. fix) = 


34. fl = 35. foy = (1-9! 


Find the unique sol 
stitution, 


10. 4x— y= 14 M1, 2x + 5 


Sx + 3y=9 x Ss Qe + My =1 


ee 
Self-Test 2 


Vocabulary rational algebraic expression (p. 227) rational function (p. 228) 


rational expression (p. 227) least common denominator (p. 235) 
complex fraction (p. 238) 
Simplify. 
7, 2 Obj. 5-4. p 
ear 
22 + Sur = 22, ery fee 
6. ! ! Obj. 5-6, p. 235 


1 hk Obj. $7, p. 238 


Check your answers with those at the back of the book. 
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Problem Solving Using 
Fractional Equations 


RPRETEREE SE A RA, 
5-8 Fractional Coefficients 


Objective — To solve equations and inequalities having fractional 
coefficients. 


To solve an equation or an inequality haying fractional coefficients, it is 


helpful to multiply both sides of the open sentence by the least common 
denominator of the fractions. 


Example 1 Solve 


2 = a 
Solution eae 
2 = 39(28 4 1) Multiply both sides by 30, 
z 157 10) the LCM of 2, 15, and 10. 
5 = 4x +3 Use the distributive property. 
154 = "42 — 0 
(Gx + 1)Sx = 3) = 0 
1 3 
s=-t or x=d 


«. the solution set is Answer 


| Example 2 sowe + —* 


Multiply both sides by 24, 
the LCM of 8, 3. and 6 


Use the distributive property 


xs4 Reverse the inequality. 


othe solution set is {tc x= 4}. Answer 
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Example 3° Crane A can unload the con- 
tainer ship in 10 h, and 
crane B can unload it in 14 h. 
Crane A started to unload the 
ship at noon and was joined 
by crane B at 2 P.M. At what 
time was the unloading job 
of the ship completed? 


Step | Essentially, the problem asks for the 
number of hours crane A worked. 


Step 2 Let 1 = the number of hours crane A worked 


Then 1 — 2 = the number of hours crane B worked. 
z . acAvcanide. 5 1 
The part of the job crane A can do in 1 hour = +f; 


Thus, the part of the job crane A can do in ¢ hours is ¢ 


i010 


Similarly, the part of the job crane B can do in ¢ ~ 2 hours is 
I i=? 


nae 4 4 


part done 


plus 
Pim’ by crane B 


the whole job. 


t t=2 
10 if 


Step 4 =1 Multiply both sides by the LCM. 70. 


65 
Step § The check is left for you 


the unloading job was completed 6% h after noon, or at 6:40 Pt 


Recall that percent means hundredths. For example, 60% of 400 means 
0.60 * 400, or 240. Fractions often enter problems through the use of percents, 
as in Example 4 at the top of the next page 


Rational Expressions 


Example 4 4 nurse wishes to obtain 800 mL. of a 7% solution of boric acid by mixing 
4% and 12% solutions. How much of each should be used? 


Step | The problem asks for a number of mL of 4% and 12% solutions of boric acid 


to be used. 
Step 2 Let © = number of ml. of 4% solution. 
‘Then 81) ~ » = number of mL of 12% solution. 


Show the known facts in a table. 


mL of solution x % boric acid = mL of boric acid 


4% solution x 4% 0.04% 
12% solution 800 = x 1 0.12(800 = x) 
Final mixture 800 1% 0.07(800) 


Step 2 From the last column of the table, write an equation relating the 4% and 12% 
solutions to the final mixture. 


0.04 + 0.12(800 — \) = 0.07(800) To clear decimals, multiply 
or x + 12(800 — x) = 7(800) both sides by 100 
Step 4 4x + 9600 — 124 = 5600 


—8x = —4000 
x=500 — (4% solution) 
800 —1 = 300 (129% solution 
Step § The check is left for you 


the nurse should mix 500 mL of the 4% solution and 300 mL of the 12 
solution. Answer 


BEEN ae ae 
Oral Exercises 


Find an open sentence with integers as coefficients that is equivalent to the 
given open sentence. 


R 


25 +2 1 
5.u=2-4 3 
7, 2.7+ 0.58 = 1.2 8. 0.140 — 0.06 = 0.15 3 
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Solve each open sentence. 


3, Mal a14+241 
2G a os 
ci 
6.4 
ss sa 
waF S 
per 
Dt wad 
3 a 4: 


Problems 


In co 1-4, find the number described. 


A 1, % of S of the number is 15 2. I2is 


30 is 20% of 30% of the number. 4. 75% of 60% of the number is 36. 


of the number 


nw 


. Pump A can unload the Lunar Petro in 30h and pump B can unload it in 
24 h. Because of an approaching storm, both pumps were used. How long 
did they take to empty the ship? 


6. An old conveyor belt takes 21 h to move one day's coal output from the 
mine to a rail line. A new belt can do it in 15 h. How long does it take 
when both are used at the same time? 


How much pure antifreeze must be added to 12 L of a 40% solution of 
antifreeze to obtain a 60% solution? 

8. How much water must be evaporated from a 300 L tank of a 2% salt solu 
tion to obtain a 5% solution? 
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10. 


I 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


Dv, 


20. 


21. 


The river boat Delta Duchess paddled upstream at 12 km/h, stopped for 
2h of sightseeing, and paddled back at 18 km/h. How far upstream did the 
boat travel if the total time for the trip, including the stop, was 7 h’ 

Pam jogged up a hill at 6 km/h and then jogged back down at 10 km/h. 
How many kilometers did she travel in all if her total jogging time was 

Th 20 min? 

The Computer Club invested $2200, part at 4.5% interest and the rest at 
7%. The total annual interest earned was $144. How much was invested at 
each rate? 

Lina Chen invested 000, part at 8% and the rest at 7.2%. How much 
did she invest at each rate if her income from the 8% investment is two. 
thirds that of the 7.2% investment? 


A pharmacist wishes to make 1.8 L of a 10% solution of boric acid by 
mixing 7.5% and 124% solutions. How much of each type of solution 
should be used? 

How much of an 18% solution of sulfuric acid should be added to 360 mL 
of a 10% solution to obtain a 15% solution? 


The county's new asphalt paving machine can surface 1 km of highway in 
10h. A much older machine can surface | km in 18 h. How long will it 
take them to surface 21 km of highway if they start at opposite ends and 
work day and night? 

Pipes A and B can fill a storage tank in 8 h and 12h, respectively. With 
the tank empty. pipe A was tumed on at noon, and then pipe B was turned 
on at 1:30 Pt. At what time was the tank full? 

Sharon drove for part of a 150 km trip at 45 km/h and the rest of the trip 
at 75 km/h. How far did she drive at each speed if the entire trip took her 
2h 40 min? 

An elevator went from the bottom to the top of a tower at an average 
speed of 4 m/s, remained at the top for 90s, and then returned to the 


bottom at 5 m/s. If the total elapsed time was min, how high is 
the tower? 


A commercial jet can fly from San Francisco to Dallas in 3h, A private jet 
can make the same trip in 33h. If the two planes leave San Francisco at 


noon, after how many hours is the private jet twice as far from Dallas as 
the commercial jet? 


A car radiator is filled with 5 L of a 25% antifreeze solution. How many 
liters must be drawn off and replaced by a 75% antifreeze solution to leave 
the radiator filled with a 55% antifreeze solution’? 


The rail line between two cities consists of two segments, one 96 km 
longer than the other. A passenger train averages 60 km/h over the shorter 
segment, 120 km/h over the longer, and 100 km/h for the entire trip. How 
far apart are the cities? 
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(RITES 0 SP cD 
5-9 Fractional Equations 
Objective 


solve and use fractional equations. 


An equation in which a variable occurs in a denominator, such as 


is called a fractional equation. When you solve a fractional equation by multi- 
plying both sides by the LCD of the fractions, the resulting equation is nor al- 
ways equivalent to the original one, 


7x + 10 = (x — 2)(x — 5). So the LCD is (x — 2)(x ~ 5) 


#9) =(e- 20-5) 


3 + 2x — Ka 


3+ 2x7 — 14x + 
2x? — 14x + 
x 8x + 
(x= 3) — 5) =0 

| x=3) or x=5 


Check: When « equals 2 or 5, a denominator in the original equation has 
a value of O. Therefore, 2 and 5 are not in the domain of x and 
cannot be solutions. Since 5 is not permissible, check 3 in the 
original equation 


<. the solution set is {3}. Answer 


In Example 1, the equation obtained by multiplying the given equation by 
(x — 2)(x — 5) has the extraneous root 5. An extraneous root is a root of the 
transformed equation that is nor a root of the original equation. 


Cawion: If you transform an equation by multiplying by a polynomial. always 
check each root of the new equation in the original one 
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One pump can empty the town swimming pool in 7h less time than a smaller 
second pump can. Together they can empty the pool in 12h. How much time 
would it take the larger pump alone to empty it? 


| Step 1 The problem asks for the number of hours for the larger pump to empty 
the pool. 

Step 2. Let ¢= the number of hours for the larger pump to empty the pool. 
Then ¢ + 7 = the number of hours for the smaller pump to empty the pool 


Now write an expression for the part of the pool that is emptied by each 
pump in Ih and the part emptied by each in 12 h. 


+L = part of pool emptied by larger pump in I h 


+2 = part of poo! emptied by larger pump in 12 h 


—|_ = part of pool emptied by smaller pump in 1 h 
+7 Pu: 


7125 = part of pool emptied by smaller pump in 12 h 


Siep 3 The sum of the parts emptied by each pump in 12 h is 1 


ie Tae 
Step 4 120+ 7) + 12 =e +7) 
~ It 84=0 
(+ 4\r— 21) =0 
t=-4 of = 21 
Since the time # cannot be negative, reject ¢ = —4 as an answer. 


Step 8 Check t= 21: If the larger pump can empty the pool in 21 hh, then the 
smaller can empty it in 21 +7, or 28h. Therefore. the parts of the pool 
| emptied by the pumps in 12h are 47 = 4 ang 12 = 3. 
4.35 
a 
the larger pump can empty the pool in 21h 
Answer 


Example 2 Because of strong headwinds, an airplane's ground speed (see page 131) for 
the first half of a 2000 km trip averaged only 600 km/h, What must its 
ground speed be for the rest of the trip if it is to average 720 km/h for the 
entire (rip? 
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Solution Let r = the ground speed in km/h that the airplane must travel for the second 
half of its trip. Use the fact that rime = “2° and make a table 
Distance (km) | Rate (km/h) 
First half 1000 600 
Second half 1000 r 
Entire trip 2000 720 


Time for first 


Time for second 


lus . e 
half of rip = PS half of trip qualS entire trip 
5 1000 ¥ 
3 Z = 3 
Multiply both sides by 9r: 15r + 9000 
r= 900 
The check is left for you 
the ground speed for the second half must be 900 km/h. Answer 


Written Exercises 


Solve and check. If an equation has no solution, say so. 


a; 4, 1 
wel 
a 0 6. == Teahok 
1. g, 43-224 
wth 
9. 2 10. I 
e+ 1) (3) 
‘ it ridin sd 
n, 5+745=! ae ace 
1 4 A k ) 
ye. ye Le a 
es L \ eat 3 
ect a-e wae m1 Ptr 
5 1 \ 
17, 8-2 =1 i eeipator 
t t=! s - 
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Cc ». 


Solve. 


A 


A; 


Find two positive numbers that differ by 8 and whose reciprocals differ 
1 

by &- 

Find two numbers whose sum is 25 and the sum of whose reciprocals 


1 
ise. 


. The reciprocal of half a number increased by half the reciprocal of the 


number is +. Find the number 


The reciprocal of one third of a number decreased by one third of the re- 


ciprocal of the number is 1. Find the number. 


3 


+ A town’s old street sweeper can clean the streets in 60h. The old sweeper 


together with a new sweeper can clean the strects in 15h. How long would 
it take the new sweeper to do the job alone’) 

The intake pipe can fill a certain tank in 6h when the outlet pipe is 
closed, but with the outlet pipe open it tikes 9 h. How long would it take 
the outlet pipe to empty a full tank? 


+ During 60 mi of city driving, Jenna averaged 15 mi/gal. She then drove 


140 mi on an expressway and averaged 25 mi/gal for the entire 200 mi 
Find the average fuel consumption on the expressway 

Helped by a strong jet stream, a Los Angeles-to-Boston plane flew 10% 
faster than usual and made the 4400 km trip in 30 min less time than 
usual. At what speed does the plane usually fly? 
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9. ‘The excursion boat Holiday travels 35 km upstream and then back again in 
4h 48 min. If the speed of the Holiday in still water is 15 km/h, what is 
the speed of the current? 

10. Tim paddled his kayak 12 km upstream against a 3 km/h current and 
back again in 5 h 20 min. In that time how far could he have paddled in 
still water? 

11. Members of the Computer Club were 
assessed equal amounts to raise $1200 
to buy some software. When 8 new 
members joined, the per-member 
assessment was reduced by $7.50. 
What was the new size of the club? 

12. Members of the Ski Club contributed 
equally to obtain $1800 for a holiday 
trip. When 6 members found that they 
could not go, their contributions were 
refunded and each remaining member 
then had to pay $10 more to raise the 
$1800. How many went on the trip? 


13. To measure the speed of the jet stream, a weather plane left its base at 
noon and flew 800 km directly against the stream with an air speed of 
750 km/h. It then returned directly to its base, arriving at 2:24 p.m. What 
was the speed of the jet stream? 


14. When Ace Airlines changed to planes that flew 100 km/h faster than its 
old ones, the time of its 2800 km Dallas-Seattle flight was reduced by 
30 min. Find the speed of the new planes. 


15. Elvin drove halfway from Ashton to Dover at 40 mi/h and the rest of the 
way at 60 mi/h. What was his average speed for the whole trip? (Hint: Let 
the distance for the whole trip be, say, 100 mi.) 

16. Elizabeth drove the first half of a trip at 36 mi/h, At what speed should 
she cover the remaining half in order to average 45 mi/h for the whole 
trip? (See the hint in Exercise 15.) 

17. A train averaged 120 km/h for the first two thirds of a tip and 100 km/h 
for the whole trip. Find its average speed for the last third of the trip. 

18. Because of traff 
her trip, but she 
age speed for the last 80% of her trip? 

19. Pipe A can fill a tank in 5h. Pipe B can fill it in 2 h fess time than it 
takes pipe C, a drainpipe, to empty the tank, With all three pipes open, it 
takes 3h to fill the tank. How long would it take pipe C to empty it? 

20, An elevator went from the bottom to the top of a 240 m tower, remained 
there for 12s, and returned to the bottom in an elapsed time of 2 min 
If the elevator traveled | m/s faster on the way down, find its speed 


going up 


Maria could average only 40 kin/h for the first 20% of 
veraged 75 km/h for the whole trip. What was her aver 
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A number v is the harmonic mean of a and b if 1 is the average of ¥ and 


C 21. The harmonic mean of a number and 5 is 8. Find the number 


22. Find two positive numbers that differ by 12 and have harmonic mean 5 
23. 


uppose that a vehicle averages w km/h for the first half of a trip and 
v km/h for the second half, Show that its average speed for the whole 
trip is the harmonic mean of w and v. 


Biers ee eee) 
Mixed Review Exercises 


Simplify. 


* 


Vocabulary fractional equation (p. 247) extraneous root (p. 247) 
Solve. 
y-2 y 
1. 24 = +1 ne Obj. 5-8, p. 242 


3. One computer can process a pi 


roll in 6h. An older computer 
ean do the same job in 7 h 30 min, How long would it take 
both computers to do the processing? 


Solve and check. If an equation has no solution, Say so. 


Obj. 5-9, p. 247 


6. A train averaged 80 km/h for the first half of its trip. How fast 
must it travel for the second half of the trip in order to average 
96 km/h for the whole trip? 


Compare your answers with those at the back of the book. 
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Application / Flectrical Circuits 


Figure (a) pictures an electrical circuit containing an E-volt (V) battery 
an R-ohm (2) resistance, and an amme! 


suring the current J in 
amperes (A). Ohm's law states that / = g 


R, = Ry, + Ry 
(a) (b) (3) 


Figures (b) and (c) show resistances R, and R2 in series and in parallel, 


respectively, and also formulas for finding the total resistance R, of the 
combination. 


Example Find the quantity labeled X in the following circuit 


The total resist 


From 1 = £, or IR = E, you have 


10x 


1a(3'+ ye 40 


)= 14 


the equation, you find that X = 200. Answer 
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we 
8 


Exercises 


Find the quantity labeled X in each of the following circuits. 
1, 8Q 2 
— i 
Il L 
Nie — 3 was Ziso x Is ZisaSisa 
x 40 25A 
3. 4 52 


4vS x 


Chapter Summary 


The definitions 


0 =n = 1 
@=1 and at at 


permit zero and negative integers as exponents. The laws of exponents stated 
on page 212 continue to hold. 
In scientific notation a positive number is expressed in the form 

mx 10" 


where 1 =m < 10 and n is an integer. The digits of m should all be 
significant. 


A quotient of polynomials is called a rational expression. Such an expres 


sion is simplified if its numerator and denominator have no common factors 
other than | 


‘To multiply and divide rational expressions, you can use the product and 
quotient rules for fractions: 


Pot pe 
qs ¢@ 
and ee 
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5. To add or subtract rational expressions, find their least common denominator 
(LCD), express each as an equivalent fraction having the LCD as denomina- 
tor, and then add or subtract 


6. To simplify a complex fraction, use either of these methods: 


Simplify the numerator and denominator separately: then divide 


Multiply the numerator and denominator by the LCD of all the fractions 
appearing in the numerator and the denominator: 


To solve an equation or an inequality having fractional coefficients, multi- 
ply both sides by the LCD of the fractions, To solve a fractional equation 
(one having a variable in the denominator), use the same method, but 
always check the results for any extraneous roots that may have been 
introduced 


SEAL = a 
Chapter Review 


e the letter of the correct answer. 


; 1axy 
1. Simplify 753-5 
4. 
= (aby 
2. Simplify 
Carrey 
atc 4p 3,5 ac 
‘ Hc : i. 
: b. a'b «-% f 
: wo! 
3. Simplify 
rg 
4 
a b. y : a 
P P 
4. Simplify 
= b. mtn e. — as 
Express 0.000543 in scientific notation 5-3 
a. 5.43 x 10° b. 5.43 x 10-4 c. 54.3 10-7 d. 543 1o7¢ 
6. Find a one-significant-digit estimate for (0.0593)(2045) + 0.32 
a. 5x 10 be 4x 10° 10"! 4.3% 10 
y-4 - 
S 5-4 
7. Simplify >’ ——~¢ 
5 y-2 y-4 y 
SAE) by 3 & T=6 as 
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10, 


TT 


14. 


15. 


16. 


1 1 > 
ed, =1 a-%,2 
6-5 
rae b.u-2 « a. 
u-2 
Simplify", + 
1 
te a. 
a.mn b. mn Wei 
Simplify ca +4152 5-6 
c. a, ott 
1 b. 
Leg 
3 
is ey a 
= 
Simplity 5-7 
1 y+1 
y y-2 “ 
aytl — c dy +2 
yo ytl 
5.8 
es {asa <4} d. (xx > 4} 
boa at ie 2 
e. {-4.3} d. (1, 0, 2} 
How much of an 8% saline solution should be added to 600 mL of a 3% solution to 
produce a 5% solution? 
a. 200 mL b. 300 mL ce. 400 mL d. 500 mL 
ee. See 59 
#4 x-2 
b. {3} e. {-2, 3} d. {3} 


18. Bill rowed 30 km upstream against a 2 km/h current and back again in a total of 
8h, How fast can he row in still water? 
a. 7 km/h b. 8 kmv/h ¢. 9 km/h 4.10 km/h 
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Chapter Test 


Simpify. Use only positive exponents in the answer. 


Gay? 
3. pq'(p"'q@y? 52 
Evaluate. Give each answer in scientific notation with two 
significant digits. 
5. (2.1 ¥ 10°)(1,6 = 107%) 6. 10 5.3 


a 


One crew can detassel a field of com in 6 days. Another crew can do the 
same job in 4 days. If the slower crew works alone for the first two days 
ter crew, how long will it take 


of detasseling and then is joined by the 
the two crews to finish? 


18. Solve 


x 


19. The members of a computer club were to be assessed equally to raise 
$400 for the purchase of software. When four more persons joined the 
club, the per-member assessment was reduced by $5.00. What was the 
new size of the club membership? 
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Roots and Radicals 


6-1 Roots of Real Numbers 


Objective — To find roots of real numbers. 


mn 2 ee et ee 
A square root of a number b is a solution of the equation x? = b. 
Every positive number b has two square roots, denoted Vb and ~ Vb. 


For example, the square roots of 25 are V25 = 5 and —V25 = —S, since 
5? = 25 and (—5S)? = 25. The positive square root, Vb, is called the 
principal square root of b. The principal square root of 25 is V25 


Example 1 Simplify: a. V9 «yt a. V0.09 
Solution — 3 4 d. 03 


3 


Since the square of a real number is never negative, the equation x? = b 
has no real-number solution if b <0. Therefore, a negative number b has no 
real square roots 


Example 2 Find the real roots of each equation, If there are none. say so. 
=9 br+4=0 


=9 b. Pr +4=0 

=+VO= +3 y= 4 

the roots are . there are no = 

3 und —3 real roots. the roots are 
V3 and -V3 


In part (a) of Example 2, notice that the two solutions are written © V 9. 
or +3, You read + V9 as “plus or minus the square root of 9 
Caution: Do not confuse solving x7 = 9, as in Example 2(a), with simplifying V9, as 
in Example I(a). It is correct to write x= +V9 = +3 in solving x* = 9 
However, it is incorrect to write V9 = £3 in simplifying V9, since V9 
represents only the positive square root of 9 
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A cube root of a number b is a solution of the equation x* = b. 


Every number b, whether positive, negative, or zero, has exactly one real cube 
root, denoted Vb. 


Example 3 illustrates that the cube root of a positive number is positive 
and the cube root of a negative number is negative. 


Example 3 Simplify 


a. VB b. 


Solution a. Since 2° = 8, V8 =2 
b. Since (—3)° 
ce. Since (10°) = 10°, ¥ 


| d. Since (a3)? = a®, Wa 


Instead of defining the fourth, fifth, and higher roots of a number b sepa- 
rately, we will give a general definition of the nth root of b (where n is a posi- 
live integer). 


TS SS SS SS 


1. An ath root of b is a solution of the equation x" = b. 
2. a. If mis even and b > 0, there are two real nth roots of b. 
‘The principal (or positive) nth root of b is denoted WB. 
‘The other nth root of b is denoted —W/b, 
b. If a is even and b = 0, there is one nth root: W/O = 0. 


c. If 2 is even and 6 <0, there is no real nth root of b. 


3. If mis odd, there is exactly one real nth root of b, whether b is posi 
negative. or zero. 


Example 4 simpiity 
Solution 


a. VBI 


a. Since 3* = 81 
Since 2° = 


Since (— 


ra 


~1 has no solution, YT does not represent a real 
© part 2(c) in the chart above.) 


d. Since x° 
number. ( 
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The symbol Wb is called a radics 
name, as indicated below. 


ich part of a radical is given a 


5 radical sign 
Wh 


1 


The index must be a positive integer. For a square root, the index 2 is usually 
omitted: Vb has the same meaning as Vb 
Here are some properties that will help you in simplifying radicals 


index 


radicand 


a 
Properties of Radicals Examples 


1. (Wy = b, because VD satisfies Vip =7 
the equation x" = b. 


WE" = b if nis odd, 


Ib) if n is even, because 
the principal nth root is always 
nonnegative for even values of n. 


Oral Exercises 


Simplify each expression. If the expression does not represent a real number, 


say 50, 
x % 
2. WB 3. y-+ 
s. -Wi6 6. (V5) 
8. (-ViP 9. (-VBy 
ni. W(—6y 12. VO 


Give the real reots of each equation. If an equation has no solution, say so. 


13, 7 = 49 i.e = 1 18. 7 =-1 
16.7 -6=0 17, 3x? = 27 18. 5x7 = 20 


Tell whether each equation is true for all real values of the variable. 


19. Vn? 20. Vy au. (Wy = Iv 
22, Wt = |x| 23. (Wy)? = y 24. (Wa) =: 
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Tell whether each statement is true for all real values of the variable, 
25. Vx is always a real number 
26. Wx is always a real number. 


27. Vx +1 is always a real number. 
28. Ve + | is always a real number. 

20. Vie #1 is always a real number: 

30. We +1 is always a real number. 

31. For every real number x, Wx4 = |x| and WaS =x. Using a numerical ex- 


ample, explain why the absolute value symbol must be used in the first 
case but not in the second 


ae en ae 
Written Exercises 


Simplify each expression, If the expression does not represent a real number, 
say so. 

A 1a. Vi6 
2. a. Ved 
3. a. VBI 
4. a. V144 
5. a. V0.01 
6. a. 


Yeo 
» 


peo 8 


14. a. Vear 
Find the real roots of each equation. If there are none, say so. 
15. 7 = 144 

18. ¥-7=0 
2. 


24. 


+ 16x* 
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For what values of the variable is each equation true? 
‘Sample Vq—3=x-3 
\Solution Ve—3f =" -3)=x-3ifx23 


(Note that if x< 3, |x — 3) = —(x - 3) = 


B 27. V@t5p-x+5 28. Via 
29. Vat ip=nt ie 
31. V. 


+4ce+4=\c+ 2] 32. Vb -2b+1=6-1 


For what values of x does each expression represent a real number? 


33. a. V+ b. Ve=1 o. Vax- 1 
34. a, V4—x b. V4-2 c. Va= a. Vere 
C 35. VP = or 36. Viéx — 7 37. VV - x 38, Vix — Ve 


Mixed Review Exercises 


Solve. If an equation has no solution, say so. 


2: 
=4 4. 
355 wat 
Be cin CE 6 
7. 32m — 1) = 4m +7 8. 2p? = 12 — Sp 
= 3k 1 1_ = = 
9. 3k+6= 3k +4) tS a os tak oy, 


Use the square root key, usually labeled Vx, to simplify each radical. (In 
Exercises 5 and 6, use scientific notation.) 

V1.010,025 
V0.998001 
V.0.000000000025 


aay 


V6- V2 


7. The expressions V2 — V3 and represent the same real number 


Use your calculator to confirm this fact 
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6-2 Properties of Radicals 


Objective — To simplify expressions involving radicals. 


Since V4- 9 = V36 = 6 and V4- V9 = 2-3 
6=V4- V9. 


= 6, you can see that 


2_va 
Similarly, trae 
These examples illustrate two important properties of radicals, stated in the 


chart below. 


Product and Quotient Properties of Radicals 
If Wa and Wb are real numbers, then: 


1. Wab = Wa+ Vb 


Caution: Do not assume that Wa + b = Va + Wb or Wa —b = Wa = Wb. 
For example, V9 + 16 # V9 + V16, and V4 — is not equiva- 
lent to 2 ~ x 


You are asked to prove the product and quotient properties of radicals in 
Exercises 67 and 68, As the following examples illustrate, these prope 
be used to simplify expressions involving radicals, 


Example 1 Simplify 


a. V98 b. V 


can 


Solution a. V98 = 49-2 b. 25 - V/10 = 250 = 


=383 Answer 
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Example 2 Simplify. Assume that each radical represents a real number. 


V36W" 


b. de VA 


a. 
Solution a, V2a°b = Vi - V2 
= |a\V2b Answer 
b. V36w) = Vi6w + w 
V6" + Vw 
6wV iw Answer 
(Since V36w* is real, w is nonnegative, and 
you can write 6wVw rather than 6)|Vw.) 
c. = Yee = Ve Ne VE Answer 
da. = Vala? + b*) 
= V4- Var + 
= 2Va? + Answer 
The next example illustrates a process known as rationalizing the 


denominator, in which a perfect square, cube, or other power is created in the 
denominator so that the radical expression can be written without a fraction in 
the radicand or a radical in the denominator 


Example 3 Simplify: a. 3 b. ¥ 
Solution a. \>= \> Numerator and denominator are mult 
S 3 so that the denominator will be a p 
15 square. 
= 43 H 
= MIS 
vo 
MS Answer 
Numerator and denominator are mult 
Ve? so that the radicand in the di 
: will be a perfect cube 
2 Answer 


Irrational and Complex Numbers 


ar + AP 


iplied by 
perfect 


iplied by 
minator 


65 


The process of rationalizing denominators was very important before the 


invention of calculators, You can see why if you try to evaluate \) > using a 


table of square roots (see Table 1, page 810) instead of a calculator, © 


5 V3 
easier to evaluate than 7 (or even Y=) 
3 v3 
Although rationalizing denominators is now less important for numerical 
work than it used to be, it is often used in mathematics classes as a convenient 
way to compare answers. This is also the reason that answers involving radicals 
are given in simplest radical form 


SS eS es 
An expression containing nth roots is in simplest radical form if: 
I. no radicand contains a factor (other than 1) that is a perfect mth power, and 


2. every denominator has been rationalized, so that no radicand is a fraction 
and no radical is in a denominator. 


All the answers in Examples 1, 
You can use a 


2, and 3 are in simplest form. 
alculator or a table of roots to obtain a decimal approxima- 
s. Table 1 and Table 2 on pages 810-811 are provided for 


tion of some radic 
this purpose 


Example 4 


ve a decimal approximation (o the nearest hundredth for each radical 


V53 b. V7100 


| Solution a. Use Table 1. Find 5.3 and look under VION. 
V53~7.28 Answer 
b. Use Table 2. 


W7100 = V1000 - V7.1 ~ 10(1.922) = 19.22 Answer 


The following two theorems are often useful in numerical work with ra 
cals. You are asked to prove these theorems in Exercises 69 and 70. 


SS SS ET 
Theorem 1. If cach radical represents a real number, then Vb = WVb. 


Theorem 2. If \/b represents a real number, then Wb" = (W5y". 


The first of these theorems allows you to transform a radical with a large index 
into two. 
root of 


adicals with smaller indexes. The second allows you to transform a 
power into a power of a root 
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| 
| Example § Give a decimal approximation to the nearest hundredth for each 
radical, 


a, W100 b. W170? 


a, W100 = V-V'100 = V0 = 3.16 
b. W170? = (8/170)? ~ (5.540) ~ 30.69 


To investigate how you can 
try the Calculator Key-Ins on pag 


se your calculator to find roots of numbers, 


Oral Exercises 
Tell whether each radical is in simplest form. Explain your answer. 
fi 2, V6 3. V2 a2 
Levy 2. 3. VR Bes 
Simplify. 
5. V75 6. V4 7. V600 8. V98 
13 1 2 2 
9. y= 10. i: 12. 
Vie V3 v2 4) 
13. V2- V6 14. V10- Vi5 rie 16, YS 
v3 v7 
17. W40 18, ¥ 46 19. WB- WB 20. 42 
27 v2 
21. Can you apply the product property of radicals to V6 + 5? Explain your 
answer 


- Does Vx? + y? =x + y? Explain 


22. 
23, Does V4 — x7 = 2 ~ x? Explain. 


Mbp ers. a ee 
Written Exercises 


Simplify. 
A 1. V5 
4. V303 


8 
Vg 
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Give a decimal approximation to the nearest hundredth for each radical. 
Use a calculator or Tables 1 and 2 on pages 810-811. 


33. V39 34, V870 35, V/450 
36. V7300 37. Visa 38. V900 


Simplify, Assume that each radical represents a real number. 


{Be 
6 NGF 

47, Vl6a + 165 48. Va" — 967 

49. Via 4a +2 80. Vie — TF 12 

Evaluate the following ra ifx=4,y 

51. Vey? 

Sh. Varta! 

55. V—0 

57. Voy 
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Simplify, giving answers with no negal 
radical represents a real number. 


‘€ exponents. Assume that each 


60. W320 
62. V2 - Vox 
64. Voc - VR 


65, V2 
Vix 


C 67. The purpose of this exercise is to prove the product property of radicals. 
a, Using the exponent law (xy)" =x" y", show that (Wa+ Wb)" = ab. 


b. Part (a) shows that Ya» Wb is a solution of x” = ab and is therefore 
an nth root of ab, Prove that it is the principal mth root of ab. 


68. Prove the quotient property of radicals. Follow the method suggested in 
Exercise 67 

69, Prove the first theorem on page 266, (Hint: Show that W/Wb is an ngth 
root of b by justifying these statements 


(WW oye = (Woy = Woy = 6 


‘Then show that W/Wo is the principal ngth root by considering the cases 
b =O and b <0, Note that if b <0, then g and n are both odd.) 


Prove the second theorem on page 266. (Hint: Show that (W/b)" is an nth 

root of b" by justifying these st 
LO Bynyt = [NBM = 

‘Then show that it is the principal nth root by considering the cases n even 

and n odd.) 


ements: 


Example 5(a) in Lesson 6-2 illustrates a method for finding the fourth root of a 
number using square roots. Use your calculator's square root key to find a deci 


mal approximation for each radic 


« 16, 
3.72 3. W0.002 4 V8.3x 10" 


1. W897 2V 4 
5. Can you use the square root key to find V 1024? Explain 

You can evaluate the nth root of a positive number for any 1 if your calcu 
lator has an Vy key. (Some calculators instead have an x! key or a combina: 
tion of INV and y' keys.) Investigate how your calculator works by finding 
V8, which you know is 2. Then find a decimal approximation to the nearest 
hundredth for each radical 


18 9. V4.5 % 10 


6. V2463 7. Va79.552 8. VO. 


10. What value does \/n approach as n gets very large? 
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RE UM 
6-3 Sums of Radicals 


Objective To simplify expressions involving sums of radicals. 


‘Two radicals with the same index and radicand are called like radicals. You can 
apply the distributive property to add or subtract like radicals in the same way 
as like terms, 
Combine like terms: 
Sx + y— 4x = 


Combine like radicals: 
5V2 + W2-4V2 


aa 
You cannot combine V2 and V/2 because they are not like radicals; they have 
different indexes. Example 1 shows that sometimes you can combine unlike 
radicals if you first simplify them so that they become like radicals. 


Example 1 Simplify 


a. V8 + VOR b. Vl - V2: 


Solution a. V8 + V98= V4-2 + V99 
=2V2+7V2 
=9V2 Answer 


= 9% , V6 
vo vo 
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Example 2 Simplify 


a. V6(V2 + V3) 


Solution a. V&V2+ V3) = V6-V2+ VO-V3 
= Vi2 + VIB 
=V4-3+V9 
=2V3+3V2 Answer 


vis 


Answer 


| Example 2 Simplify. Assume that each radical represents a real number. 
vB 
v2 


a, V1208 — xV3e' + SPV 3x b, V6y 


73x + SPV3N 


Vor 
= Vey--5 
2V6y - Voy 
Voy 
Answer 


Simplify. If no simplification is possible, say so. 


1. V5 + V10 2. V74+V7 3.V54+ 

4. VIB + 2V3 5. Wi6- V2 6 V24 4 

7. V3 -W2 8. Vi2 - V27 9. V3 + V30 + V300 
3 


10. V3(V3 + V6) Mi. V202 - V2 12. y34 
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14, V5 


+ Vx equivalent to V2x? Explain. 


Written Exercises 


v20 3. 3V12 — V48 

2V5 6. 1V3 -3V7 
7. V6 + V36 + V216 8. V5 +-V25 + VI 9. V50 + V63 — V32 
10, Vi8 + V24 — V54 1, W54 + V40+ V6 12, V24 — W56 + V8T 


4. \3 
16 yF+y 
18. V6 ~ vt 
19. V2V8 + VI0) 20. V3(V12 - V4) 
2. VI5(V3 + 2V5) 22. V73V14 — V21) 


23, 2V3(V48 — 512) 24. 3V5(V5 + 2V75) 


v0 


wo. V3(VE+ 


32. W405 + 205) 
W320 + W280 


2V5 


3M. 


Simplify. Assume that each radical represents a real number. 
35. VBE — eVIRE 36. y°V/45y + 2yVSy> 
38. V20 
40. Vox + 


41. Vow(V3w + V205) 42. VION 
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Use the Pythagorean theorem to find x in each right triangle shown. 


4B =e 4 avs 


Mixed Review Exercises 


Simplify. 
1. V28x0° 2. cad 
ary 
5. 6. V-135 
7. (Bx + 1)(3x — 1) 8. 9. Waxry8 


RE RAEI A AS ET LE EE AE A 
Extra / The Irrationality of V2 


The proof that the number V2 is irrational, outlined below, is usually attributed 
to Pythagoras. The proof is indirect; that is, we first assume that V2 is rational 
and then show that this assumption leads 10 a contradiction. Here is the proof 

Suppose that V2 is rational. ‘Then we can write V2 as a fraction and re 
duce this fraction to lowest terms. That is, 


2-4 
N= 


where a and are integers having no common factor except 1, Then 


and a? = 20°, so a’ is even. Since a is even, a is even, and we can write 
@ = 2c for some integer c. Then a? = 4c, so 2h? = de? and b? = 2c. There- 
fore b? is even and b is even. Since a and b are both even, they have the com- 


mon factor 2, which contradicts our assumption that 5 is in lowest terms. 


Therefore V2 cannot be written as a quotient of integers: that is, V2 is irra- 
tional 


Exercises 


1. Prove that V3 is irrational 
2. Prove that V/p, where p is a prime number, is irrational 
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SaaS ee 
6-4 Binomials Containing Radicals 


Objective To simplify products and quotients of binomials that contain 
radicals. 


You can multiply binomials containing radicals just as you would multiply any 
binomials, 


Example 1 simplify 
a. (4+ VIN3 + 2V7) b. (2V3 — Vor 
. (4V5 + 3V2)4V5 — 3V2) 


"Solution a. Recall how you simplify (4 + (3 + 2x): 
(44+.9G + 21) = 12 + Bet By + 2? 
= 12+ Ie+2? 
(4+ VIG + 2V7) = 12 + BV7 + V7 + VTP 
=12+ V7 +14 
26+ 11V7 Answer 


this pattern’ 
(a = bY = a* = ab + 
6)? = (2V3)? — 2-2V3- V6 + (V6)? 
2-4V18+6 
= 12- 12V2+6 
=18- 12V2 Answer 


ce. Recall this pattern: 
(a + ba — b)=a — 
(AVS + 3V2\4V5 — 3V2) = 4V5P — V2)? 


=80— 18=62 Answer 


In part (c) of Example 1, notice that the product of 4V/5 + 3V2 and 
integer. Expressions of the form aVb + ¢V/d and 
aVb ~ cVd are called conjugates. Since 


(aVb + Va ab ~ eV d) = (ab? — (Va? 


= ab ~ cd, 


the product of conjugates is always an integer when a, b, ¢, and d are 
integers 

Conjugates can be used to rationalize any denominator containing a 
binomial radical expression, as Examples 2 and 3 illustrate 
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Example 3 Ife) = 


A 


Example 2 simpiity 3+ V3 
i ¥5 


z = 5 = — Multiply numerator and denomi. 
iy nator by the conjugate of the 
= 9+6V5+5 denominator 
o-5 
14 + 6V 


Answer 


+ find frV'3 + 2) 


fOV5 4 2) = 3+ D41 


=3-V3 Answer 


Oral Exercises 


implify. Assume that each ra 


| represents a real number, 


1. a. (x + ya — y) b. (VS + V2\(V5 — V2) (2+ V3V2 - V3) 
2. a. (xt yy? b. (V5 + V2)? v3 
3. a. (x-yF b. (V5 — V2? ay 


Written Exercises 


Simplify. 

1. 34+ VIB - V7) 2. (5 + V2\"5 — V2) 3.(V7 41" 

4. (V5 +2)? 5. (1 + V2)3 + V2) 6. (6 — V34 + V3) 

1— 8, — 9, (V7 - V3 
4-V3 6+V3 

10. (3V11 — V10 I. 3 +.4V3)2 — VI) 12, (§ — 23 — 2V2) 
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10 
2V3-V7 


15. (V1 — V7 11 + V7) 16. (V13 — V3yV13 + V3) 
17. (5 + V3)(8 — 2V3) 18. (3 + 2V6\4 — V6) 
19. 20. 
V3+V5 
21. (2V5 + VIP 2. 
23. (2V3 + V5)2V3 - V5) 4. \(3V7 + 2V5) 


~V15? 26. 2V5 - V10) 
3 2741, 2V7— 


V5+V3 V5 


B 33. If f(x) = $7, find fil — V2) 


35. Show by substitution that 3 + 


v2 


36. Show by substitution that 1+ 


and | — 


37. a. What is the conjugate of 2V5 — 3V2? - a 
b. What is the reciprocal of the conjugate of 2V5 — 3V2? 
cc. What is the conj te of the reciprocal of 2V5 — 32? 


+1 


5 
38. Show that the reciprocal of © is also the conjugate of “> 


Use the Pythagorean theorem to find x. 


Simplify. Assume that each radical represents a real number. 


41. (Vn #1 + Vinvn #1 - Vn) —(b ~ Vby 


Vet Vy Vem Vy 


47, Prove that if a and b are rational numbers, (a + Vb)! + (a ~ Vb)" is 
also rational 
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eT 
6-5 Equations Containing Radicals 
Objective To solve equations containing radicals. 
By measuring a car's skid marks, investigators can determine how fast the car 


was traveling when the brakes were applied. On dry pavement, the speed s in 
miles per hour is given approximately by 


where d is the distance in feet that the car travels as it brakes to a complete 
stop. For example, if the length of the skid marks is d = 130 ft, then the car's 
speed was 


s 2 + 130 = 53.5 (mi/h) 


The formula s = V22d can also be used to find a car's braking distance 
for a given speed. For example, at a speed 5 of 40 mi/h, 
Substitute 40 for s 
Square both sides, 
Solve for d. 


‘Therefore, a speed of 40 mi/h requires a braking distance of 73 ft 

An equation like 40 = 22d, which contains a radical with a variable in 
the radicand, is called a radical equation. To solve a radical equation involving 
square roots, start by isolating the radical term on one side of the equation 
Then square both sides of the equation. If cube roots are involved instead of 
square roots, then cube both sides of the equation 


Example 1 soive: a. V2: 


Solution 
a, Vix—1=3 The radical term is isolated: Check 
(V2x — 17 = 3? Square both sides, 
2e-1=9 — Solve for x 3=3 
r=5 the solution set is {5} 
b. 2Vx-1=3 Isolate the radical term Cheek 
2Wr=4 123 
Vx) = 4° Cube both sides. 3=3 
8x= 64 — Solve for x the solution set is {8} 
x=8 
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“Example 2 Solve 3x — SVx = 2 


Solution — 3xr—2=5Vx Isolate the radical term. 

9x? — Ie +4 = 25r Square both sides. 

92 — 37x +4=0 Solve for x. 

(x — 49x = 1) = 0 
=4 or x=t 

Check: Check each possible solution in the original equation. 

3x -—5Ve=2 ax - 5Vx 

3+4—S5V422 g-1—5ls 

12-1022 


The root 4 checks. ‘The root 4 does not check. 


<. the solution set is {4}. Answer 


Example 2 shows that when you square both sides of a radical equation, 
the resulting equation may have a solution that is not a solution of the orig- 
inal equation. Such a solution is called an extraneous root. When you square 
the equation in the first step of this example, you get (3x — OV, 
which is equivalent to (3x — 2) = +5Vx, The root 4 satis 


= -5Vx, 


and the extraneous root + satisfies 3x — 


Caution: Since you may get an extraneous root when you solve a radical equation, 
you must not forget to check your answer in the original equation 
If a radical equation has more than one term with a variable in a radical, it 


may be necessary to square both sides of the equation more than once 


Example 3 Soe Vix +5 


Ve +1 
Solution (Vie + 5)? = (2V2x + 1)? Square both sides 
2e+5= Rx t+ 4V2r+1 Isolate the radical term. 
4-6 =4VQ Square both sides, 
16 — 48x + 3627 = 32x 
36x° — 80x + 16=0 Divide both sides by 4. 


oF — 20x+4=0 
(Ox — 2ie- 2 =0 


x== or 


Solve for x 
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- the solution set is {2}. Answer 


Consider these two similar-looking equations. 
(a) 3x=24+5Vr (b) 3x 
Although both equations contain radicals, only equation (a) is a radical equa- 
tion. Equation (b) is a finear equation having the form ax = ¢ + bx. where the 
coefficient b in this case is a radical. Such linear equations can be solved with- 
out squaring both sides, as Example 4 illustrates. 


2+xV5 


xV5 without squaring both sides. 


Example 4 Solve 3x = 


+3V5 


Oral Exercises 


Solve. If an equation has no real solution, say so. 


1. Vx =5 2, V2 =4 3. Vx—-1=3 
4. Vx-7=0 5. Vx+6=0 6. 2Vx-3=1 
7. Ve—3 =2 8. Vx+ Vx42=0 9 Vr+5=3 


10, Tell whether each equation is a radical equation or a linear equation 


a, xV2=3 |. 2VE=3 ec. aV3 +4xV2=1 
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11. Solve each of the equations in Exercise 10. 
12. Explain why VX should be isolated in an equation like Vx + 4 = 7 
before both sides are squared. 


Written Exercis 


Solve. If an equation has no real solution, say so. 


AL. Var-3=5 2.Vin+1=7 
4.7+4Va=3 beat 
7. Vam +1 =4 8. 
10. 7— Wc =4 i, 
13. Vet 2=x 14. Vint 3=n 18, Vi-2+1=4 


$+ Vat7=a 17, Vix+5—1=x 18. V3n + 10-4=n 


In Exercises 19-24, a radical equation and a linear equation are given. 

Solve the radical equation by squaring both sides. Solve the linear equat 

without squaring both sides. 

19. a. SVx=10 20, a, 3Vx= 12 21, a. 
b. xV5 = 10 b. xV3 = 12 b. 

22. a. 2+3Va=8 24a. 
b. 2+xV3=8 b. 


Solve. If an equation has no real solution, say so. 


B 25. Vy+ VyF5 26. Vx 74+ Vx 


27. V2n—5 - V3n+4 
29, V3b—2-V2bF5=1 


31. Vx t+ V3= VETS 


33. If you are near the top of a tall 
building on a clear day, how far can 
you see? If a building is / ft high, 
then the distance d (in miles) to the 
earth's horizon is approximately 


a= 3h 


he observatory ofa tall 
building in Chicago is 607 ft 
high. What is the distance 
to the horizon from this 
observatory’) 


b. Solve the formula for hi 
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34, If a pendulum is J cm long, then the time T (in seconds) that it takes 


i 
Ve 


the pendulum to swing back and forth once is given by 1 


where 7 ~ 3.14 and ¢ ~ 980. 


m is 20 cm long 


a. Find the value of 7 if the pendul 
b, Solve the formula for | in terms of 7, g, and 7. 
The di: 


m shows an isosceles right triangle 
a. If its perimeter is 10, find x 


b. If its area is 12, find x. 


36. The diagram shows a 30°.60°-90° right triangle 


a. If the perimeter of the triangle is 18, find x 2 


b. If the area of the triangle is 24, show that x = 4V3 


37. POR is an isosceles triangle with base QR 10 cm long. The length of 
altitude PN is x em, 


a. Show that each leg of the triangle has length V25 +7 
b. If the perimeter of the triangle is three times the length of PN 


find x 
Pp 
Qo nN eR 
Ex. 37 Ex. 38 


38. Use the dimensions given in the figure to find x, the length of E 


altitude AD. 


The eight edges of the square pyramid shown eact 
haye length © \ / 


ey 
a. Show that the volume of the pyramid is 


(Volume = 4 * base area * height) 


b. If the volume is 9, find 
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Mixed Review Exercises 


Simpli 
2. V6Q2v3 - 3V2) . 2=P 
5. ('n)(— mn? 6. (V5 + VT0)? 
8. V75- VI2+ V27 9. 3V6 + VIVE - 43) 
M1. (Sy + 29? — 3y + 4) 12. V40 + W625 


Self-Test 1 


Vocabulary square root (p. 259) radical sign (p. 261) 
principal square root (p. 259) index of a radical (p. 261) 
cube root (p. 260) rationalizing the denominator (p. 265) 


nth root (p. 260) 
principal nth root (p. 260) 
radical (p. 261) 


simplest radical form (p. 266) 
tes (p. 274) 
equation (p. 277) 


radicand (p. 261) extraneous root (p, 278) 


1 y4 2. W—0.125 3. VenRy 


4. For what values of x is Var — 47° = 4 — x true? 


Simplify. 


5. V10- V15 6. Vo 


0 — W128 + Wi6 9. 


10. (2V3 + 5\4V3 — 3) 


Solve, 
12. 2Vx+3=x 13. | 


‘Check your answers with those at the back of the book 


Obj. 6. 


Obj. 6-2, p. 264 
Obj. 6-3, p. 270 


Obj. 6-4, p. 274 


Obj. 6-5, p. 277 
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Real Numbers and 


Complex Numbers 
ES ae ae ee 


6-6 Rational and Irrational Numbers 


Objective To find and use decimal representations of real numbers. 


The set of real numbers includes both rational numbers, such as 7f and 33, and 
irrational numbers, such as V2 and 7, One way to learn about real numbers is 
to look at their decimal representations. We accept as an axiom the following 
property of real numbers 


— a Se 
Completeness Property of Real Numbers 


Every real number has a decimal representation, and every decimal represents a 
real number. 


Recall that a rational number is any number that can be expressed as the 
ratio, or quotient, of two integers. To find the decimal representation of a ra- > \ 


— 
tional number, you can use the division process R 4 \\4 


Pay 


Example 1 Find a decimal representation for each rational number 


3 
a. f 


Solution . = 19222 
0.86363 
22)19.00000 

176 

140 

132 

0 

06 
140 —__—_ Recurring 
remainders 
0 
66 


Division termi 14 
31 


ig = 23125 Answer = 0.8636363 Answer 
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Notice that the representation for 7% is a terminating decimal. The repre- 
3. however, is a nonterminating repeating decimal. Terminating 


nite decimals. When you write 
cate the block of digits that repea 


repeating decimal, you can use a bar to indi 
ts. For example. 


2.85 = 2.454545 


and 0.863 = 0.8636363 
‘The conversion of $$ and 4 to decimals illustrates the first fact stated in 
the chart below 


uals are also called finite decimals. Nonterminating decimals are called infi- 


1, The decimal representation of any rational number is either terminating 
or repeating. 
2. Every terminating or repeating decimal represents a rational number. 


(In other words, every terminating or repeating decimal can be written in 
the form 7, where p and q are integers and q 0.) 


Exercise 42 asks you to prove the second fact stated above: 


Example 2 Write each terminating decimal as a common fraction in lowest terms. 


a. 2.571 b. 0.0036 
257) =2-50L =a 
Solution a. 2.571 = 27 CON 
= 2571 Answ =f Anew 
1000 eet “Too * maki 


Example 3° Write cach repeating decimal as a common fraction in lowest terms. 


a, 0.327 


b, 1.8918 


In each case let N be the number. Multiply the given number by 10!" 


where 1 is the number of digits in the block of repeating digits. Then 


subtract WV, 
a. LetN= 0.327 
100N = 32.727 Let N= 1,89189 


Y= 0. 


1000N = 189189189 


=32.4 Subtract V L89T89 
N= 224 _ 324 _ 18 Q90N = 1890 
99 O90” «55 
= 1890 _ 70 
0.327 = 18 Answer 5h as 
1.89789 = 22 Answer 
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An irrational number is a real number that is not rational. Therefore, the 
decimal representation of an irrational number is neither terminating nor repeat 


For example 
m= 3.14159265 and V3 = 1.7320508 


are irrational 


1. The decimal representation of any irrational number is infinite 
nonrepeating. 


2. Every infinite and nonrepeating decimal represents an irrational number. 


This fact is significant when you use a calculator to obtain the decimal repre 
sentation of an irrational number. Because the calculator’s display is finite, you 
can get only a rational approximation of the irrational number 


Example 4 Classify cach real number as either rational or irrational 
a. V2 b. V4 


c. 2.030303 d. 2,030030003 


Solution a. Since V2=1 


is irrational, (For a proof of the irrationality of V2. see the Extra 


(an infinite, nonrepeating decimal), V2 


on page 273.) 


4 
VG is rational 


a 
b. Since > 


Since 2.030303 (or 2,03) is a repeating decimal, 2.030303 is 
rational 
d. Since 2.030030003 is infinite and nonrepeating, 2.030030003 


is irrational 


‘A set 5 of real numbers is dense if between any two numbers in the set 
ber of S, Both the set of rational numbers and the set of irr 


there is am 
tional numbers are dense 


rational number r and an irrational number ¥ between 1.51287 and 


Example § Find 


1.51288. 


Solution There are an infinite number of possible answers for r and » 
For example, r= 1512871 111TH TILLL 
and y= 1 SI287101101 11011110 


and is therefore rational and that y is nonrepeating 


Notice that r is repeatin, 
and is therefore irration 


a 
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Oral Exercises 


Tell whether each number is rational or irrational. 


15 ad 2 
Tie 2-7 3. 9.26 4. 
Re % 16 
5. V8 6. V9 i A Vos 8. 
ae 10. — 11. (23)? 12. 2V3 
wt 


Tell whether or not cach number is real. If it is real, tell whether it is 
rational or irrational. 


13. 1000 14. V—1000 1 


V(—1000)7 


Written Exercises 


Classify each real number or expression as either rational or irrational. 


A La. Vi9 b. V50 Raw b. 

Saetl pal gale o fa 

sha 7 Meer Paes NE 8 
Classify each real number as either rational or irrational. 

5. a, 1.23 b. 1.33 ¢. 1.2345678910111213 

6. a. 75.4682 b. 75,4682 ¢. 75.468244682444682 . 
Write cach fraction as a terminating or repeating decimal. 

5 5 13 

ae 1 a 
Write each decimal as a common fraction in lowest terms. 
11. 5.06 12, 3.004 13. 4.72 14, 0.1375 
15, 04 16. 0.5 17. 0.83 18. 0,083 
19, 2.36 20. 1,27 21. 3.033 22. 1.107 


Find (a) a rational, and (b) an irrational, number between each given pair. 
25. V6 and V7 


23. 0.1 and 0.2 

26. 3 and 7 28. 107° and 10-* 
7 8 Z ra 

29. {and & 31. 04 and 0.35 
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a. The arithmetic mean of two numbers x and y is the number 


and y are rational numbers, what can you conclude about their arithme- 
tic mean? 

b. The geometric mean of two positive numbers x and y is the number 
Vivy. If x and y are positive rational numbers, can you conclude that 
their geometric mean is also rational? Explain. 


vty 
33. a. Find two irrational numbers x and y such that is rational 


b. Find two irrational numbers a and b such that “ 


is irrational 


vty 2" 
34. If.x<y, then x <“—* <y, Use this fact to give a convincing argument 


for the following: Between any two rational numbers there are infinitely 
many rational numbers 
Each of these numbers is between V2 and V3. Which are irrational? 
ay Va (2) V24 G3) 14 (4) 1.456789101112 
36. a. A student who used long division to find the repeating decimal for #7 
claimed that there were 20 digits in the repeating block of digits. Ex- 
plain why this is incorrect. 
b. Find the repeating decimal for 74. (Be patient!) 


37. The following unit fractions all have finite decimals: 4, 4, 4. 8. ay. ab 
Name four other unit fractions with finite decimals. 


38. Suppose x and y are rational numbers. Prove that x + y is also rational 


(Hint: Let x 


and y = where a, b, c, and d are integers. Show that 


x + can be written as a quotient of integers. } 
39. a. Prove that the product of two rational numbers is rational. (See the hint 
for Exercise 38.) 
b. What can you say about the product of two irrational numbers? 


40. 


uppose x is rational and z is irrational. Prove that x + = is irrational 


where @ and b are integers, and use an indirect proof by 
) 


41. What can you say about the product of 4 nonzero rational number and an 
irrational number? Prove your answer by using an indirect proof 


(Hint: Let x = $ 


assuming that x + is a rational number 5 


follows: 


how that each repeating decimal represents a rational numbe 
et N= the number. Let p = the number of digits in the repeating block of 
N. Justify the following statements 

‘a. N+ 10? has the same repeating block as N 

al 


b. N- 10? — N is a terminating decim 


N(10" — 1) 
cc. N(10" — 1) is rational ay Is rational 
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SS 
6-7 The Imaginary Number i 


Objective — To use the number i to simplify square roots of negative 
numbers. 


Throughout the history of mathematics, new numbers have been invented to 
extend the existing number system, For example, the invention of negative 
numbers made it possible to solve an equation like x + 3=2. Similarly, the 
invention of irrational numbers made an equation like x* = 2 solvable. 

Now consider the equation .° = —1, This equation has no real solution, 
because the square of a real number is never negative, To solve this equation 
the imaginary number i was invented 


Definition of i 
i=V=1 and P= -1. 


1 can now be solved: x= +V—1 = +i. Because i and —i 
=1, both # and —j are square roots of —1. 

The number i can be used to find square roots of other negative numbers 
For example, since 


ure solutions of x7 


Similarly, 


i 


If r is a positive real number, then W=r = 


b, V—-25 ce. V—-50 


ec. V=50 = iV50 = SIV 


Numbers like 7V5 and Si, which haye the form bi (where b is a nonzero 
real number), are called pure imaginary numbers. Example 2 illustrates how 
you can add and subtract these numbers 


Example 2  simplity 
a. V~16 — V—49 b, iV2 + 3iV2 
Solution a. 16 - V=49 = 4 - 71 b. 12+ 31ND = (1 + 3912 


=-3i Answer =4°V2 Answer 
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Examples 3 and 4 illustrate how you can multiply and divide pure im: 


nary numbers 


Example 3 Simplify. 


a, V-4- V2 b. iV2-iV3 


Solution a. V—4- V-25 = iV4-iV5 b. iV2-iV3 = PV 


Caution 


Example 4 Simplify 


=2i- Si (-1)V6 
= 107 = -10 V6 
Answer Answer 


The rule Va Vb = Vab does not hold if a and b are both nega 
tive. Notice that if you tried to use this rule in_part (a) in Example 3 
you would incorrectly get V V—25 = V'100 = 10. Therefore. 
Whenever you are simplifying expressions involving square roots of 


negative numbers, you must first express the radicals as pure imagi 


nary numbers 


6 
a. b. 
Wa 
ae 6 6 
a= = b. 
7 Si VED naive 
* 6 
= v2 
p 
=—2) Answer 6iN2 
x1 
3iN2 


Example 5 simplify. Assume that cach variable represents a positive real number 


a. V=9 + Vx b.V=6y > V—2y 


Solution Vion + Ve = Bri + x 


Axi Answer 


b. Va 6y > V—2y = iV 6y + 7V2y 


3 


Answer 
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Using pure imaginary numbers, you can solve simple quadratic equations 
that have no real solutions 


Example 6 Solve 2x + 19 = 3. 
Solution 2° +19 


2? = 


16 
8 

x= 2V-$ = 22i1V2 
2. the solution set is {27V2, —2iV2}. Answer 


22. What is the reciprocal of é (in simplified form)? 


BEMIS eS eS 
Written Exercises 


Simplify. 


17. (-i 
19. (V2)? 20, GBiV5P 
2. (-31V6P 23, -2 

i 
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27, 18 
V6 


_Viz 
V=18 


4iV7 


Solve. 


3 + 144 =0 32, y? + 400 =0 33. 2w? = —98 
34. SP = -20 35. 3u? + 40 =4 36. 4? + 39=7 


Simplify. 
3. a. 


iVI8 + V 
iV=98 — VOR 


Fee eS 


B 43. 44. — VIBE + V 


45. 


47. Vac 48. V—28 + V—88 — V—188 

49. V—4F + V=64P — ar T6r 50, V—25a8 — V—225a" + 20aV—a 
31, Wa + 2-2 V— 25x 52. iV — 16)" + V16y9 — iV —9 
$3. Simplify i for n = 2,3, 4 . 12. What pattern do you see? 

$4, Simplify: a. i! be ie, 1182 a: 41 


Be ee eee 
Mixed Review Exercises 


Solve. If an equation has no real solutions, say 


1, V2x-3=5 2. 15- =n 3, Vy +12 = 2y 
4. ped s.t+,- 4, 6 2WE+9=5 
1. y=V5y—6 8. Sin) -7=3 9. x=24+Ve44 
Classify each real number as either rational or irrational. 

10, W—125 1. 3.782 12. Vi2 13. O.121121112 
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Di a es Se 
6-8 The Complex Numbers 


Objective To add, subtract, multiply, and divide complex numbers. 


In this lesson, you will see how the real num- 
bers can be extended to form a number system 
that includes the imaginary number i. This 
extended system, called the complex numbers. 
has become an important mathematical tool 
for physicists and engineers working in fields 
such as electricity and magnetism, optics, and 
hydrodynamics 

In the preceding lesson you worked with 
pure imaginary numbers, which have the form 
bi (b + 0). When pure imaginary and real num- 
bers are combined, imaginary numbers of 
the form a + bi (b #0) are the result. The real 
numbers and the imaginary numbers together 
form the set of complex numbers 

A complex number is a number of the 
form a + hi, where a and b are real numbers. 
The chart below shows the relationship be 
tween the various sets of numbers that make 
up the complex numbers. In the chart, a and b 
are real numbers. 


Complex numbers; a + bi 


| Imaginary numbers: a + bi, b #0 
3 + 2i, §— di, Ti, -iV2 


Pure imaginary numbers: 
Rational numbers: Irrational numbers: a+bi,a=0,b40 


5, -#, 5.67 V3.0 | | Ti, -iV2 


The number a is called the real part of the complex number a + bi, and 
b (not bi) is called the imaginary part. 
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Two complex numbers are equal if and only if they have equal real parts 
and equal imaginary parts. For example, if x + yi = 5 — i, then x = 5 and 


y=-1 


(ee 5 
Equality of Complex Numbers 


a+bi=c+di ifand only if a=c and b=d, 


The sum and the product of two complex numbers are defined as follows. 


Sum of Complex Numbers 


(a+ bi) + (c + di) =(a+ 0c) + (b+ di 
Product of Complex Numbers 
(a + bie + di) = (ae — bd) + (ad + be)i 


Notice that you add or subtract complex numbers by combining their real 


parts and their imaginary parts separately 


Example 1 Simplify 
a. (3 + 6i) + (4 — 2i) b. (3 + 61) — (4-21) 


Solution a. (3 + 61) + (4-2) = 344) +(6-27=74 4 


b. (3 + 6) — (4 — 2i) = (3 — 4) + (6 + 2M = —-1 4 Bi 


The definition of multiplication given above is equivalent to the follow 
ing rule for multiplying two complex numbers: Multiply nwo complex nun 
hers ax you would multiply any two binomials and use the fact that ® =~] 


Example 2 Simplify 


(3+ 40/5 + 29 b. (3 + 44? a 


15 + 201 + 6i + 877 


Solution 


B+ 45 


= 15 + 261 + 8 ) 

7+ 26) Answer 

b. (3 + 4iy" =9 + 240 + 167 A 
9+ 241-16 


74241 Answer 


c. (3 +413 — 41) = 9 — 16 
9+ 16=25 Answer 
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The numbers 3 + 4¥ and 3 — 47 in part (c) of Example 2 are examples of 
conjugates, In general, the complex numbers a + bi and a — bi are complex 
conjugates, and their product is the real number a* + 6°, This fact can be 
used to simplify the quotient of two imaginary numbers 


“Example 3 simplity $=+ 


<— Multiply numerator and denominator 
by the conjugate of the denominator 


10 — 171+ 3(-1) 
7-91) 


~ ay) Auswer 


17 
3 


You usually express the result of a computation with complex numbers in the 
form a+ bi, as was done in Example 3. This form emphasizes that the answer 
is another complex numbe 

The examples of this lesson show that the sum, difference, product, or 
quotient of two complex numbers is another complex number. A power or root 
of a complex number is also a complex number. In short, the complex numbers 
form a closed number system. 

Example 4 illustrates that the reciprocal of a complex number is another 
complex: number. 


“Example 4 Find the reciprocal of 3 — 


et en 
iy 10 15" AMOR 


In addition to being closed for all operations, the complex number system 
has many other properties that the real number system has: Addition and multi- 
plication are commutative and associative, and the distributive property holds. 
(See Exercises 53-56.) However. the complex numbers cannot be ordered along 
a number line like (he real numbers can. Although you cannot say that one 
complex number is greater than another, you can measure the “size"* of a com- 
plex number by using absolute value, See the Extra on page 298 for more on 
absolute values of complex numbers and conjugates 
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Oral Exercise: 

Simplify. 

L 3+ 2)+6+ 7) 2. 9+ 4) +7 - 5H 3, (-4 +3) -@-1) 
4. (9 ~ 2) — © - 3 5. 25-0) 6, 37 + 2i) 

7. (6 + 6 - i) 8. (3 + 2 — 21) 9. (2+)2-) 

10. (—1 + 3i)(—1 — 3/) I. (1+? 12. (4 - iP 


Study the chart on page 292 and tell in which category each of the 


following numbers belongs. 


18, 5.67 16. V2 
19. 7+iV3 


20. 0121121112 


Written Exercises 


Simplify. 
1. (94+ 29+ 0-7) 

3. (5 — TI) — 8+ 2) 
5. 3 i) -— 43-20 


7. (3 + 4i) 

9, —4i(-2 +) 

HM. G-)3+H 
13. (3 + 7/13 — 7i) 
18. (—4 + (8 + 50) 
17. (—2 + Si)(1 + 3/) 


19, (4+ iV 
21, (2-47 

23. (=1 + iV3)* 

25. (3 + 2173 — 217 
V=5(V2 + V-5) 


4—iV5) 


Simplify each quotient. 


(3 — 4i) + (-5 — 29 
(6 — 4i) —(-4 + 


+ 6i) — 3(2 + Si) 


eae 


35 — 61) 
10, —2i(1 — 33) 

12. (4+ 14 -f) 

14, (5 + 382 — 31) 
16. (3 — 712 + 41) 

18. (3 + 4i)(—2 + 3i) 
20. (2 — 7V3)2 + 13) 
22. (6 — 7i)? 


v-7) 
4 32, 10 
oy: ee 
as, 62 5g) aS 
6+iN2 3—iV5 
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Find the reciprocal of each complex number. 


37. 2 +31 38. 1-4) 39. -V3 +iV6 40, -V5 -iv2 
If fo) = + 4, find fl + 34) 42, If g(x) =x -t, find g(2 — a). 
43. IF g(x) = 45 7 find g(1 + 7V3) 44. If flo) 5%, find fl i). 


B45. Show by substitution that 2 + 7 is a solution of the equation 
¥—4x+5=0, 


& 


.. Show by substitution that 1 — 37 is a solution of the equation 
x —2v+ 10 =0. 


47. a. Show that 


is a square rool of 7. 


) 


b. Can you find another square root of /? 


48. a. Show that —1 ~ V3 is a cube root of 8. (Hint: Cube —1 — 7V3.) 
b. Decide whether or not —1 + iV3 is a cube root of 8. 


(Hint: Square - 


3 
49. Show that the conjugates + + 4/ and 3 — 4/ are also reciprocals 


i 5 
XSi and + — Yi ate also reciprocals. 


50. Show that the conjugates + + 


© 51. The numbers in Exercises 49 and 50 are both conjugates and reciprocals. 
Find another pair of such numbers. 


52. What condition must be phiced on a and b if the reciprocal of a + bi is to 
be a ~ bi? 
In Exercises 53-56, prove each property of complex numbers. 
Sample The addition of complex numbers is commutative 
Solution Let a + bi and c + di be any wo complex numbers where a, by ¢, and d are 
real numbers. 
(a + bi) + (¢ + di) =(a +0) +(b+ di Def. of comple aud. 


=(e+ a) +(d +b Comm. prop. of n 
(c+ di) + (a+ bi) Def. of complex add. 


The addition of complex numbers is associative 
The multiplication of complex numbers is commutative 


. The multiplication of complex numbers is associative. 


. In the complex number system, multiplication is distributive over 
addition 


296 Chapter 6 - 


Es ee 
Self-Test 2 


Vocabulary rational number (p. 283) imaginary number (p. 292) 
terminating decimal (p. 284) complex number (p, 292) 
repeating decimal (p. 284) real part (p. 292) 
irrational number (p. 285) imaginary part (p. 292) 


dense (p. 285) complex conjugate (p. 294) 
inary number (p. 288) 


pure ima 


ntation of Obj.6-6, p. 283 


1, Find the decimal repres 


2. Express 0.172 as a common fraction in lowest terms 


3. Find a rational number and an irrational number between 10 
and V101 


Obj. 6-7, 


8. Solve 2)? + 90 = 0. 


Simplify. 


9. (5 + 3i) — Obj. 6-8, p. 292 


11. (4 — iV3)(—5 + 27V3) 12. 


Y Historical Note / Complex Numbers 


As early as the mid-sixteenth century, mathematicians like Girolamo Cardano 
and Rafael Bombelli began working with square roots of negative numbers. 
They used these non-real numbers in a formula that produced real solutions of 
cubic equations. Although the Swiss mathematician Leonhard Euler introduced 
the symbol j to represent V—T about 1750, most mathematicians shunned 
‘Simaginary” numbers. Attitudes changed 50 years later when the great German 
mathematician Karl Friedrich Gauss used complex numbers in his doctoral the: 
sis to prove this geometric fact: A regular polygon can be constructed with 


straightedge and compass if its number of sides is a prime number of the form 
2"-+ 1, where m is a positive integer. (The numbers 3, 5, and 17 are the first 
three such primes, so regular triangles, pentagons, and 17-gons ean be con 
structed with straightedge and compass.) 

Gauss’ accomplishment finally made complex numbers a 
paved the way for their widespread use in modem mathematies and physics 


ceptable and 


Irrational and Complex Numbers 297 


I) 
tra / Conjugates and Absolute Value 


When complex numbers are being discussed, they are often represented by sin- 
gle letters, For example, let 


rext yi, 


The complex conjugate of z is denoted by 3 (read “'z bar"). That is, 
P=x-yi. 


The following theorem summarizes the properties of conjugates. 


A RE GS ST, 
Theorem 1 
Let w and = be complex numbers, 
a wtz=Wwte 


ica #0) 
Proof of part (c): Let w =u + vi and 2 =x + yi, Then: 
= (u + vie + yi) 
tae) Fy Fi 
= (ux — vy) — (uy + vx)i 
(u — vilix = yi) 
= lux — (—v—y)] + [= y) + (— ve 
(ux — vy) — (uy + vx)i 
=Wee 


Proofs of the other parts of Theorem 1 are left as Exercises 16 and 17 
To measure the “size” of the complex number 7 = x + yi, you can use its 
absolute value, defined by 


d4=Very¥ 


for each complex number z 


a2=4-3) bo z= ~6i 2 
Solution a, VF FC Vi5=5 
b. VO + (-6" = V6 =6 


V(-27 + = Va=2 
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Notice that if z is real, as in part (c) of Example 1, the definition of absolute 
value for complex numbers agrees with the definition of absolute value for real 


numbers found in Chapter 1 
The following theorem states a useful relationship between absolute value 


and conjugates 


Theorem 2 


If = is a complex number, then |z]? 


Proof: Let 2=x+ yi. Then 


y x? + 97, 
and y) = + 9? 
If you divide both sides of |2|? = 2+ 2 by |2|? +=, you obtain this convenient 


expression for the reciprocal of a nonzero complex number 


Example 2. Use the fact that + = =2 to find + for each = given in Example 1 
Solution a. Since |z 


” ee: eae 

b. Since = Sarat 
Cs 2 1 
, Since |z? = 4, = r=] a 


Some properties of absolute value are stated in the following theorem 


Theorem 3 
Let w and z be complex numbers. 


a. [wel = [wl 


Iw +a S [wl + la 


The proof of part (a) is given on the next page. Proofs of parts (b) and (c) are 


left as Exercises 20-22. 
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Proof of part (a): By Theorems | and 2 and the commutative and associative 
properties: 


=ww: = |w 


= (we yin 


II nonnegative, when you take the principal square 
» you obtain 


Since |wz| 
root of 


Iw1, and |2} are 
h side of \w + 2)? = || 
we 


Exercises 
Find |z| for each complex number z. 
=-4+3i 


42> 


7-12, Use the fact that 4 


Exercises 1-6. 
13. Show that 
14. Show that = + 3 is twice the real part of 


15. a, Express the imaginary part of = in terms of z and 2 


b. Show that = is real if and only if = = = 
16, Prove part (a) of Theorem 1 17. Prove part (b) of Theorem | 


B 18. Prove that (+ 


19. Prove part (d) of Theorem 1 by combining part (c) and Exercise 18 
(Him: & =w-4,) 


20. Prove part (b) of Theorem 3. (Hint: Apply Theorem 2 to Then use 
part (d) of Theorem 1.) 
Exercises 21-22 outline a proof of part (c) of Theorem 3. 
© 21. Show that w +2 + We 2 2h 
(Hint; Show that w +2 + W +z = w+ + w+ and therefore is twice the 


real part of w+ =. How does the real part of a complex number compare in 
size with the absolute value of the number?) 


22. Show that |w + =| = |w| + |2| by using the theorems of this Extra and the 
preceding exercises to justify these steps: 


jw +2? = 08 
(w+ Ww +2 
Wwe + weit Wert 


jw? + 2h 


w+ 


w+ 2] Sw] + 
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MEER ee 
Chapter Summary 


L.A solution of the equation x" = b is called an th root of b 


The radical /b denotes the principal mth root of 6. 


hy b Wr 2 if nis odd 
bl if mis even 
2. In working with radicals you can use the following properties when the 
radicals involved represent real numbers. 
Wab = Va Vb a a 
U Vi We 
Vb=WWh VP = 
3. An expression containing nth roots is in simplest radical form if 


(a) no radicand contains a factor (other 


han 1) that is a perfect mth power 
and 
(b) every denominator has been rationalized, so that no radicand is a frac 


tion and no radical is in a denominator 


4. Radical expressions with the same index and radicand can be added or sub, 
tracted in the same way as like terms. 


» solve a radical equation inyolvi 


square roots, first isolate the radical 


term and then square both sides of the equation. Repeat this process iff nec 


essary. Be sure to check all possible solutions in the original equation to 


determine if any extraneous roots were introduced. 


6. A real number that can be expressed as a quotient of two integers is. ru 
tional. Otherwise it is irrational 


) Every terminating or repeating decimal represents a rational numbet 


and any rational number can be expressed as a terminating or repeating 
decimal 
(b) Every infinite nonrepeating decimal represents an irrational number 


and any irrational number can be expressed as a nonrepeating decimal 


8. A complex number isa number of the form a + bi, where a and } are real 
numbers and ¢= V—1. The number a is called the real part of the com 
c of 


a+ bi is a — bi, The product of these complex conjugates is the real num 


plex number, and b is called the anaginary part. The complex conju 


ber a? + b 
9, To simplify an expression containing square roots of negative numbers. first 


rewrite each radical using 7 


10. Complex numbers can be added or subtracted by combining their real parts 
and their imaginary parts separately. Multiply two complex numbers as you 
would multiply (wo binomials, and use the fact that 7 |. To simplity a 


ninator by the conjugate of 


quotient, multiply both the numerator and deni 


the denominator 
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Chapter Review 


Write the letter of the correct answer. 


1. Simplify Vx 


a. -x be x a) d. |x] 
2. Find the real roots of the equation 2~y* = 0. _ 
a. V2 b, tiV2 » £V2 . no real roots 


3. Simplify VIDey7, Assume that the radical represents a real number 


a. ey V'I2y 
ce. or yVy 
S; he gE 
4. Simplify V18 + V5 
a, MS b. 
.¥ 4. 
8. Simplify V6(-%2 + V3) - V8 
a, V3 + V2 b. V3 + 5V2 
e WS d. 2V3+ V2 
6. Simplify W720 — SxV2v. Assume that cach radical represents a real number. 
a, V2x be 2xVx 
& d. xV2r 
1 
; b. 27-6V2_ 
@: 27 = 12V2 d. 15 — 12V2 
©. 6 +4N3 d. -6 -4N3 
e. {-4} da. 
ce. {5} ao 
11, Express 0.675 as a common fraction in lowest terms. 
27 25 o7 2 
a0 by ye a4 


12. Which of the following is nor a rational numbe 
407 
Se 


b. V8 ©. 0.34 d. 1.626626662 
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6-3 


o4 


6-6 


13. Simplify 3°V2- V—12 6-7 


a. -6V6 b. 67V6 ce. —61V6 d. 6V6 

14, Solve 3x7 + 14 =8 
a, {*2i} b. {+V2} e. {+iV2 d. {+2} 

15. Simplify 2 + 31 ~ ) 68 
a. -1+ b. 5 +i e. -1+5i 4. -1 


3-4 
16. Simplify +=" 


Chapter Test 


Simplify. 
1. Vise 2. (V49)? 6-1 
3. V—-64 4. V8 


Find the real roots of the equation 16x? = 81 


6, Find the real roots of the equation 2x 16 


Simplify. Assume that cach radical represents a real number, 


V5 Va 73a ; 

ae 8. ee 6-2 
z Vix 3x 
9. 13V5 — V10BV2 + 4V5) 10. + V5 6-3 
HL. (5 + 2V6)(R — 3V6) 12. = = 64 
=V35 

Solve. 
13. V4x -—1=3 14. V3y + 4=24+ Vy+2 6-5 


ay a common fraction in lowest terms 6-6 


5. Express 0. 


16. Find a rational number and an irrational number between 1.999 and 2 


(2451 68 


+4 + (5-1 


21. (4 — 6i)(3 + Si) 


Irrational and Complex Numbers 303 


SES 
Mixed Problem Solving 


Solve each problem that has a solution, If a problem 
explain why. 


as no solution, 


A 1. For $1 you can buy either five lemons or four limes. If you pay $2.10 for 
some lemons and limes, find all possibilities for the number of each fruit 
bought 


Cheryl has 20 coins worth $3.15. If the coins are dimes and quarters only 
how many of each type of coin does she have? 


A season pass to the city pool costs $34. If daily passes cost $1.25 each 
at most how many daily passes can be purchased before their cost exceeds 
that of the season pass” 

4. A micron is a millionth of a meter. Some bacteria are about 0.2 micron in 
diameter, Use scientific notation to express this diameter in meters, 

The Khos invested $7000, part at 6% and the rest at 10% simple annual 
interest. If they had reversed the they would 
have earned $120 less in annual interest. How much was invested at each 


nounts invested at cach rate 


rate? 


6. As a salesman, George ears a monthly base salary of $1500 plus a 2¢ 


commission on his sales. If he wants an income of at least $2000 each 
month, what must his minimum monthly sales total be? 


7. The numerator of a fraction is three more than twice the denominator. If 


9 
the fraction is equal to 2, find the fraction 


B 8. A boat traveled 36 km downstream in 2h. The return trip upstream took 
3h. Find the rate of the current 
9, Find the dimensions of a rectangle whose perimeter is 18 em and whose 


area is 18 em* 


10. A company’s monthly sales of $50,000 result in $6000 profit, whil 
monthly sales of $70,000 result in $9000 profit. If profit is considered as a 
linear function of sales, what minimum amount of sales is needed (0 avoid 


11. Marie can prepare the salads at the Lunch 
Inn in 2h, Bob needs 3h to prepare the 
salads. At 10:00 4.M. Marie began the 
job. At 11:00 4.M, Bob joined her. At 
what time did they finish preparing the 


salads? 


12. The lengths of the sides of a right triangle 
are consecutive multiples of 3. Find the 
length of the hypotenuse 
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NEES iS ey SEE! 
Preparing for College Entrance Exams 


| San IEEE ee ee 
Strategy for Success 


Prepare for the test by becoming familiar with the format of the test, including 


the directions, explanations, and types of questions. Examine and complete 
some sample tests well ahead of the test date 


Decide which is the best of the choices giv 


nd write the corresponding 


letter on your answer sheet. 
1. Ify?— y— 6 =0, then y = 

()1,-6 (BY) -2.3° ()-1,.6 (D) 2.3 (E) -3, 2 
2. ft +h = 4, then a 


| 4 
(By } «+ 


(A) -6V2 (BY -12V2_ (©) 2V21V2 + 4V2) (E) V4 


4. What are the zeres of H—HE*% 9 

(A) 0, #2.3 (B) 0.3 (C) 2, 83 (D) (E) 0. +3 
5. How many solutions does bx 5= 4-1 have? 

(A) 0 (B) | (C) 2 (D) 3 (E) cannot be 

determined 
6. V=36(V/—81 - 4_) = 
VaIs 

(A) —58 (B) 58 (C) 981 (D) ~50 (E) ~30i 
- (4)°-ca 

(J 2 

(a) 42 (By 16 « % wy (E) -* 
8. What is the reciprocal of V2 + V3 — V5? 

(A) V2 + V3 + V5 (jy x (oe ine 

(by V5 - V2 - V3 (ey 2Y AEM 
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Solving Quadratic Equations 


7-1 Completing the Square 


Objective —_To solve quadratic equations by completing the square 


Here are three general types of polynomial equations in one variable (a + 0) 
linear: ax +b=0 
ax +bxtc=0 
bx cx +d=0 


Earlier in this book you learned how to solve all linear equations and some 
quadratic equations. In this chapter you'll leam methods for solving al! types 
of quadratic equations. Cubic equations will be considered in the next chapter 
In Chapter 6 you learned to solve a simple quadratic equation x? = r by 
writing the equivalent equation x= + Vr. Example | illustrates how a sim: 
ilar method can be used to solve quadratic equations of the form (px + 4)? =r 


Example 1 Solve 
a. (x — 3) 
a (x-3F 


x=3+V7 


the solution set is {3 + V7, 3 — V7}. Answer 


f3+V7 
the solution set is |=; Answer 


ce. (r+ 5) = —4 


the solution set is {~3 + 2/, —5 ~ 2i}. Answer 


To solve a quadratic equation of the form ax? + bx + ¢ = 0, you can 


transform the equation into the form (x + q° =r, which can be solved by the 


method of Example | 


Quadratic Equations and Functions 
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‘The method of changing the form of a quadratic equation so that the left 
side is a trinomial square is called completing the square. 


Example 2 Solve ° — 6x- 3=0 


Step 1 Add 3 to both sides to get 3 
alone on one side x6 =3 
Step 2 Check the coefficient of x7 Ly? = 6x 3 
Since it is 1, you are 
to complete the square 


Step 3 Add the square of half the P-6r + 9=3 +9 
coefficient of x to both sides, 


Thus, add (—°) , of 9, to 


both sides 


Step 4 Factor the left side as the iv =12 
square of a binomial 


Step 5 Solve as in Example | 


+, the solution set is {3 + 2V3,3 —2V3}. Answer 


“SOS os = tS a 
Solving ax* + bx + c = 0 by Completing the Square 


Step 1 Transform the equation so that the constant term ¢ is alone on the 
Fight side, 


Stop 2 If a, the coefficient of the second-degree term, is not equal to 1, then 
divide both sides by a 


Step 3 Add the square Of half the Coefficient of the first-degree term, (%-) , 10 
both sides. (Completing the square) 


Step 4 Factor the left side as the square of 2 binomial 


Step 5 Complete the solution using the fact that (x + ¢) 
x+q=4Vr 


7 is equivalent to 


Example 3 Solve 2y 
Solution 


Step 1 


{Since a = 2, divide 


Step2 y+y 25 (both sides by 2. 
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Complete the square 


Step § y 


the solution set is + i si Answer 


Oral Exercises 


What two numbers are represented by each of the following? 


1 2. 


1b V2 6. -6+ V6 4G 3 3, 4412 


Give the first step in the solution of each equation. 
Xa P=5 b. (x - 3 =5 ec. (xv +3P=5 d. Qr+3P=5 
10, a. y? 1 be (y + 27 1 e (y=2p=-1 d. (6 


What must be added to make the given expression a trinomial square? 


me — 4m + 2 13, 7+ 8yt+ 2 


20. Solve 2 — 6 = 0 by completing the square and by factoring. Which 


method seems easier? 


EE 
Written Exercises 


Solve. 

A b. (w= 1? =3 ce. (Qx- 1 =3 
b. (x +4y =6 ©. Gxt 4y=6 
b. (y + 77 = 16 Gy +7) = 16 
b. (y — 8) = 49 c (5 y= 49 
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b. (vt 7P = -4 


b. (2-3)? = -5 
8. (2-3) =8 
11, y— 7 = -12 


completing the square. 


aw-5=0 14, 2 —4x +2=0 15. y? + 6y-2=0 
+ Sy +6=0 17, p> + 20p + 200=0 18, i — 10k + 30=0 
—1l=4 20° +8 =4r 2 
+12n+1=0 23, Sn? + 100 = 30n 2, 
x-1=0 26. y? -3y-S=0 27, 3K + Sk+2=0 
B 28. ~3x=2 29. = 2 41=0 30. 0.17 - 0.6r +9 =0 
31. 0.6 +2 =24y 32. 7x(1 — x) = S(x — 2) 33. 2x(x — 4) = 31 — x) 


Solve each equation, Be sure to check for extraneous roots by substituting 
your answers into the original equation. 


Solve by completing the square. Assume that a, b, and ¢ are nonzero 
constants, 


C a. e+xte=0 4. e+ byt e=0 Roar tbe +e=0 


SOS <a  c 
Mixed Review Exercises 


QB — 24 + i) 3. V2) 
5. (216)? 6. 8 — 31) + (-4 + Si) 
Sx*y* 
15y* z 
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i 
7-2 The Quadratic Formula 


Objective To solve quadratic equations by using the quadratic formula 


Quadratic equations are used in many applications, so it is useful to have a for- 
from the coefficients, You can derive 
he square to the 


mula that gives their solutions direct! 
this formula by applying the method of completin 
quadratic equation: 


eneral 


ar + bx+c=0 


e+ Pet 0 (Recall that a #0.) 


ettr+(? “+ (2) Complete the square 
( Stier stor the side. 
: Factor the left side 
pee VBP aee 
b VE aae _ -b = VO" = aac 
‘ 2a (la 2a 


The Quadratic Formula 


The solutions of the quadratic equation ax” + bx + ¢ = 0 (a + 0) are given 
by the formula 


b+ VF — 4ac 


Example 1 Solve 3x7 + x—1=0. 
Solution — For the equation 3x7 + Ix ~ 1 = 0. 


a +b and ¢ I 
Substitute these values in the quadratic formula 
b+ VF — 4ac 


Answer 


Quadratic Equations and Functions 341 


The solutions just obtained are exact and expressed in simplest radical 
form. In applications you may want approximate solutions to the nearest 
hundredth. Since V13 ~ 3.606 (from a calculator or Tuble 1, page 810). 


“143. 3.606 
pw ESO og pew TCO 


a 6 


x= 0.43 or x= -0.77 


the solution set is {0.43, —0.77}. Answer 


oy -3 


Example 2 Solve 5: 


Solution — First rewrite the equation in the form ax? + by + ¢ = 0: 
5y*— by +3=0 = 


Then substitute 5 for a, —6 for b, and 3 for ¢ in the quadratic formula: 


b= VF 


Bac 


{3+iv6 3-iV6 


the solution set is {2 \ Answer 
{3 | 


In Examples | and 2, the coefficients a, b, and ¢ were integers, Keep in 
mind, however, that the quadratic formula can be used to solve any quadratic 
equation, whether the coefficients are fractions, decimals, irrational numbers, or 
imaginary numbers. (See Exercises 29-40, page 314.) 


Example 2 swimming pool 6 m wide and T, 


10 m long is to be surrounded by + 


a walk of uniform width. The area 
of the walk happens to equal the 


area of the pool. What is the width 
of the walk? ia 1 


| Solution |, Make a sketch 


Let w = the width of the walk $ 
Then the dimensions of the pool tw 
plus the walkway are 10 + 20 

by 6+ Iw 
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2. The area of the pool is 10+ 6 = 60 (m?) 
The area of the walk can be determined by subtracting the pool's 
pool and the walk 


area from the total area covered by both th 


Area of walk = Total area Area of pool 
(10 6 ) 60 
3 Area of walk = Area of pool 

(10 + 2916 + 20) — 60 = 60 
(60 32w + 4u7) — 60 = 60 
ay 32w = 60 

4u-> + 32w 60 = 0 <— Divide both sides by 4 
we + Bw 1 0 


4. By completing the square or using the quadratic formula you 


will find that 


Since —4 — V31 ~ —9.57, you must reject this root because the 


width of the walk cannot be negative. 


the width of the walk is (—4 + V31) m, or approximately 


157m. Answer 


5. Check: A calculator is helpful in checking approximate solutions, 
ea of walk = Area of poo! 
(10 + 20)(6 + 2) — 60 = 60 
10+2 M6 +2 )— 60 = 60 
(13.14)(9.14) — 60 ~ 60 
120.10 — 60 ~ 60 


Oral Exercises 


ues that you would substitute for a, b, and ¢ in the quad 


Give the 
formula. 


Written Exercises 


Solve each equation. Give answers involving radicals in simplest radical 


form. 
A i.rt+oxr+4=0 2 3w-5=0 3. y 4 B=0 
4. P+ 6r+6=0 5 %*-2=0 6. 2p? = 3p -2=0 
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h equation after rewri it in the form ax? + bx += 0. 
simplest radical form, 


Solve cat 
answers involving radicals 


7. Sr? +8 = —12r 8. +4w=-3 
10. &e@=1-xr I. 2x(n+ 1) =7 
13. Gn ~ 5\Qn~2)=6 4. (2 + Qe = 1) = 4x 
4=9/2 
16. 5+1=% 17 =2m 18. — =2 


Solve each equation and approximate solutions to the nearest hundredth. A 
calculator may be helpful. 


19, 2n? —4n =8 20. a= 7 21. 

22, ax(x + 1) = 2.75 23. ax(x + 2) = -2.5 24, 2e(t — 4) = -3 
Solve each equation (a) by factoring and (b) by using the quadratic 

formula. 

25. Sx? — 45=0 26. 37 — 48 = 0 

27, 3x? - 6x +3 =0 28. 4y? + 4y— 15=0 


Solve each equation. Give answers involving radicals in simplest radical 
form. 


B 29. 30. 


xV5 — 


1m 32. w+ WV3-3=0 
33. 3M. V3xr7 — 2x + 2V3 =0 
35. 36. 2° + 2-1 =0 

37. G+ 2): + +3) =0 38. 

39, uti _ swt at 40. 


w— wi 


41. Show that the solutions of 3 + 3=0 are reciprocals. 


C 42. Prove that if the roots of ax? + bx + ¢= 0 (a ¥ 0) are reciprocals, then 
a=c 


SLOT a ET SS TT 
Problems 


Solve each problem. Approximate any answers involving radicals to the 
nearest hundredth. A calculator may be helpful. 


A 1. Each side of a square is 4 m long, When each side is increased by «im, 
the area is doubled. Find the value of x. 
2, A rectangle is 6 cm long and 5 em wide, When each dimension is in- 
creased by xem, the area is tripled. Find the value of x 
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3. A positive real number is | more than its reciprocal. Find the number. 


4. Two positive real numbers have a sum of 5 and product of 5 
numbers, 


Find the 


5. 


A rectangular field with area 5000 m? is enclosed by 300 m of fencing 
Find the dimensions of the field 


A rectangular animal pen with area 1200 m 
has one side along a barn. The other three 
sides are enclosed by 100 m of fencing. Find 
the dimensions of the pen. 

7. A walkway of uniform width has area 72 m* 
and surrounds a swimming pool that is 8 m 
wide and 10 m long. Find the width of the 00 =an 

alkway 


ame of uniform width 
The area of the frame equals the area of the photograph. Find the width of 
the frame. 


8. A 5 in. by 7 in. photograph is surrounded by a 


9. When mineral deposits formed a coati 
pipe, the area throu 


1 mm thick on the inside of a 
gh which fluid can flow was reduced by 20%. Find the 
original inside diameter of the pipe. 

(Remember: Area of circle = 7r> and diameter = 27.) 


10. The area of the trapezoid shown below is 90 square units. Find the value 
of x 


Ex. 10 Ex.11 


B 11. The total surface area of the rectangular solid shown is 36 m* Find the 


value of x 


In a golden rectangle the ratio of the length to the width equals the ratio of 
the length plus width to the length, Find the value of this golden ratio. (Do 
not approximate the answer.) 


13. A box with height (x + 5) em has a square base with side x em, A sec 
‘ond box with height (x +2) em has a square base with side (c+ 1) em 
If the two boxes have the same volume, find the value of x 


14. A box with a square base and no lid is to be made from a square piece of 
metal by cutting squares from the corners and folding up the sides, The 
cut-off squares are 5 cm on a side. If the volume of the box is 100 em 


find the dimensions of the original piece of metal 


‘A hydrofoil made a round trip of 144 km in 4h, Because of head winds 


the average speed on returning was 15 km/h less than the avers 
oing out. Find the two speeds. 
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ee 
Self-Test 1 


Vocabulary quadratic equation (p. 307) quadratic formula (p, 311) 
completing the square (p. 308) 


Solve by completing the square. 


1. x? - 6x +2=0 2. 3 +9 = 2 


Solye by using the quadratic formula. 


3. we —Sw=3 4. a2+1=0 


Solve each problem. Approximate answers involving radicals 
to the nearest hundredth. A calculator may he helpful. 


5. Find the dimensions of 


ectangle whose perimeter is 10. cm and whose 
area is 3 cm? 


6. A sidewalk of uniform width has area 180 fe and surrounds a flower 
bed that is 11 ft wide and 13 ft long, Find the width of the sidewalk 


Cheek your answers with those at the back of the book 


/ Charles Steinme 


Charles Proteus Steinmetz (1865-1923) 
was an electrical engineer and mathema- 


lician who combine 
theoretical in: 


technical skill with 


i. He showed that so- 


phisticated mathematics could help to 


solve problems in the design of motors 
ed the 
use of complex numbers in the analysis 
of alternating current circuits 

Bom in Germany, Steinmetz immi 
grated to the United States at the age of 


and transformers, and he pioneei 


24 and was soon working for an electric 
company, where he spent most of his 
career, Even though he suffered from a 
deformed spine, Steinmetz had a tremen. 
dous capacity for work. In his laboratory 
he devised and improved designs for arc- 


lamp electrodes and generators and studied 
the effects of transient currents like those 


produced by lightning. Steinmetz. also synthetic production of protein, and 
researched solar energy, electrical net electric ears. His 195 patents are 
works, electrification of railways. proof of the range of his invention 
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Roots of Quadratic 
Equations 


EEE ees Ee 
7-3 The Discriminant 


Objective — To determine the nature of the roots of a quadratic equation by 
using its discriminant 


Using the quadratic formula, you can write the roots of the quadratic equation 
ar +bx+c=0 


in the form 


where 


D=# — 4ac 


‘The following examples illustrate how D is related to the nature of the roots 


Example 1 solve 


Solution 


D is positive 


The roots are real 
and unequal 


—4V3x+4=0 

(-4V3)? — 4)(4) = 48 — 48 = 0 Dis zero 
et Ae The roots are real and 
equal. We say there-is 

a double root. 


D is negative 


The roots are imaginary 
conjugates, 
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The Nature of the Roots of a Quadratic Equation 
Let ax? + by + ¢ = 0 be a quadratic equation with real coefficients. 


1. If b? — 4ac > 0, then there are two unequal real roots. 
2. If  — 4ac = 0, then there is a real double root. 
3. If b? — 4ac <0, then there are two conjugate imaginary roots. 


Since the yalue D = b° ~ 4ac “‘discriminates" among the three cases, D is 
called the discriminant of the quadratic equation. 
The discriminant also shows you whether a quadratic equation with integral 
coefficients has rational roots. If b? — 4ac is a perfect square, then 
bt Viste agar 
2a 


=b + imeger 


2 integer 


Since “EST is always a quotient of integers, the roots are rational 


Test for Rational Roots 
If a quadratic equation has integral coefficients and its discriminant is a perfect 
square, then the equation has rational roots. 

If a quadratic equation can be transformed into an equivalent equation that 
meets this test, then it has rational roots, 


Example 2. without solving each equation, determine the nature of its roots. 
a. 3-7 +5=0 b. 2x" — 13x + 15=0 


s+ Bao 


8 32 4 2V3x— 
ex V3x 2 


‘Solution a. D = (-7)? — 4(3)'5) = 49 — 60 = -11 (negative) 
+. the roots are imaginary conjugates. Answer 
b, D = (—13) — 4(2)(15) = 169 — 120 = 49 (positive, perfect square) 
The given equation has integral coefficients. 
+. the roots are real, unequal, and rational. Answer 


ce. D = (2V3P — 41-1) = 12 +4 = 16 (positive, perfect square) 
The given equation does nor have integral coetficients. 
the roots are real and unequal. Answer 


d. The given equation is equivalent to 47 — 10x + 25 = 0, which has 
integral coefficients 
D = (~10) ~ 4(1)(25) = 100 — 100 = 0 (perfect square) 
. there is a rational double root. Answer 
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‘You now have 


Using the quadratic formula: For real-life applications, computing the quadre 


three methods of solving quadratic equations: 
Using the quadratic formula 
Completing the square 
Factoring 


ic formula 
on a calculator to find exact rational roots or to approximate 
irrational roots may be the most efficient method. 

If a calculator is not available, the quadratic formula can 
be computed by hand to solve any quadratic equation 


Completing the square: Uf the equation has the form 


Example 3 


x? + (even number) +x + constant = 0. 
then completing the square may be the easiest method. 


Factoring; UW b — 4ac is a perfect square, then you can solve by 
factoring 


The equation ka? + 12x + 94 = 0 has different rooty for different values of k 
Find the values of & for which the equation has the following: 


a, a real double root b. two different real roots ¢. imaginary roots 


The discriminant D = 12? — 4(k)(9A) = 144 ~ 36) 


a, Equation has a b. Equation has real Equation has imaginary 
double root if D = 0: roots if D > 0: roots if D <0 
144 — 36K? = 0 144 — 36 > 0 144 — 36k7 <0 
36k? = — 144 6K? i44 —36k* < —144 
ra4 ead e>4 
| k= k| <2, of [Al > 2, or 
2<k<2 ¢ k>Qork<-2 


Caution: 


When solving = 4, it is correct to write & = 2 or = —2, However, 
when solving (2 <4, it is incorrect to write k <2 or k <—2. To see 
why, consider k = —3. This value satisfies k < —2. but nor <4. 


MSE 
Oral Exercises 


Give the value of the discriminant and determine the nature of the roots of 


each equation. 


If the equation is factorable, say so. 


1, e+ 6x +3=0 2 74+ 6x+5=0 3, + bx + 16=0 
4.2 +6r+10=0 5. 2° -51-5=0 6. 3)? —4y +2 

7, 5x2 + V5x—-1=0 Be -AV-+4=0 9, Var — ox + V5=0 
10. Explain why the roots of ax> + bx + (are unequal when 6? — 4ac > 0. 
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Without solving each equation, determine the nature of its roots 

calculator may be helpful. 
A 1. 2+3x-9=0 

4. 3m? — 8m-S=0 


10, V3r — 4V3 =0 


Solve each equation using whichever method seems easiest to you. 


13, 7 —6x+5=0 14, y+ 2y—-24=0 15, 9x7 — 12k +4=0 
16, 49° + I2y +9=0 17. Six +77 =0 

19, 99 20. 10 = 61 ~ 21, 3(x — 2) 

22, 7 + 4x — 396 =0 23, (2x + Sx — 3) =0 24, (2 + Sie — 3) =6 


yt 


y-l 


Find the value(s) of & for which each equation has the following: 

a. areal double root —_b. two different real roots ¢. imaginary roots 
31. x? + dv + k=0 32. 3x7 - 6r— k=0 33. Pr? = 8k +4=0 
34. Or — 6r +P =0 38. ke? — 4x +k=0 36. 3x7 — 6k + 12 =0 
37. Find the value(s) of & for which the expression 16.7 + 8x + 24 is a 

perfect square 

38. Find three values of & for which the expression 3x7 — 6x + k is factorable 
39. Cliff solved the equation 2x — Sv +7 = 0 and noticed that the sum of 


5 
the roots was 3 and the product of the roots was L 


a. Solve the equation and verify Cliff's results 
b. Find the sum a 


c. On the basis of your answers to parts (a) and (b), predict the sum and 
the product of the roots of the equation a + bx + ¢ = 0. 
40. a. Find the roots of 9x° — 6x + 2=0. 


\ product of the roots of 2x* + 13x + 11 = 0. 


b. Verify that the sum of the roots is © and the product of the roots is 2 


¢. Predict the sum and the product of the roots of the equation 
Ie + Ix +8 =0. 
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© 41. Show that the roots of 


1 ol 1 
sty = 1+ 1 are always imaginary if ¢ is. a non- 
zero real number 
42. Show that the roots of x + ke + k= 1 are always rational if & is an 
integer. 


43. Consider the equation 
a. Show that the discriminant is | 
b. The roots of the given equation are imaginary. Find these roots 
c. Explain why parts (a) and (b) do not contradict the rule that a quad 
with positive discriminant has real roots 


eee 
Mixed Review Exercises 


Solye each equation over the complex numbers. 


a5 ay +4 3. 2wQw — 3) = -1 
5. 6v? — 13v— 28 =0 6. 3P =1-41 


Express in simplest form without negative exponents, Assume that 
radicals represent real numbers. 


Tre 8. V2 CSitabe 10. (yay) 
LL (Va? 1% 13. (V5x 14. (5 


Computer Exercises For students with some programming experience 


1. Write a program in which the user enters the integer coefficients a, b, and 
¢ of any quadratic equation ax* + bx + ¢ = 0, and the program then prints 
the nature of the roots (imaginary roots, a double real root, rational real 
roots, or irrational real roots). Use X * X to represent x 


2. Run the program in (1) to find the nature of the roots of each equation: 
eae par l= 0 b, x — 6x = 16 « 5x7 — Int 12 =0 


3. Modify the program in (1) so that the computer finds and prints the values 
of the roots when they are real 

4. Run the program in (3) to print the roots of each equation 
a. 3r-8r-35=0 bx +Sx-1=0 e P=x4+21 

§. Modify the program in (3) so that the computer finds the roots of any 
quadratic, whether the roots are real or imaginary. Have the computer print 
imaginary roots in the form a + bi, You will need to have the computer 
print the symbol **7."° 


6. Run the program in (5) 10 print the roots of each equ 
a. +2x4+8=0 b 4 —Se— 11 =0 c. 2¢ — 6+ 7=0 
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74 Equations in Quadratic Form 


Objective To recognize and solve equations in quadratic form 


Study the three equations below and note their similarity. 
x 5x-6=0 ‘This equation is quadratic in x. 
@r — 2)? — 5Gr-2)-6=0 ‘This equation is quadratic in 3x — 2. 


1)" s(1)-—6=0 This equation is quadratic in L. 
ar 2 r 


Each of the equations above has the same quadratic form: 
(function of x)? ~ 5+ (function of x) ~ 6 = 0 
In general, an equation is in quadratic form if it can be written as 
al fia)? + BLfval + ¢ = 0. 
where a # 0 and f(x) is some function of x. When solving an equation in quad- 
ratic form, it is often helpful to replace f(x) by a single variable 


Example 1 Solve (3x — 2)? — 5x ~ 2) - 6 = 0. 
Solution 


3x — 2. Then 


~ 2)? and the equation becomes quadratic in 2. 


z 6=0 

(2+ Iiz-6)=0 
-l a= 
=} 


ay 


the solution set is {1 


The check is left for you. 


~, the solution set is 
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Example 3 illustrates that the quadratic form of an equation can sometimes 
be less obvious than in Examples 1 and 2 


Example 2 Solve 3x + 4Vx — 2 = 0. Approximate real solutions to the nearest 
hundredth 


By using the quadratic formula, you will find that 


~= 22 Vi0 
3 
243102 
2 3 
Vix ~ 0.387 
x = (0,387)? No solution, because the 
r=0.15 principal square root is 


always nonnegative 


+ the solution set is {0.15}. Answer 


18 =0. 


terms of x or let > = 2°, Both methods are shown below 
Method Method 2 
Let >=. Then 


z=-9 of 2=2 
x= 23F oF a= 2 V2 v=-9 oF 2 
x= 231 of x= +V2 


given equation is quadratic in x7. You can either do all your work in 


Oral Exercises 


substitute z for some expression in x to make the 
sulting quadratic equation in <. 


For each equati 
equation easier to solve. Then give the 


)-14=0 2. (3x + 4 + 03x + 4) — 16=0 


5=0 4. (2) +5(2 
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5. x*- 10° +9=0 6. 8-9 +8 =0 
7. &e-3VE+1=0 8. Tx]? — 20)x1 -3 =0 
9. 


; 2=0 10. 5(2£2)’ — 3(242) = 2 


12. 3x? — 4! +1 =0 


Solve each equation, 


A 1a. (x +3 — Six +3) +4=0 2. a. (x — 7)? — 13(@ — 7) + 36 = 
b. (x — 1)? — SQx- 1) +4=0 b. (1 — 3x — 1B — 3x) + 36 = 0 
eat Sx +4 ce. x4 — 137 + 36=0 

i; 1 3: w)?_ o(w = 
3.a. 2(4)'+5(4)-3=0 4a. 3(#) —8(#)+4=0 
b. 2(y? — 4)? + 5(y? — 4) -3 = 0 b. 30? — 27 — BW? — 2) +4 =0 


c. aw? - Bw +4=0 
6. ax + 7-8 =0 
bo xt+7Vx-8=0 
8. a. xt + 7-4 =0 
— 1+ 74-1? -4=0 


b. x* + Sx? - 36 = 0 
9 «-11VE+30=0 10. 
WM, (? - 1? — 1G? - 1) + 24=0 12. ( 


Solve each equation (a) by squaring both sides of the equation and then 
(b) by using a quadratic form, Be sure to check whether either method 
gives an extraneous root. 

17, x = 10 =3Vx 18. x +3 =4Vx 

19, 2y-2=3Vy 20. 2+ 3=5Vt 


Solve each equation, Approximate real solutions to the nearest hundredth. 
A calculator may be helpful. 


2. 3hx/? = jel + 5 22. [xl> (x] — 3) =1 
23. 3x + 6Vr a. 2 
25. (x — 3x)? — 3? — 3x) = 10 26. (x7 + Gx)? + 90 + 6x) + 20=0 
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27. Suppose you know the fourth-degree equation 4x* — 73x + 144 = 0. 


3 ; 
has roots +> and +4. Write a fourth-degree equation that has roots 


+4 and +5. (Hint: See Exercise 7.) 


28. Suppose you know the fourth-degree equation 4x" — 55x + 39 = 0 


e V : 
has roots +V13 and +>. Write a fourth-degree equation that has 


roots 1 + V13 and 1 + (Hint: See Exercise 8.) 


Solve. 
C 29. Vx¥6-6Wx+6+8=0 30. Vx—2+ VVr-2=2 
31. (s* — 9)(s4 — 3s? — 2) = 2¢s? — 9) 32. (Vy — 39 — Vy - 1) = V9 


nee es eee 
Self-Test 2 


Vocabulary discriminant (p. 318) quadratic form (p, 322) 
Without solving each equation, determine the nature of its 
roots. 


-6+5=0 2. Ty Obj. 7-3, p. 317 


~ 6x 


Solve each equation using whichever method seems easiest 
to you. 


5. 4x — 2)? = 20 6. w= 4 = 3 
7. (x- 3ix- 5) =9 
8. Find all real values of & for which 37° ~ 47 + k = 0 has 
imaginary roots 
Solve. 
9, A+2-12=0 10. 3x + 2V3x 0 Obj. 7-4, p. 322 


OL LT MF LF IE LG ES SELLE ALE DG ILE DES 
Challenge 


Find three different positive integers a, b, and c, such that the sum 
1 1 + 1 


is an 


Quadratic Equations and Functions — 325 


Ee Sa Se aaa 
Quadratic Functions 
and Their Graphs 
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7-5 Graphing y — k = a(x — hj? 


Objective To graph parabolas whose equations have the form 
y —k=alx— h) and to find the vertices and axes 
of symmetry. 


To graph the equation 


y 
first make a table of pairs of values of x and y that satisfy the equation, Then 
plot the graph of each ordered pair of coordinates, as shown in Figure 1. If you 
plotted more points, you would see that they all lie on the smooth curve shown 
in Figure 2. This curve, called a parabola, is the graph of y = 1°. 


0} 0 

1fii 

2|4 

aol Figure I 


In Figure 2 notice that if the point (x, y) 18 on the parabola, 
then (—x, y), its “mirror image" across the y-axis, is also on 
the parabola. ‘This property can also he seen in the table where 
the coordinate pairs connected by red lines are mirror images. 
Because of this property, the y-axis is called the axis of 
symmetry, or simply the axis, of the parabola, The vertex of 
abola is the point where the parabola crosses its axis. In 
the case of y the vertex is the origin. 

The graph of y = —x, shown in Figure 3 at the right, is 
a mirror image or congruent copy of the graph of y = x7. If 
the graph of y =. is reflected across the x-axis, then the re- 
sult is the graph of y= —x* 

Figures 4 and 5 on the next page show the effect of the 
value of a on the graph of an equation of the form y = ax? 


Q 


Chapter 


rn es se ee er 
‘The graph of y = ax* opens upward if a > 0 and downward if a <0. 
The larger |a| is, the ‘‘narrower’’ the graph is 


Figure 4 Figure § 


By graphing pairs of quadratic equations on the same axes, such as those 
in Figures 6-11 that follow, you may investigate the methods for graphi 
parabolas described in this lesson, A computer or a graphing calculator may 
be helpful 

Figures 6 and 7 below illustrate the following method for graphing a pa- 
rabola whose equation has the form y = atx 


To graph y = alx— h)*, slide the graph of y 
If A> 0, slide it to the right; if h <0, slide it to the left 
The graph has vertex (h, (I) and its axis is the line x =A 


ax* horizontally ft units, 


Slide right 3 Slide left 3 
y 
| 
| 
~ 
a 
(v0), or y 
Figure 6 Figure 7 
Figures 8 and 9 on the next page illustrate a method for graphing @ parab 
ola whose equation has the form y — k= ax 
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5 2. te 
To graph y ide the graph of y = ax vertically k units. 


If k>0, slide it upward; if k < 0, slide it downward. 


‘The graph has vertex (0, k) and its axis is the line x = 0 (the y-axis). 


Slide up 3 Slide down 3 


Figure 8 Figure 9 


Figures 10 and 11 below illustrate the following method for graphing a 
parabola whose equation has the form y — k = a(x — hy? 


RE Sc 
To graph y ax — hy, 


slide the graph of y = ax? horizontally / units and yertically & units. 


The graph has vertex (h. &) and its axis is the line x = h. 


Slide right 4 Slide left 2 
and up 2 and up 3 


Figure 10 Figure 11 
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| Example 1 Graph y = —(x + 2)°. Label the vertex and avis, 
Solution — Since a= ~1.. the parabola opens downward 


| Since h = —2 and k = 5, the vertex is (—2, 5) 
The axis of symmetry is the line x = 2 


Calculate a few convenient ordered pairs and plot the corresponding points 


| Also plot their images by reflection across the axis .x = —2, Now draw the 
parabola by connecting the points with a smooth curve 


When graphing an equation in the coordinate plane, it is usually helpful to 
know the mercepts of the graph. The y-coordinate of a point where a graph 
crosses the y-axis is called the y-inercept. The x-coordinate of a point where a 
graph crosses the x-axis is called an x-intercept 


A parabola may have no «intercepts, one x-intercept, or two x-intercepts, 
as illustrated below 


Pe 7k We 


no x-intercepts intercept inter 


ercept interce intercept 

To find the y-intercept of a parabola, set x equal to zero in the equation of 
the parabola and solve for y. To find the cintercepts of a parabola, set y equal 
fo in the equation and solve the resulting quadratic equation for x. If the 


to 2 


roots are real they are the x-intercepts. If the roots are imaginary, the graph 


has no x-intercepts. 


| Example 2 Graph y + 6 = 2(x + 1)*. Label the vertex and axis. Find all intercepts 
Solution 1. Since u the parabola opens upward 


Since h | and k= —6 the vertex is ( 6) 


The axis of symmetry is the line x I 


Solution continues on the next page.) 
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np 


To find the y-intercept, set x = 0 and solve for y. 
yt6=20+1P 


yt6=2 


—4 — )-intercept 
Therefore, the graph crosses the y-anis at (0, ~4). Since (0, ~4) is on 
the graph, so is its mirror image across the axis of symmetry, (~2, —4). 


3. To find any -intercepts, set y = 0. 

2ix+ 1" 

(tip 

xt} _ 
x=-12V3 

To the nearest tenth, V3 ~ 1.7. 

Therefore, the x-intercepts are: 


or ected tam 


4, Plot the vertex (—1, —6) and the intercepts 
Then complete the curve using symmetry. 


Example 3 Find an equation y — k = a(x — h)? of the parabola having vertex (1, 2) 
and containing the point (3. 6) 


Solution Substitute (1. —2) for (h, b) in the equation y ~ 


(-)=e - 


a(x = hy? 


(x — 


Since the parabola contains the point (3. 6), the coordinates of this point 
must satisfy the equation 


6+2 


a3 — 1)? 
B= 4a 


an equation of the parabola is y + 2 = 2 — 1)? Answer 


Oral Exercises 


Match each equation with one of the graphs at the top of the next page. 


1, y=3e 


& yt 1=30+2? 


7 ; 


ix — 27" 
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(a) ¥ (b) y (c) y (dy sy 


2 ia mes Ol 0 . 
ee (3) y (f) y (g) (h) y 
@ 
> > > 
x 0 x 0} x a) x 


Tell: (a) whether the parabola opens upward or downward, (b) the 
coordinates of the vertex, and (c) the equation of the axis of symmetry. 


9 y ae 10. yt t= 1h. y 3(x — 1)? 
12, y - 4 = %x - 4) 13. y +3 = -(x- 2)? 14, y +2 = Six + 1P 


Tell how to shift the graph of y = 2:* to obtain the graph of each equation. 


15, y 


a= 1 16. y +4 = 2x 17. y+4 = 26-17 


Written Exercises 


Graph each equation, Label the vertex and axis of symmetry. Find all 
tercepts. You may wish to check your graphs on a computer or a 
graphing calculator. 


A Ly=-3 2y=4t2 3. y-4=-2 
y=-t 
y 3 an \y 
want 2 
yt3=tr-6 
y4+3=—x 
y 4 x 
\ 
y--te 
rious fi 
y-g=—1 G+ 6) 


Find an equation y — k = a(x — h)* for each parabola described. 


19, Vertex (4, —3); contains (2, —1) 20. Vertex (4, 5); contains (5, 3) 

21. Vertex (0, 0); contains (~3, 3) 22. Vertex (—3, 6); contains the origin 
B 23. Vertex (3, 5); y-intercept 2 24. Vertex (—2, 6); y-intercept —2 

25, Vertex (4, 2); one x-intercept is 3 26. Vertex (—3, 4); one x-intercept is —1 


27. If the parabola y — 8 = 3(x — A)? has the line x 
28. If the parabola y ~ k = —3(x — 1)? passes through the origin, find k 
29. If the parabola y ~ 3 
30. If the parabola y + 5 = a(x + 2)* has y-intercept 4, find a 


its axis, find h 


a\x — 1° passes through the point (2, 5), find a. 


Find values of a and k for which each parabola contains the given points. 
3. y — k= ale ~ 17; (3, 11), C1. 3) 32. y —k=alx + 3) 


C 33, Graph y +3 =e + 5). 34. Graph y — 1 =| + 4) 

35. Prove algebraically that if the point (i + r,s) is on the parabola 
y—k=(x— A)’, then so is the point (f — r, 8). What fact about a 
parabola is established by this proof? 

36. a. Using integral values of y from ~3 to 3, make a table of values for 

the relation v= y*, 

b, Use the table in part (a) to draw the graph of x =) 
¢. Is x= y? a function? Explain 


37. Make a table of values for each relation using integer values of y in the 
given range, Then draw the graph of the relation over that range, 

= 3t03 bx ay? +2: 

eo r=(vyt I -b02 9 de x=(y + IP + 


e x= —L(y— 22 +3;-105 


38. Find the coordinates of the vertex and the equation of the axis of 
symmetry for each parabola in Exercise 37 
39. a, Find a general equation that represents all parabolas that have a 
horizontal axis. 
b. How many x-intercepts can a 
have? How many y-intercepts' 


arabola with a horizontal axis 


DS ES nee 
Mixed Review Exercises 


Without solving each equation, determine the nature of its roots. 
1. Sx? —3x+2=0 2. l6y> — 249 +9=0 3. P+1-1=0 


Solve each equation over the complex numbers. 


4. °-SP+4=0 5. 4w? —4w +5 =0 6. 
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7-6 Quadratic Functions 


Objective — To analyze a quadratic function, draw its graph, and find its 
minimum or maximum value 


A quadratic function is function that can be written in either of two 
forms 


General form: fix) = ax? + bx+e (a4 0) 
Completed-square form: fix) = a(x — hy +k (a #0) 
The graph of a quadratic function in either form is a parabola 


Example 1 Graph fix) = Xx — 3)2 +1 


Solution — When graphing a function, it is often helpful 
to replace fx) with y 


fi) = 2 -3¥ +1 


Then, y— 1 = 2-3) 
This last equation is the equation of a parabola 
with vertex (3, 1) and axis «= 3, Answer 


Example 2 a. Show that the graph of fix) = 3x7 — 6x + 1 is a parabola. 


b, Find the vertex and graph the parabola 


Solution a. You want to rewrite the equation in the form y ~ k = atv — hy? 


Step 1 Replace f(x) with y v= 3x? -~6r +1 
Step 2 Subtract the constant Y ax? = 6x 
term from both sides. 
Step 3 Factor so that the coefficient y-1=30" -2e 
of x becomes 1 
Step 4 Complete the square in x y-14+3 
sree 
since the last equation is in the form 
y ~ k= aly — Ay, the graph is a parabola 
Answer 
b. Since b= | and k the vertex is (1, ~2). 


Since a = 3, @ is positive and the parabola 
opens upward, The graph is shown at the 1 
Answer 


Quadratic Equations and Functions 


a 


The completing-the-square method illustrated in Example 2 can be used 
(see Exercises 41 and 42) to show that the quadratic funetion y = ax? + bx + ¢ 
is equivalent to 


— (- 25) = a(x - 4) 


4a la 
| { 
yk = alx—hP 
‘Therefore, the graph of y = ax* + bx + ¢ is a parabola having the vertex 
(hy =(-£, - La =A) . You do not have to remember the expression 


for A, because you can easily find it by substituting ~~ for x in the 


equation of the function, Example 3 illustrates 


“Example 3 Given g(x) = 6 + 6x — 3x, find the following 


a. The vertex of the graph of ¢ b. The domain of ¢ 
¢. The range of g. d. The zeros of g. 


‘Solution a. Since a = —3 and b = 6, the s-coordinate of the vertex is 
b 6 


la 21-3) 

Then the corresponding y-coordinate is 
gl) =6+ 61) — 317 =9. 

ec the vertex is (1,9). Answer 


b. g is defined for all real values of x 
*. the domain D = {real numbers}, Answer 


¢, Since a is negative, the parabola 
opens downward and the vertex 
(1, 9) is the highest point of 
the graph. This means 9 is the 
‘maximum value of the function 
s9. 
Answer 


the range R= {y: 


. Recall (page 195) that the zeros 
of g are the roots of g(x’ 


gi) = 6 + 6x — 3x7 
0 =-3r + 6x + 6 


6+ VO—4-( 


z= oe 


£EPRSVE 


*. the zeros of g are | + V3 and 1— V3. Answer 


Note that the zeros of g are the x-intercepts of the graph of g. 
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s about 


Example 3, part (c), illustrated one of the following important fu 
a quadratic function 


Let fix) = ae + bx + ce, a #0. 


Ifa <0, fhas « maximum value. 
If a> 0, fhas a minimum value. 


The graph of fis a parabola. This maximum or minimum value of f is the y-coordinate 


— . at the vertex of the graph 


when - 
2a 


Example 4 Given fix) = 51° + 3x 1, find the followi 


a. The maximum or minimum value of / 


aph of f 


The vertex of the 


: 1 
Solution a. Since a= 4, a > 0 and f has a minimum value. 


This minimum occurs when + 


the minimum value of f is Answer 


b, The vertex is (~3, = Answer 


Oral Exercises 


Tell whether each function has a maximum value or a minimum value. 


Give the yalue of x associated with this maxi 

1. faii=%-5 2. fH) = 35 —=z 3. =x 

4. fx) = 2x — flay =(« — 5) Sayre 
7. Mentally draw the graph of fix) = (x — IP +5 


a. Does the graph have 0, I, or 2 intercepts? 


b. How many zeros does / have? 


Quadratic Equations and Functions 


Graph each function. Follow the method of Example 1. You may wish to 
check your graphs on a computer or a graphing calculator. 


A Lf 1 2. fix) 


4. fx) = Ax + 3P +5 5. fix) 


ig 3. fix) 


eed pee or) 
1 


fl 
7% 


4-—%r-1F 6. fix) = 6 — Sv + 4" 


Graph each function. Follow the method of Example 2. You may wish to 
check your graphs on a computer or a graphing calculator. 


D hy = 2 8. g(x) = t 4rd 9. fix) —4v+1 
10. gh Qf =5+2e-2 12. he) = 6 = @e— 2 
13. fly = 14, Aix) = 4x — 27 glx) = xt — 12e + 18 
2 2 > 
16. h(x) = 4x2 + 4x — 17. ey =4e2 +44 18. fo = 4 aw+d 


‘ind the maximum value or minimum value of each function. Then give 
the coordinates of the vertex of its graph. 


20. flr) = 7 + Bx + 6 2 gi = 
23. A(x) = (2 — (5 +0) 24. hin) = (Qv — 5)(2e + 3) 


For each function find (a) the vertex of 
(c) its range, and (d) its zeros. 


s graph, (b) its domain, 


26. g(x) = 6x — 3x? 27. fix) = 
28. F(x) = 9 — 8x — 29, fix) = 2 30. GO) 
Bot. y= Ar -—Mert+5) 32 gi =Ot Gtx 33 AN=9-+ OP 


3. FQ) = 20-397 - 8 —38. Gin =2-LatIy 36. HA) =4+Gx-DGI- 4 


In Exercises 37-39, a parabola represented by an equation 
y= ax? + bx + ¢ is given, Study cach graph and then tell whether the 
value of each expression that follows is positive, negative, or zero: 


a. b* — 4ac be aa db 
37. 38, » 


7) ° 0 v 0 v 


mn 
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40. Tell how many 


times the parabola y = 1% — 6x + 10 intersects 
a. the v-axis 

b. the line y= 1 

¢. the line y=2 


Al. By completing the square, rewrite the equation y = 7 + by + ¢ in the form 
y—k=alx— hP 


42. Repeat Exercise 41 using the equation y = ax* + bx + c 


C 43. A function f is an even function 


if f(—x) = fix) for every x 


Show that fix) = ax? + br +c is an even function if and only if b 
44. A function f is an odd function 


if f(—x) = —f(x) for every x 


Show that there are no odd quadratic functions. That is, show that if 
fix) = ae + bx tc, then fi—x) = fix). 


Every day, people’s opinions are being 
polled by means of surveys—opinions 
about political candidates, television 
favorites, consumer goods, and taste 
preferences, for example, Statisticians 
are involved in designing such surveys 
and experiments, implementing them. 
and interpreting their numerical results 


Statistical methods are 
variety of situations, from predicting 
human behavior to controlling the qual 


applied to a wide 


ity of a manufactured product 
| One of the most important character- 
istics of statistical work is the way in 
Which accurate information about a large 
group of people can be obtained by sur 
‘up. Tele 
vision rating services, for example, can 
al network"s 


veying a small part of the 


cause statistics are used so widely 


| determine the size of # nat 


audience by asking only a few thousand statisticians generally combine their 
houscholds, rather than all viewers, what knowledge of mathematics with another 
programs are watched. To achieve accu field, such as business or psycholo; 
rate results, however, statisticians must Statisticians also find a background 
carefully choose where and how to get in computer science helpful, since 

their data and determine the type and size computers are frequently used as tools 


of the sample group. in statistical applications 
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7-7 Writing Quadratic Equations 
and Functions 


Objective — To learn the relationship between the roots and coefficients of a 
quadratic equation. To write « quadratic equation or function 
using information about the roots or the graph 


So far in this chapter, you have learned to find roots of quadratic equations and 
to graph quadratic functions. In this lesson, you will reverse the process and 
learn how to write a quadratic equation or function using given information 
about the roots or the graph, These new problems are closely related to ones 
you've already studied. For example, consider the familiar problem of solving 
the quadratic equation 2x? — 6x — 8 = 0 


2x? — 61-8 =0 
207 - 3x- 4) = 0 
x + Xx - 4 = 0 
xy=-1 or x=4 


Now suppose you are given that —1 and 4 are the roots of a quadratic equa- 
tion, You can reyerse the steps above and reason that the equation is 


(a+ Da~4)=0 
x -4=0 
=0 (a¥0) 


x 


or a(x? — 3x — 4) 


This idea can be generalized as follows: If r; and ry are roots of a quadratic 
equation, then 


(x — rie = 73) = 0. 
Multiplying the binomials on the left side gives 


Y= (ry tH rx + rire =0. 


SS (gERE Se ES 
Theorem 
A quadratic equation with roots r, and r; is 
P-(nt+net+nn=0 
or ale = Oy bre + rye, 


‘The equation just given is equivalent to 
alc* — (sum of roots)x + (product of roots)| 


The theorem above provides an easy method of writing a quadratic equa- 
tion from the sum and product of its roots, as Example | illustrates, 
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Product of roots = 


x? = (sum of roots)x + (product of roots) = 0 
e—4y+5=0 


To clear fractions, multiply both sides of the equation by 9 


the equation is 9° — 12x +5=0. Answer 


The next theorem gives you an easy way to find the sum and product of the 
roots of a quadratic equation of the form ax* + br + ¢ = 0. 


Theorem 


If r) and rz are the roots of a quadratic equation ax? + bx + ¢ = 0, then 


ry + ra = sum of roots = — 4 and Firs = product of roots =< 
Proof By the theorem on page 338, an equation with roots 7, and r, is 
ale = (ry, + rn + rye] = 0, 


Fact: 


gives this equivalent equation: 


a from the left side of the equation ax + by +e = 0 


alt — (—2)x4 0 
a a 
Setting the corresponding coefficients equal to each other gives 


nt Gand rg = 


This theorem is often used to check solutions of a quadratic equation 


Example 2 Find the roots of 2x7 + 9x +5 = 0. Check your answer by using the theorem 


about the sum and product of the roots 


9+ VOr—4Q)N5) _ -o+ 


é y+ VAI 9 Vai 
Thus, = 7 and rs ; 


(Solution continues on the next page.) 
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Quadratic 


Check: ry + P= 


Vi 


are the roots. Answer 


Example 3 shows how to write the equation of a quadratic function using 
information about its graph. 


Example 2 Find a quadratic function f(x) = ax? + bx + ¢ such that the maximum 
value of f is 8 and the graph of f has x-imercepts 3 and 7. 


Solution — Recall that the x-intercepis of the graph of f are also the roots of the 
related quadratic equation fx) = 0. Therefore, you can use the theorem 
on page 338 and write this equation: 

fix) = ae — 10x + 21) 
Since the maximum value of f 
is 8, the y-coordinate of the ver- 
tex of the graph is 8. To find the 
x-coordinate of the vertex, note 
that the axis of symmetry inter- 
sects the x-axis at a point mid- 
way between the x-intercepts. 
This means the x-coordinate of 
the vertex is simply the average 
of the x-intercepts: 


‘Therefore, the vertex is (5, 8). Since the vertex lies on the graph of f, 
You can substitute ils coordinates in the equation of f to find a. 
fix) = a(x? — 10x + 21) 
8 = a(25 — 50 + 21) 
8 = 4a 


a=-2 


the equation is f(x) = —20 — 10x +21). Answer 


‘There are many situations in which knowing when maximum or minimum 
values occur is useful. For example, a business may want to maximize a profit 
or minimize a loss. If the profit (or loss) ean be described as a quadratic fune- 
tion, then you can find the maximum value (or minimum value). Example 4 il 
lustrates this idea. 
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| Example 4 An automobile dealership sclls only 35 new cars per month when the markup 
| over factory price is $3000. Marketing research indicates that for each $200 
| decrease in the markup, the dealership can expect to sell an additional 5 cars 


per month, What should the markup be per car in order to maximize total 
monthly profits? What will the total profit be? 


Step 1 The problem asks for the markup needed per car to produce maximum 
monthly profits. It also asks for the maximum monthly profit 


| Step 2 Let m= the number of $200 decreases in markup per car. Making a chart like 
| the one below is often helpful 
| 


| Number of Markup Number of Total monthly 
$200 decreases per car car sales profit 
| 1 3000 — 200(1) = 2800 | 35 + S(1) = 40 | (2800)(40) = 112,000 
2 3000 — 200(2) = 2600 | 35 + 5(2) = 45 (2600)(45) = 117,000 
n 3000 ~ 200n 35+ 5n (3000 ~ 200n)(35 + Sn) 


Step 3 Express the total profit P as a function of 1 


Total profit = (Markup per car)(Number of car sales) 
P(n) = (3000 — 200n)(35 + Sn) 
P(n) = 105,000 + 8000n — 1000n> 


Step 4 This function has its maximum value when 
be 8000 


n= 3a ~ ~ 21000) 


Then the markup per car is 3000 — 200(4) = 2200, 
and the maximum profit is 
P(4) = 105,000 + 800014) — 1000/4) 
= 121,000 
Step 5 The check is left for you 


© the markup per car should be $2200 to obtain maximum monthly 
profit of $121,000. Answer 


EE SS Se 
Oral Exercises 


Give the sum and product of the roots of equation. 
Lx 3+ 6=0 oxt+8=0 y-6=0 
4, 2P-or+1=0 2 4+2 = 3x 4=0 
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Find a quadratic equation whose roots have the given sum and product. 


Tony tn=3,nn=4 8 ry tr = 2, y= — 
% mtr =0,4m= 1 10. ry tr. = —4, ryr2 = 0 


Find a quadratic equation with the given roots. 
ie 12. 1,9 13. 0,7 14. V5, -V5 
?—Ty+3=0. 


15. Explain why 2 and 5 cannot be the roots of 


SS Sa Se eee 
Written Exercises 


A 1-6. Solve the equations in Oral Exercises 1-6. Check each answer by using the theorem 
about the sum and product of the roots. 


Find a quadratic equation with integral coefficients having the given roots. 


L+V2 1-v2 
Brkt as 


15. 


18, 2iV2, -2iV2 


2. 5+ iV2, 5 —iV2 
24. 24+iV3 2-iv3 


22. -2+iV7, -2-iV7 


Find a quadratic function f(x) = ax* + by + ¢ for each parabola described. 


25. maximum value 10 26. maximum yalue 6 
intercepts | and 3 x-intercepts ~2 and 4 


27. minimum value —8 28. minimum value 
«intercepts 0 and 8 x-intervepts 2 and 3 


B29. vertex (2, 12); «intercepts —4 and 8 
30. vertex (—1, —10); a-intercepts —6 and 4 


31. minimum value —6; zeros of f are —1 and 5 
(Hint: Recall that the zeros of f are the rots of f(x) = 0.) 
32. maximum value 9; zeros of fare —6 and 0) 


33. maximum value 6 when x 


—2; one zero is 1 
34. minimum value —4 when x = 3; one zero is 6 


35. y-intercept 2; 


intercepts | and $ 
36. range: {y: y= 9}; x-intercepts —2 and 4 
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40. 


a. Show that 3 + iV/2 is a root of x7 — 6x + 11 =0. 
b. Find another root 


5 s 
a. Show that 5° js a root of 16x? — 40x + 27 = 0. 


b. Find another root. 


Show that the roots of ax? + bx + ¢ = 0 are reciprocals of each other if and 
only if a 


Show that the sum of the reciprocals of the roots of ax? + by + ¢ = 0 is —2 


A 


Problems 


2. 


8. 


‘9, 


The sum of two numbers is 20. If one number is x, then the other number 
is 2_. Their product is p(x) = 1. Find the maximum value of p. 
The difference of two numbers is 8. If the smaller number is x, then the 


other number is Their product is p(x) = 2. Find the minimum 
value of p 


The sum of two numbers is 40, Find their greatest possible product 

Find two numbers such that their sum is 20 and the sum of their squares is 

as small as possible 

‘A rectangle has a perimeter of 100 cm. Find the greatest 

possible area for the rectangle. (Hint: Draw a diagram and 

label the length and width.) y fi 
A rectangular pen is made with 100 m of fencing on three 

sides. The fourth side is a stone wall. Find the greatest 

possible area of such an enclosure. 


There are currently 20 members in a school's Ski Club and the dues are $8 
per member. To encourage the recruiting of new members, the club tres 
urer suggests that for each new member recruited, the dues for all members 
be reduced by 10 cents 

How much membership money will the club have if it recruits 10 new 
members? 15 new members? 1 new members? 


b. For what value of # will the club's total membership money. be a maxi 
mum? 

In Problem 7, suppose that the Ski Club has 24 members instead of 20. 

How many new members should be recruited in order to maximize the total 

membership money’) What will this total be? 

A charter company will provide a plane for a fare of $60 each for 20 or 

fewer passengers. For each passenger in excess of 20, the fare is decreased 

§2 per person for everyone, What number of passengers will produce the 

reatest revenue for the company? 
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10. 


i. 


12. 


13. 


14. 


n 


A ferry service transporting pas- 
sengers to an island charges a 
fare of $10 and carries 300 per- 
sons per day, The manager esti- 
mates that the company will love 
15 passengers for each increase of 
SI in the fare. Find the fare that 
yields the greatest income. 


In a 120 volt electrical circuit 
having a resistance of 16 ohm! 
the available power P in watt: 
4 function of J, the amount of 
current flowing in amperes. If 
P = 1201 — 16/7, how many amperes will produce the maximum power in 
the circuit? What will this maximum power be? 


A ball is thrown vertically upward with an initial speed of 80 fi/s. Its 
height after ¢ seconds is given by h = 80¢— 167 

a. How high does the ball go? 

b. When does the ball hit the ground? 

A rectangular field is (o be enclosed by a fence and divided 

into two parts by another fence. Find the maximum area n x 
that can be enclosed and separated in this way with 800 m 

of fencing. 

A parking lot is to be formed by fencing in a rectangular plot of land ex- 

cept for an entrance 12 m wide along one of the sides. Find the dimensions 

of the lot of greatest area if 300 m of fencing is to be used. 


» A football kicker tries to make a field goal with the ball on the 25 yard 


line (10S ft from the goal posts). If you imagine a coordinate system with 
the ball being kicked at x= 0 and the goal post at x = 105, then the equa- 


tion of the ball’s path is y = 


where y is the ball’s height in feet 


a, What is the maximum height of the ball’? 
b. Will the ball clear the goal-post crossbar that 1s 10 ft above the ground? 
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C 16. A rectangle is to be inscribed in an isosceles triangle of A 
height 8 and base 10, as shown. Find the greatest area of 
such a rectangle. (Hint: APO is similar to AABC. Use 
this fact to express y in terms of x. 
P in term ) FE o 


Mixed Review Exercises 
Sketch the graph of each equation. 


1. y+2=- 3" 2.y=3x-1 3 y=3 


4. 2x + 3y = 12 
Find the domain and zeros of each function. If there are no zeros, say so. 
Fe Mey eo 8. g(x) = 3x —8 


2 Il. Ga) = 2° — 3x +4 


10. F(x) 


Self-Test 3 


Vocabulary parabola (p. 326) vertex (p, 326) 
axis of symmetry (p. 326) quadratic function (p. 333) 
1. Find the vertex and axis of the parabola y ~ 4 = —2(x + 3)° Obj. 7-5, p. 326 


> 1 
2. Find all intercepts of the parabola y way 


3. Find an equation y — & = a(x — h)? of the parabola having 
ing the point (~3, 4) 


Qe + 12x + 17 Obj. 7-6, p. 333 


vertex (—2, 1) and con 


Graph the function f(x) 


ae 


Find the domain, range, and zeros of the function 
g(x) = — Ox +3 
il coefficients: having Obj. 7-7, p. 338 


6. Find a quadratic equation with int 
1+ V3 1-V3 
and 


roots 


7. A ball is thrown vertically upward with an initial speed 


ter seconds is given by 
s the ball 


of 48 ft/s. Its height, in feet, 
h = 481 — 16. How high 


Check your answers with those at the back of the book 
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Chapter Summary 


1, The general quadratic equation, ax? + by + ¢ = 0 (a ¥ 0), can be solved ci 
ther by completing the square or by using the quadratic formula 


b + VP = 4ac 


nv 


The discriminant, b? ~ 4ac, can be used to determine the nature and number 
of the roots of a quadratic equation: real or imaginary; rational or irrational; 
one root or two roots, 
3, An equation in quadratic form, al fx)? + bLfGo] + ¢ = 0, can usually be 
solved by first replacing the expression for fix) by a single variable such as 
z and solving the resulting equation for 2. Then to find .x, substitute for 2 the 
expression for fix). 
4, A parabola with vertex (, k) and a vertical axis of symmetry has an equa- 
tion of the form 
yr k=alx— hy. 


If a> 0, the parabola opens upward: if a < 0, the parabola opens down- 
ward. The axis has the equation «= h, 


The graph of the quadratic function fix) = ax* + bx + © (or fix) = 
a(x ~ h)? + k) is a parabola. The minimum or maximum value of a 
quadratic function is the y-coordinate of ils vertex. This value is a 
minimum if a >0, a maximum if a <0. 


6. The sum of the roots of a quadratic equation is — 4 the product of the 


Toots is <_ 
a 


SSS EY SER SEH 
Chapter Review 


Write the letter of the correct answer. 


1. Solve 2¢—1 16, TA 


a. {1 + 2i, 1— 2%} b. {1 +2V2,1- 
e {1 +2iV2,1 d. {| - iV 
2. If 3y? — 18y + dis a winomial square, find d. 
a. 81 b. 27 ©. 6 d. 108 


3. Find the roots of ax— 1 7- 


ie p. 232 va 


ay . iz 


4. A vegetable garden measures 8 ft by 12 ft. By what equal amount must 
cach dimension be increased if the area is to be doubled? 
a 2ft b. 4 ft ©. 6 ft a. 8 ft 
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5. Describe the roots of 9y? — 6y + $ 
a. imaginary conj 
c. real, unequal 


b. real, equal, rational 
d. real, unequal, irrational 


6. Find the real values of k for which the equation 3)? — 2y + k = 0 has 
two real roots. 


ak>t b. k>-4 e k= a ket 
7. Solve (2 7-4 
feat) { 5| ieee { 2\ 
a i! 21 b. ay e. \-2 al d. \0. —3} 
8. Find the roots of y~? — 2y7'! + 2=0. mi 
a 2S b. Li i 
9. Find the vertex of the parabola y + 3 75 
a. (—3, 2) b, (2, 3) d. (3, —2) 


10, Find an equation of the parabola having vertex (—1, 4) and containing 
the point (1, 


a. yt4=4ir- 1) b. y—4=teet by 

« y+4=-1@-17 da. y-4 Loe + 1p 
12. Which curve is the graph of g(x) = 4r — x7? 

a, 5 b. v y a. y 

a s 
as 
O x lo 

13. Find the range of the function f(x) = | — 6x ~ 3x° 

a. {y: y= 4} b. {y: y= 4} ce {yy 8} d. {y: y= —8} 


14. Find a quadratic equation with integral coefficients having the roots 1 


1+iv2 ang Le iv3 
+ 4x4+3=0 b. 4x? - de - 3 =0 
©. 4¢—4e +3 =0 d. 4c + 4x— 3 =0 


15. Find a quadratic function for the parabola having minimum value ~2 


and x-intercepts 1 and ~3 
a. fix) = 2x? + Av = 6 b. fix) = 6 ~ 4x 
« fi) = 2-2-1 a. fay = te t+ x-F 
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is Chapter Test 


eee 


13. 


14. 


. Solve each equation over the complex numbers. 


Solve (3x + 1)? =8. 
Solve by completing the square: 


O+ 6x+3=0, 


Use the quadratic formula to solve 4x7 — 3x + 2 = 0. 

Two positive real numbers have a sum of 7 and a product of 11. Find 
the numbers. 

Without solving the equation, determine the nature of its roots. 

a, Sx? + Ie +2=0 b. 3x? —4r + 2=0 


Find all real values of k for which 2x? + kx + 3 =0 has a double root. 


ax tx? -12=0 bea 


Graph the parabola y +3 = —4(x—2)*. Label the vertex and axis of 
symmetry. 

Find an equation in the form y — 
vertex (—2, 5) and containing the point ( 


a(x — hy for the pa 
9. 


abola having 


. Graph the function f(x) = 2x? ~ 4x + 1 after rewriting its equation in 


the form y — k = a(x — h)?. 


+ Find the domain, range, and zeros of g(x) = 27 — 6x + 4, 


Find 4 quadratic equation with integral coefficients having roots 4 


Find quadratic function f(x) = ax? + bx +c having minimum value 
=9 and zeros + and -* 


Find the dimensions of the rectangle of greatest area whose perimeter is 
20cm. 


7-2 


16 


7.7 


(SRE iS STN 


6) 2. (4a°b\(—3a°t?) 
4. (4y — 3)2y + 5) 


bad 


7 — 2x + Oxy — dy 
8. 3)4 — Gy — oy? 
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Solve. 

% (x-d+ HN =0 10. x 10x + 2: 0 
I. = 9x 12. +y<20 

13. Find two consecutive odd integers whose product is 99. 


14. One leg of a right triangle is § cm less than the hypotenuse, while the 


other leg is only 1 cm less than the hypotenuse, Find the length of the 
hypotenuse 


x : 
16..\=) 
18. —_ = 

v—a-8 z r 
1 2. + a 
Solve. 
a. — ! 2 2. y+ Vy—1=7 
r42 xtl + axt2 


23. Mr. Ramirez invested $4000, part at 5% simple annual interest and the 
rest at 8%. If his total interest income for a year is $284, how much 


did he invest at each rate? 


Simplify. 
24, V80 25. V24- \5 
26. (7 — V5)\(3 + 4V5) 27. = 

V3 
28. V-8-V-6 29. f 


31. Solve by cor 


pleting the square: 4x* — 1 
tp i 


32. Solve by using the quadratic formula: Oy 


33. Find the real values of k for which kx* — 6x + 3 


roots 
34, Solve: (4r 3) (4x 3 5=0. 

35. Graph y — 1 = 2(v — 3). Label the vertex and axis of symmetry 

36. Find the domain, range, and zeros of fix) = 3° ~ 8x + 9 

37. If two numbers differ by 6, then what is the least possible value of thei 


produ 
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Kepler's third law of planetary 
motion states that the square of 
the period (P) of a planet's orbit 
is directly proportional to the 
cube of its mean distance (D) 
from the Sun: P? = kD? for 
some constant k, 
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EEN TS 9ST 
8-1 Direct Variation and Proportion 


Objective —_ To solve problems involving direct variation 


The water pressure, y, on a scuba diver increases 
with the diver's depth « meters beneath the sur- are 

face, as shown in the table at the right. (Here Lora 
pressure is measured in kilopascals (kPa).) No 24 98 
tice that for each ordered pair (x, vy), the ratio of 


Ps y 
= (kPa/m) 


58.8 
88.2 


pressure to depth is constant: ~ = 9,8; and there 


fore, y = 9.8x. Because of this, we say that the 


pressure varies directly as the depth: EVES. 


A linear function defined by an equation of the form 

(m #0) 
is called a direct variation, and we say that y varies directly as x. 
‘The constant m is called the constant of variation, 


‘Example 1 the stretch in a toaded spring Unloaded Same spring 


ies directly as the load it supports spring with load 

(within the spring's elastic limit) 

A load of 8 kg stretches a certain 

spring 9.6 em. 

a. Find the constant of variation 
(the stiffness constant) and the 
equation of the direct variation. 

b. What load would stretch the 
spring 6 cm? 


Let x = the load in kilograms and y = the resulting stretch in centimeters, 
Since y varies directly as x, y = mx where m is the constant of variation 
a. Find m. Since y = 9.6 when x = 8, substitute these values of y and x 
in y = mx and solve for m: 
1.6 = mi 
m=9.6+8=1.2 
+. the constant of variation is 1.2, and the equation is y= 12x 


(Solution continues on the next page.) 
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b. Use the equation y = 1.2 to find x when y 


x 
z.the load is 5 kg. Answer 


The graph of y = mx is a line through the origin with slope m. 
In most applications of direct variation, the variables are positive, 
so the graph of the variation is a half-Line, as shown at the right, If 
(xy.-¥1) and (x2, yp) are ordered pairs of the variation y = max, and 


ys y 
neither x) nor x5 is zero, then rfl and <— = m. Therefore 


Such an equality of ratios is called a proportion. For this reason, in a di- 
rect variation y is often said to be directly proportional to x, and m is 
called the constant of proportionality. The proportion is sometimes 
written, 


Vuidy = Yainy 


and is read “y, is to x) as y> is 10 x9." The numbers x) and y> are called the 
means, and y, and x3 the extremes of the proportion. 


means 


extremes 


Multiplying both sides of 7 =~ by xu» gives the result 


eta = y2 


Therefore, in any proportion, she product of the extremes equals the product of 
the means 


Example 216 y varies directly as x. and y = 15 when x = 24, find x when y = 25 
"Solution ¥ First find m and write an equation of the direct variation. 


y=me 
15 = m(24) 
15 


m= 


Ss 
FF 


4 


Jan equation of the direct variation is y 


Then, to find x when y = 25, substitute in y 


re 
| r= Answer 
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Solution 2. Since *y varies directly as x"* means that y is directly proportional to x, a 


proportion can be used 


15 
15x = 24-25 
a 2 40 Answer 


Example 3. The electrical resistance in ohms (2) of a wire varies directly as its length. | 


a wire 110 cm long has a resistance of 7.5 , what length wire will have a 


resistance of 12 0? 


resistance 


Solution Let ! be the required length in centimeters. Since the ratio SP 


stant, you can write this proportion 


is con: 


75 _ 12 

110 

7.51 = 12(110) 
1 = 176 


the wire’s length is 176m, Answer 


In many applications direct variations are nonlinear functions. One quantity 
other (that is. y ke" for some constant k) 


may vary directly as a power of» 
is, y = V5 for some constant k) 


or as a root of another (t 


Example 4 The period of a pendulum (the time for a complete back-and-forth trip) is 


directly proportional to the square root of the length of the pendulum. If 
a pendulum 64 em long has period 1,6 seconds, what is the period of a 


pendulum 1 m long? 


Solution ct p = the period of the pendulum, / = the length of the pendulum, and 


KV, of k 


& =the constant of proportionality. Then p £ 


Therefore, you can use this proportion 


Use 100 em for 1m 
Vor 100 


{ the pendulum is 2s, Answer 


iation and Polynomial Equations 


0) 
Oral Exercises 


In Exercises 1-4, several ordered pairs of a function are given in a table. 
‘Tell whether the function is a direct variation. If it is, give the constant 


of variation. 
|x |y 2 | w [2 calla a| | 
0.5 3 8 6 4] 10 = Ea 
2 12 | 9 10 | 25 6 3 
7142 15] 12 12 | 30 ey) 


For each direct variation, give an equation that relates the two variables 
and includes the value of the constant of variation. 
5. The circumference (C) of a circle varies directly as the radius (7). 


6. The perimeter (P) of a square is directly proportional to the length (5) of 
a side. 


7. The area (A) of a square is directly proportional to the square of the 
length (s) of a side 


8. The area (A) of a circle varies directly as the square of the radius (7) 


9. The momentum (M) of a moving |-kg mass is directly proportional to the 
speed (v) of the mays in mis. (Constant of proportionality = 1) 


10, The kinetic energy (E) of a moving I-kg mass varies di 
of the speed (v) of the mass in m/s. (Constant of vari 


ly as the square 


11. The distance (d) a car travels at 90 km/h is directly proportional to the 
time (f) traveled. 


12, A shop is selling all its merchandise at a 20% discount. The sale price (s) 
varies directly as the original price (p). 


CS a 
Written Exercises 


Solve. 


AA. If y varies directly asx, and y = 6 when x = 15, find y when x = 25. 


2. If s is diteetly proportional to ¢, and s = 40 when r= 15, find + when 
s= 64 

3. If p is directly proportional to q, and p = 9 when q = 7.5, find ¢ when 
p= 24. 


4. Ifa varies directly as b, and a = 75 when b 


40, find a when b = 12. 
= 2, find s when r = 5, 


If y varies directly as r?, and s 


2 when 
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6. If y is directly proportional to Vx, and y = 25 when x= 3, find x when 
y = 100, 

7. If p is directly proportional to r — 
r= 12. 


and p = 20 when r — 6, find p when 


8. If w varies directly as 2x — 1, and w = 9 when x = 2, find « when 
w= 15, 


If a, b, and c are positive, and 4 =, then b is called the mean 


proportional, or geometric mean, between a and c. Find the mean 
proportional between each pair of numbers. 
9. 2 and 18 10, 3 and 27 


11. § and 9 12, 5 and 15 


Let a, b, c and d be positive. Prove the following properties of the 


proportion 5 =. (Hint: For Exercises 13-16, multiply both 


jes of 


‘ = a by an expression that will produce the given equation. } 
13. ad = be fu8 is. f= 2 6. =F 


atb_crd j Sueseoheess 
st 7 (Hint: Add 1 to each side of f= 5.) 


1 b (Hint: Add —1 to cach side of 4 = £.) 


18. Z 


19. Ife #d, then 2—F (Hint: Use Exercises 14 and 18.) 
band c# d, then 24% = 44 


(Hint: Use Exercises 17 and 18.) 


20. Ifa 


21. Prove that if g is a direct variation over the real numbers, then for every 


pair of real numbers a and c. 


gla + ©) = gla) + glo) 


fe 
8 


1 but not a direct variation and not the 


. Prove that if fis a linear func 
constant function 0. then for every pair of real numbers a and ¢ 


fla + c) # fla) + fled. 


y, and z are positive numbers such that y varies 
tly as x. 


In Exercises 23-25, x, 
directly as x, and z varies 


23. Show that y + = varies directly as x 
24. Show that Vyz varies directly as x. 


25. Show that yz varies directly as y 
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Be aD aS ooo nS er 
Problems 


Solve. 


AL. Refer to the table on page 351 that shows water pressure at various depths. 
At what depth would the pressure be 147 kPa? 
If the sales tax on a $60 purchase is $3.90, what would it be on a $280 


purchase? 


A real estate agent made a commission of $5400 on a house that sold at 
$120,000. At this rate, what commission will the agent make on a house 
that sells for $145,000? 

4. The acceleration of an object varies directly as the force acting on it. If a 
force of 240 newtons causes an acceleration of 150 m/s*, what force will 


cause an acceleration of 100 m/s*? 
5. On a certain map, a field 280 ft long is represented by a 5 in. by 8 in. rec 


tangle, How wide is the field? 


6. At the Gourmet Grocery Mart, a 575 g can of green beans costs 39¢ and a 
810 g can of the same product costs 52¢. Which is the better buy? 

7. To estimate the number of flamingos 
in the Lake Manyara flock, the Kenyan 
Wildlife Service banded 600 birds. Ata 

ht 1000 birds and 


later time, they ca 


found that 48 were banded, About how 
large is the entire flock? 


A public-opinion poll found that of a 
sample of 450 voters, favored a 
school bond measure. If 20,000 pe 


sons vote, about how r 


any are likely 
to vote for the bond measure? 

9. The stretch in a loaded spring varies 
directly as the load it supports. A 
load of 15 k, 
spring 3.6 en 


z stretches a certain 
What load would 
stretch the spring 6 cm? 


10. The speed of an object falling from rest in a vacuum is directly propor- 
tional to the time it has fallen, After an object has fallen for 1.5 s, its 
speed is 14.7 m/s. What is its speed after it has fallen 5 s? 


Bok. Absolute temperature is measur 


J in degrees Kelvin (° K), A degree on the 
Kelvin scale is the same size as a Celsius degree, but 0° K is —273° C. 
The volume of a fixed amount of gas kept at constant pressure varies di 
rectly as its absolute temperature, If the gas occupies 100 L at — 13° C. 
16 


what is its volume at 


(Hint: First convert the Celsius temperatures 
to absolute temperatures.) 


356 Chapter 8 


12. 


13. 


14. 


16. 


17. 


18. 


19, 


C 2». 


Newton's law of cooling states that the rate at which an object cools varies 
directly as the difference between its temperature and the temperature of 
the surrounding air. At the moment i steel plate at 270° C is placed in air 
that is at 20°C, its rate of cooling is 50°C per minute, How fast is it 
cooling when its temperature is 100° C? 

A load of 12 kg stretches a spring to a total length of 15 cm, and a load of 
30 kg stretches it to a length of 18 em. Find the natural (unstretched) 
length of the sprit 


‘The centrifugal force acting on an object moving in a circle is directly pro- 
portional to the square of the speed of the object. If the forve is 2240 new- 
tons when the object is moving at 8 m/s, what is the force when the object 
is moving at 12 m/s? 

The distance an object falls from rest varies directly as the square of the 
time it has fallen, If the object fell 4 ft during the first half second, how 
far did it fall during the next two seconds? 

The speed of an object falling from rest is directly proportional to the 
square root of the distance the object has fallen. When an object has fallen 
36 ft, its speed is 48 ft/s. How much farther must it fall before its speed is 
80 ft/s? 


The power developed by an electric current varies directly us the square of 
the magnitude of the current. If a current of 0.5 amperes develops 100 
watts of power, what current will develop 1.6 kilowatts of power? 

The average number of red cells in a milliliter (mL) of human blood is 

5 x 10°. For a certain test, a laboratory technician diluted one part of 
blood sample with 199 parts of salt water. How many red cells would the 
technician expect to find in 6 mL of the diluted solution? 


The volume of a sphere is directly proportional to the cube of its diameter 
and is 2887 cm! when the diameter is 12 cm, Find the constant of propor 
tionality in terms of =. Then write the formula for the volume of a sphere 


in terms of its diameter. 


The kinetic energy of a moving object varies directly as the square of its 
speed. By how much would a car traveling at vy km/h need to increase its 
speed in order to double its kinetic energy? 


(HEE tse eS el 
Mixed Review Exercises 


Solve each equation over the 


| numb 


3x°- Sx+1=0 ae oil a 3. Im? = Sm 


1=0 8. V5n+6=n 9, (3k - 1 = 12 
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ae OR 
8-2 Inverse and Joint Variation 


Objective To solve problems involving inverse and joint variation 


You know that the distance d traveled in time ¢ at speed r is given by 

nad. 
If the distance d is held constant and r increases, the time ¢ decreases. For ex- 
ample, the greater the average speed of a sprinter, the less time it takes the 
sprinter to run 100 m. We say that the time varies inversely as the speed. In the 
case of the sprinter, the formula above becomes 


r= 100 or ¢= 100 


where f is measured in seconds and r in meters per second. 


A function defined by an equation of the form 


yak oo y=k x0, kxO) 
is called an inverse variation, and we say that y varies inversely as x, of y is 
inversely proportional 10 x. The constant k is called the constant of variation, 
or the constant of proportionality. 


In most applications of inverse 
variation, x and y are positive. 
In such cases the larger x is, the 
smaller y is, as shown by the 
graph of xy = & in the diagram at 
the right. (You will study this 
type of curve in Lesson 9-5.) 


Example 1 11 y is inversely proportional to x, and y = 6 when x = 5, find x when 
y= 12 
Solution — First find & and write an equation of the inverse variation. 
xy 
(56) 
k 
an equation of the inverse variation is xy = 30 


Then, to find x when y = 12, substitute in xy = 30, 
(12) = 30 


2.5 Answer 


Chapter 8 


Example 2 The electrical resistance of a wire varies dir 


When a quantity varies directly as the product of two or more other quanti 


ties, the variation is called joint variation, For example, if z varies jointly as x 
and the square of y, then = 


kay? for some nonzero constant &. In this case. 


we also say that z is jointly proportional to x and y2 


[Example 2 


varies jointly as x and the square root of y, and 
y = 16, find 2 when x = 7 and y = 4 


6 when x= 3 and 


First find & and write an equation of the joint variation 


keV 

kYVI6 
6 = 12k 
k=4 


an equation of the joint variation is = = 


Then, to find z when x = 7 and y = 4, substitute in z = LyVy 
2=1avs 
2=7 Answer 


Several important physical laws combine joint and inverse variation, For 
example, Newton's law of gravitation states that the force of attraction F be 
tween two spherical bodies varies jointly as their masses, my and ms. and in- 
versely as the square of the distance r between their centers. That is, 


mym. 
FHk-5 


ly as its length and inversely as 
the square of its diameter. One hundred meters of a wire with diameter 6 mm 
has resistance 12 ohms (2), E 


ighty meters of a second wire of the same ma 


rial has resistance 15 0. Find the diameter of the second wire 


Let R = the resistance of the wire in ohms, d = the diameter of the wire in 
millimeters, and = its length in meters. ‘Then R varies directly as ( and in 


versely as d, that is, 
R=k 


For the first wire, R d= 6, and | = 100. 


100 


(Solution continues on the next page.) 


d= 80. 


For the second wire, R = 15 


Use the value of k 
obtained for the first wire, 


d=48 


*, the diameter of the second wire is 4.8mm, Answer 


1 ge RS SD, 
Oral Exercises 


In Exercises 1-4, k is a constant and the other letters are variables. 
Express in words each equation as a variation. 


‘Solution — & vacics directly as p and inversely as r. 


1, P=kst 


In Exercises 5-10, give an equation of the variation described. Use k for 
the constant of variation. 

V varies directly as the cube of r. 

i is inversely proportional to the square of j. 

his directly proportional to 1 and inversely proportional to =. 

A is jointly proportional to / and w 


yen ae 


w varies jointly as. and y and inversely as 2. 


10. m varies directly as n and inversely as 2. 
In Exercises 11-14, z varies jointly as x and y. Tell what happens to z in 
cach of the situations described. 


11, x and y are both doubled. 12. 
13. x is halved and y is quadrupled. 14. x is doubled and y is quadrupled, 


and y are both halved. 


Written Exercises \ 


A 1. Ay varies inversely as x, and y = 3 when x= 6, find x when y= 18 . 


2. Il = is inversely proportional to r, and 2 = 32 when r= 1.5, find r when 
z=8 4 
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3. IF w is inversely proportional to the square of v, and w= 3 when v= 6. 
find w when v = 3 


4. If p varies inversely as the square root of g. and p = 12 when q = 36, find A \ 
p when q = 16. 

$. If = is jointly proportional t¢ « and y, and = = 18 when x = 0.4 and y =3 
find 2 when x = 1.2 and y =2 |G ~ 


6. If w is jointly proportional to w and v. and w = 24 when w= 0.8 and 
v = 5, for what value of w will w = 18 when v= 2? 


B 7. Is varies directly as r and inversely as r. and » = 10 when r = 5 and 
t= 3, for what value of 1 will » = 3 when r = 4 k 


8. Suppose that r varies directly as p and inversely as q?, and that r= 27 f 


when p = 3 and q = 2. Find r when p= 2 and q = 3 


9. Suppose that > varies jointly as w and v and inversely as w)/und that 2 
= 0.8 when u = 8, = 6 and w =5, Find 2 when w= 3, v = 10 and 


w=5 3 


and inversely as xy, and that w= 10 
= §, Find : when w = 2, x= 


10. Suppose that w varies directly as 


when x = 15, y = 2, and 


and y = 27 


A/ 1. The frequency of a radio signal varies inversely 
__/nal of frequency 1200 kilobertz (kHz), which might be the frequency of an 
AM radio station, has wave length 250 m, What frequency has signal of 

wave length 400 m? | | 


the wave length. A sig- 


2. By Ohm's law, the current flowing in a wire is inversely proportional to 
the resistance of the wire. If the current is 5 amperes (A) when the resist 
ance is 24-ehms (0), for what resistance will the current be 8 A? 

3,/'The bi a through a glass window varies jointly as th areaof the win- 

— dow and the difference hetween the inside and outside temperatures. If the 
20 BTU when the temperature 


loss through a Widow with area 3 m? is 
s the heat loss through a window with area 


difference is 15° C. whi 
4.5 m? when the temperature difference is 12° C? 


4. }Phe conductance of a wire varies directly as the square of the wire’s diam 


eter and inversely as its length. Filly meters of wire with diameter 2 mm 


has conductance 0.12 mio (mo, which is “ohm” spelled backwards, is 
unit of conductance). If a wire of the same material has length 75 m and 


diameter 2.5 mm, what is its conductance’? 


nd 6, use the fact that the intensity of light, measured in 
al to the square of the distance between the light 
in: 


In 
lux, is 
source 


oblems 5 
versely proportio 
nd the object ill 


5. A light meter 7.5 m from a light source registers 24 lux, What intensity 


would it register 15 m from the light source? 
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6. A light hangs 4.8 ft above the center of a circular table 7.2 ft in diameter. 
If the illumination is 25 lux at the center of the table, what is it at the edge 
of the table? 


7. A sprocket gear 8 in. in diameter is con- 
nected to a gear 3 in, in diameter. How 
fast does the smaller gear rotate when the 
larger one rotates at 216 r/min (revolutions 
per minute)? If the smaller gear is attached 
to the 28-inch-diameter rear wheel of a bi- 
cycle, how fast does the wheel rotate 
(Hint: r/min + circumference of gear = k.) 


8. The volume of a cone varies jointly as the 
height and the square of the radius of the 
base. A cone of height 8 cm and base dia 
meter 9 cm has volume 547. Find the con- 
stant of variation and a general formula for 
the volume of a cone 


9. The stretch in a wire under a given tension varies directly as the length of 
the wire and inversely as the square of its diameter. A wire having length 
2 mand diameter 1.5 mm stretches 1.2 mm, If a second wire of the same 
material (and under the same tension) has length 3 m and diameter 
2.0 mm, find the amount of stretch 


10. The volume of a given mass of a gas varies directly as its absolute temper- 
ature and inversely as its pressure. (See Problem 11, page 356.) At 2°C 
and 99 kPa, 4 g of helium occupies 23.1 L. What is the volume of the he- 
lium at 27°C and 121 kPa? 


In Problems 11 and 12, use the fact that the load a beam with a 
rectangular cross section can support is jointly proportional to the beam’s 
width and the square of its depth and inversely proportional to its length. 


11. A beam 3 em wide and 5 em deep can support a load of 630 kg. What 
load can it support when turned on its side? 

12. One beam is half as wide, twice as long, and three times as deep as a sec- 
ond beam. Find the ratio of the loads they can support 


13. By one of Kepler's laws (proved by Newton). the square of the period of a 
satellite in circular orbit is directly proportional to the cube of the radius of 
the orbit. A satellite in orbit 9600 km above the surface of the Earth has 
period 5,6 h, How high is a satellite in a **stationary”’ orbit that has period 
24 h? (Use 6400 km as the radius of Earth.) 

14, Part of a monument consists of two iron spheres whose centers are 3 m 
apart. Each sphere has radius 1 m and mass 3200 kg. How many times 
greater is the gravitational force of Earth on each of them than between 
them’ (Hint: Use Newton’s law of gravitation (see page 359). Also use 
6400 km as the radius of Earth and 6 x 10° kg as the mass of Earth.) 
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(NUECES Ss i ee | 
Self-Test 1 


Vocabulary direct variation (p. 351) 


1, Suppose that y varies directly as x, and y = 8 when x = 56. € 


Y varies directly as x (p. 351) 

constant of (direct) variation 
(p. 351) 

proportion (p. 352) 

directly proportional (p. 352) 


constant of proportionality (p. 352 


means (p. 352) 


a. Find the constant of variation: 
b. Find y when x = 21 


extremes (p. 352) 

inverse variation (p. 358) 

y Varies inversely as x (p. 358) 

inversely proportional (p. 358) 

constant of (inverse) variation 
(p. 358) 

joint variation (p. 359) 

jointly proportional (p. 359) 


nj. BI, p 


If w is directly proportional to z, and z = 81 when w = 45 


find = when w = 120. 


3. The water pressure on a diver is directly proportional to the 


Check your answers with those at the 


. Suppose y 


diver's depth below the surface, If the pressure « 
205.8 kPa, what is the pressure at 7 m? 


Suppose that y varies inversely as x, and ) 


a. Find the constant of variation, 
b, Find x when y = 30. 


45 when x = 


21 mis 


If wv is inversely proportional to the square of ¢, and w= 1 


when f= 6, find w when t 


y = 120 when r=5, 5 


3, and 1 = 2. 


s=l,and t= 6. 


aries jointly as rand s? and inversely as f. and 
Find r when y = 80, 


‘Two meshed gears have 32 and 50 teeth, respectively. If the 


speeds of the gears are 


inversely proportional to the numbers 


of teeth, at what speed should the second gear be driven so 


that the fi 


st gear will run at 1250 revolutions per minute’? 


back of the book. 


! 2, 
5 Obj. 8-2, p, 


LE A MD LAP LAE EF BE SD AE LO LIF EP {Sie 
Challenge 


A group of friends went to a restaurant for lunch. They had agreed to split the: 


bill equally 


However, when the bill arrived two of them discovered that they 
had left their money at home. The others in the group then agreed to make up 


the difference, which resulted in each one having to pay an extra $1.30. If the 
total bill was $78.00, how many people were in the group? 
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Polynomial Equations 


Ee eS 
8-3 Dividing Polynomials 


Objective To divide one polynomial by another polynomial 


Polynomial division is similar to the division process you used in arithmetic to 
write a fraction as a mixed number. For example: 


19 a 4 
Fates, OF os 
aet4 


‘These two equations illustrate the division algor 


Dividend _ : Remaindet 
Divisor ~ QUEM + Divison 
or Dividend = Quotient * Divisor + Remainder 


When you cannot perform a division mentally, you can use long division, 
illustrated below for 
62 
14)873 
84 <— subtract 6% 14 
33 
28 — subtract 2 * 14 
5 Check: 873 
873 
873 = 


873 
ld 


You can use a similar long-division process to divide one polynomial by 
another, as Example 1 illustrates 


Example 1 pivide. *—514*-2 
Sotution x2 — 3x — 2—— quotient 


+ dy — 2 —dividend 


— subtract x7 — 2) 
+ de 
+ 6 ——— subtract —3x(x — 2) 
2-2 
=2x +4 — subtract -2(v — 2) 
6 =~ remainder 
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r+4r-2_ > 5 6 
- e—ay-2 ; 
Dividend Gusheck 
Divisor Sa Divisor 


Check: To check the result, use this form of the division algorithm: 


Quotient x Divisor + Remainder = Dividend 

(2 = 3x — 2x + * {-$) x — 5x7 + 4n— 2 

xi 3x2 6r+4-6 28-574 4x-2 
x3 — Sy? + 4x — 2 = x3 — Sy? 4+ 4x — 2 


Notice that the division process ends when the remain 


1 is 0 or is of lower 
degree than the divisor 

The next example illustrates the two points mentioned in the followir 
caution 


Caution: Before using long division, alws 


e the terms of both dividend and 
divisor in order of decreasing degree of the same variable. Be sure to insert 


any “‘missing"’ terms by using 0 as a coefficient 


Example 2 pivide; 3° =r + 4a — 2ax 


Solution Arrange the terms of the dividend and divisor in decreasing degree of x 

3x? + ax Bx Sax + Oa + Aa’ 

Bxt + ax — 2a? 

=3a°— atx 
6a 4a 
6a + 4a 
0 

the quotient is x° — ax — 2a", Answer 


Check: Since the remainder is 0, you only have to show that 


Quotient  Divisor = Dividend 


3x7 — 3ax* — 67x? 
ac — ax x 
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Se, eee 
Oral Exercises 


Give the quotient and remainder in each division, 


1, 3845 2. 
x 

4. tee 5. 
x 


es = 9-3 
x+4 xt4 ro 


<. the quotient is 1 and the remainder is —3. Answer 


4P —4r+1 62 + Jut+§ 
+d 3u-1 


7. 

9, 28. ait 13 

nn, + oe +10 

13. 14. 
15. 

7. 


B 1g, Stat date + dar? 
5 x+ 2a 
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rrata Ee per 


29. When the polynomial P(x) is divided by x — 3, the quotient is x2 + 2x +6 
and the remainder is 8. Find P(x) 


© 30. When x? — 7x + 4 is divided by the polynomial D(x), the quotient is 


1? — Ay + 2 and the remainder Find D(x). 

31. Find k so that when x* + kx? — ke + 1 is divided by x — 2, the remainder 
is 0 

32. Find & so that when x° + kx? + x + 14 is divided by x + 2, the remain. 
der is 0. 


33. When 3x° — Sx + ¢ is divided by x + k, the quotient is 3x + | and the 
remainder is 3. Find ¢ and k 
34. Here is a complete statement of the division algorithm for polynomials 
Let P(x) and D(x) be polynomials with D(x) not equal to the con 
stant 0. Then there are wnique polynomials Q(x) and R(x) such that 


Pos Rix) 
Day ~ 2) + Day 
and either R is the constant 0, or the degree of R is less than the 
degree of D 
Verify that 
x +207 — Sr 1 2 5 


and that 


Explain why this does not violate the uniqueness part of the algorithm 


Mixed Review Exercises 


In Exercises 1-4, assume that y varies directly as x. 
1. If y = 8 when x =6, find y when x = 9 


2. If y =4 when x =4, find y when x = 2 


3. If y =3 when x = V2, find y when x = V6. 
4.) If y = 3.2 when x = 0.2, find y when x= 1.6 


5-8. Solve Exercises 1-4 assuming that y varies inversely asx 
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SS Se 
8-4 Synthetic Division 
Objective 


ynthetic division to divide a polynomial by a first-degree 


the form x — ¢. The process is illustrated below with the division of 


2 — 10x? + 9x + 15 by x — 3. In this example, ¢ = 3. 


coefficients of dividend 


2 =10, 9 15 

bring Java ) aaa ) aga 

down 6 -12 9 
coefficients of quotient remain 


=10F +92+15 5.2 4p 9 4 6 


x—3 x-3 


Therefore, = 


or 2x3 — 10x? + Ox + 15 = (x7 — 4x — 3) — 3) + 


Synthetic division is derived from ordinary long division by using only the 
coefficients of the polynomials involved, Compare the two methods: 


22 
x 


x — 28 = 10x 


| Example 1 Use synthetic division to divide xt — 28 + 13x 6 by x +2. 
"Solition Since x +2 = x—( »). you use —2 for c. Insert the missing term, Ox. as 


you would in long division. Note that the coefficient of x" is 1 


1 -2 0 13 ~6 
2 8 16 6 
1-4 eo Sw. 


H 
The quotient is x — 4x7 + 8x — 3, and the remainder is 0. 


2y' + 


=x — 44+ 8r—3 Answer 
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Example 1 illustrates the use of synthetic division when the coefficient of x 
in the divisor is 1, In fact, synthetic division can be used when the divisor is 
any first-degree binomial 


Example 2. Use synthetic division w divide 6x° + 7° + x + 1 by 
2 3 


Now use synthetic division to divide 6x* + 7:7 +." + 1 


by x 


6 7 1 
> 6 
6 2 44 5 
604124 0+ 5 
Palle -ar+4 ) 
= 3x2 x +2+5—2. Answer 


For each synthetic division shown below, express as a polynomial (a) the 
divisor, (b) the dividend, (c) the quotient, and (d) the remainder, Use x as 


the variable. 
1. 21 3 5 d 2. -3 4 3 
2 2 6 6 6 
1 1 Bi ag 2 2), 
1|s 1 0 é 2 4. -2)3 5 2 I 
1 1 2 6 2 0 2 
é ; : 21 9 3 \ 0 es: 
a}1 3 1 5 3 6. 2 1 3 ) 4 
3 0 3 6 2 4 4 
) | Pe are! 2 4 44 0 
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Gee 
Written Exercises 


In Exercises 1-18, divide using synthetic division, 


A 1, 3 +3-2 2. 
3 + 3° -2r-6 
a fe vel 
Asse 
bi +s 


ay) + 2x? = de +3 
14. ats 
3+ 10s +2 
35— 


“ 
16. = 


Find the polynomial Q(x) and the constant R. 
19, Qe) + Sixt + 4 = (n+ DQU)+R 

20. x4 — 5x9 + 2x —5=(e— SQW) +R 

+ 2)Q() +R 
~2 +O) +R 


Determine k so that the first polynomial is a factor of the second. 
C 23. +2: 20 + Be +k 24. x- — 23+ bv +6 
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Reading Algebra / Problem Solving 


Problem solving is not an automatic process. Aside from the calculations that 
produce the solution, solving a problem involves reading, thinking, planning 
and, often, rethinking 

The first step in solving any problem is knowing what is given and what 
you must find. The key to making that first step is reading. Before you start to 
solve a problem, you should read the related lesson in your textbook and work 
through the examples. 

‘The next step is finding a solution method. Don't assume that there is a 
single correct approach that will give you the solution on the first try; problem 
solving often involves false starts. How can you decide if you are at least on 


the right track? One way is to estimate a solution using your method. rounding 
numbers to make the computations easier. If the answer is unreasonable, recon- 
sider your strategy. Perhaps you have chosen the wrong approach, or perhaps 
you have made an error in setting up an equation, Check for both possibilities, 
Once you are certain that you have chosen a suitable method, complete your 
solution to find the exact answer 

‘The last step in solving a problem is to make sure that your answer is rea- 
sonable and that your calculations are correct 


Exercises 


1, Describe two methods for solving a quadratic equation. What are some of 
the advantages and disadvantages of using cach method’ 


2. Read Problem 6 on page 362. Suppose you obtained 


as the equation for the intensity / at the edge of the table. According to 
this equation, will / be greater than 25 or less than 25? Is this answer rea- 
sonable; that is, should the intensity at the edge of the table be 
or less than the intensity at the center? Is the equation correct? 


ater than 


3. Read Problem 11 on page 246. If an equal amount of money was invested 
at cach rate, what would the total annual yield be? Since the actual yield 
was $144, which account has more money’ 

4, Read Problem 20 on page 134. Is the current greater than 2 mi/h or less 
than 2 mi/h? 

5. Working together, Tom and Sue can complete a task in 3 h. Working 
alone, Sue takes 5 h. 

a. If they worked 
working alone 

b. Is Sue’s actual time greater than or Jess than your answer to (a)? What, 
then, can you conclude about Tom's time working alone? 

nd check it against your conclusion 


the same rate, how long would each person take 


¢. Find Tom’s time working alone, 
from (b) 
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8-5 The Remainder and Factor 
Theorems 


Objective ‘To use the remainder and factor theorems to find factors of 
polynomials and to solve polynomial equations. 


You can evaluate the polynomial P(x) = 2° — 7x7 + Sx — 1 when x = 3 by 
substituting 3 for x: 
PO) 2°9t 7 3* 53 


= 54-63 + 15-1 
‘To find the remainder when P(x) is divided by x — 3, use synthetic division: 


2 —T 5 =I 


2 


Notice that the remainder when P(x) is divided by v — 3 is equal to P(@). To 
see that this did not just happen by chance, rewrite P(x) using the division al- 
gorithm with x — 3 as divisor: 


Dividend = Quotient * Divisor + Remainder 
Pix) = (27 — x + 2-3) +5 
P(3) = 


2-37-3420) +5 
O+5 


In general, if Q(x) is the quotient and R is the remainder when the polynomial 
P(x) is divided by x — ¢, then P(e) = R. You can reason as follows: 


Pix) = QW) w+ R 


Plo) = Ole) (e— 0) +R 
= Ac) (0) +R 
O+R 


We have just proved the remainder theorem. 


TT 
Remainder Theorem 
Let P(x) be a polynomial of positive degree n, Then for any number c, 
P(x) = Q(x) + = €) + PO), 
where Q(x) is a polynomial of degree n — 1 


The remainder theorem is not restricted to polynomials with real coefficients. It 
holds for any polynomial P(x) with complex coefficients and any complex num- 
ber c. 
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Because synthetic division provides a convenient way to find values of poly 


nomials, the process is sometimes called synthetic substitution. 


Example 1 Use synthetic substitution to find the value P(—4) for the polynomial 
P(x) = x4 — 14° + Sx — 3. 


Solution By the remainder theorem, P(—4) is equal to the remainder when P(x) is di- 


vided by x + 4. Since x + 4 =x —(—4), ¢ = —4. 
> \4 0 -14 5 3 
rs 4 16 =k 

1 4 2 31 9M 


P(—4)=9 Answer 


Check: You can check the answer by directly calculating 


P(-4) 4)* — 14(—47 + 


256 — 224 - 20-3=9 


The following theorem is a corollary of the remainder theorem. 


Factor Theorem 


The polynomial P(x) has x — ras a factor if and only if ris a rot of the equa- 
tion P(x) = 0. 


Proof If ris a root of P(x) = 0. then by the definition of root, P(r) = 0. 
By the remainder theorer 


Plx) = Ola) =) + Pr) = OW) (w= FO= QW) 


Therefore, x — ris a factor of P(x) 


Conversely, if x — ris a factor of P(x). then P(x) = Q(x) + (x ~ r) for some 


polynomial Q(x), and thus 


PU) = QF — 1) = Wr) - 0 = 0 


Therefore r is a root of P(x) = 0. 


Example 2 Determine whether x + | is a factor of Pa) = x 3x8 — 4y — 2 
Solution By the factor theorem, if P(—1) = 0, then x + 1 is a factor 


P-)) 2 3-1) 4 2=1-3+4-2=0 


e+ Lisa factor of Pix). Answer 
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Example 2 Find a polynomial equation with integral coefficients that has 1, ~2, and 3 as 


roots. 


‘Solution By the factor theorem, the required polynomial must have factors (x — |), 
(x ~ (2), and (x — 4). To obtain integers, you can use (2x — 3) in place 


3). since both produce the root 2. Therefore, a solution is 


| of (x- 


(r= De + 22" 3) = 0, or 
| 2- x -Ix+6=0 Answer 


In Example 3 many polynomial equations with the given roots are possible, If a 
is any nonzero constant, then a(x — 1)(x + 2)(2x — 3) = 0 has the given roots 
1, —2, and $ 

When a given root is a multiple root, the corresponding factor of the poly- 
nomial will be to a power greater than 1, For example, an equation with the 
root (0) and the double root 3 is x(x — 3) = 0, or 1° — 6x7 + 9x = 0, 

Suppose that you are given one root r of the nth degree polynomial equa~ 
tion P(x) = 0. By the theorems of this lesson, 


PW) = QW) += 7), 


where Q(x) is a polynomial of degree n — 1. You can find the remaining roots 
of P(x) = 0 by solving the depressed equation 


An =0 


because any root of Q(x) is also a root of P(x). 


| Example 4 Solve x) +x + 10 = 0 given that —2 is a root 


| Solution —_To find the depressed cquation, divide P(x) = x8 +.x + 10 by x —(—2), 
orx + 2. 


So +4 + 10 = (x + 2) — 2v + 5) and the depressed equation is 
wHS=0. 


To solve the depressed equation, use the quadratic formula: 


<. the solution set is (2, 1 + 2, 1 —2i}. Answer 
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RES a ene 
Oral Exercises 


Use the remainder theorem to find the remainder when P(x) is divided by 
each of the two given binomials. 


Sample Pix) +P $3x+300 axl b x42 
Solution 


5+ 1? + 3(1) + 3 = 8; the remainder is 8. 
2)3 + (~2)? + (2) + 3 = —7; the remainder is —7. 


L, P@)= 8 - 32° - 2k +2 2, P= se =x -— 2-2 
arn beat a.x=2 boxt1 

3. P(x) 4. PG@)=e te o—xtd 
aan a.x-1 boxtl 

SG) es — 7% 6. Pix) = at — 42 + de 4 
aextl if a.xt+2 b. x-2 


Written Exercises 


Use synthetic substitution to find P(c) for the given polynomial P(x) and the 
given number c. 


A 1. PQ) =8-22-Se-Tc=4 2. PO) = + Ar — Bx - Bic 


3. Px) =2— Set 3x +28; c=-3 4. PW)= 1-7-4 +o 
5. Px)=4P 42 tSr¢hjc= 2 6. Paso —e + 4r+ 3 e=-t 
7. Px) = 2x8 — Ptx—-%e=—2 8 P= 2 -3P43e4+ =F 


Use the factor theorem to determine whether the binomial is a factor of the 
given polynomial. 


9. x41; P@)ax7- Ot —4 10. t+: PQ=P +A tP +e tet 


Ms +1; Pos) 12.242 PQ)=P +244 P+ 27% +242 
13. t+ V2, PH=P + A+ a4 
15. 


16. 


In Exercises 17-20, a root of the equation is given. Solve the equation. 
+ 3x4 — 3x —9 = 0; —3 18 8 594 3 — = 0; 


2-8 +3=0;3 


— Ile +20 =0; -4 


we 
pil 
a 
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Find a polynomial equation with integral coefficients that has the given 
numbers as roots. 


3 22. 3 23. 0, 


27. —2 (double), 


Solve each equation given the two indicated roots. (Hin: Perform the 
illustrated in Example 4 twice.) 


ay - 8+ 12x+16=0; -1,4 


a 
2 


Show that r is a double root of P(x) = 0 by verifying that x — ris a factor 
of both P(x) and P(x) + (x — 1). 


33. P(x) 
34. P(x) = 4x4 — 12 + 1G - 12+ 9; r= d 


++ 8x45, 1 1 


36. P(x 


37. When x* — Sx? + 4x + 5 is divided by x — c, the quotient is 
and the remainder is 1, Find & 


C 38. Show that x — a ~ b is a factor of x4 — a’ — b* — 3ab(a + b). 


39. Show that for every nonzero number a and integer n > 
factor of ax" — ax 


1, atv adis a 


" Pay 


e) w= 4a! +30 3e8 + Set 8 
5. 3 3 
art © 304 1-4 


Without solving, determine whether the roots of each equation are rational, 
irrational, or imaginary. 


—3e+2=0 8. 3+ 1=0 9. 27 - 3x-1=0 
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MEMES Sa SS ee 
8-6 Some Useful Theorems 


Objective —_To find or solve a polynomial equation with real 
coefficients and positive de 
1. There are exactly n roots 
2. The imaginary roots occur in conjugate pairs 


en by using these facts; 


3, Descartes’ rule of signs gives information about the 
numbers of positive and negative real roots 


The following equations can be solved using methods you already know. Each 
is a polynomial equation of the form P(x) = 0, and the degree of the 
polynomial equation is the degree of P(.). 


Degree of equation 


Equation Roots Number of roots 
x+1=0 1 1 
v—4y + 13=0 2-3i 2 
+4 + 4x=0 = 3 
xt — 10x7 +9 =0 1,-1.3, 4 
x — lox =0 0,.2, -2 5 


Notice that in each case the de; the equation and the number of roots of 


the equation are equal, provided that you count multiple roots as many times as 


appears. This relationship is true for any polynomial equation 


SS SS SS ER 
Theorem 
Every polynomial equation with complex coefficients and positive degree n has 
exactly 1 roots 


of Algebra, proved 
1855): 


The theorem above follows from the Fundamental Theorem 


by the German mathematician Karl Friedrich Gauss (177 


Every polynomial equation with complex coefficients and 
positive degree has at least one complex root 
In the examples given above, the imaginary roots occurred in conjugate pairs. 
For example, x? — 4x + 13 = 0 has roots 2 + 3i and 2 — 34, This is true of 


every polynomial equation with real coefficients. 


ee 
Conjugate Root Theorem 
If a polynomial equation with real coefficients has a + bi as a root (a und b 
real, b # 0), then a — bi is also a root 


The proof of this therem is given in Exercise 29, page 381 
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Example 1 Find a cubic equation with integral coefficients that has 2 and 3 —i as roots. 


Solution The third root must be 3 + i, the conjugate of 3 — i. 
An equation with these three roots is: 


(-2fr-G -Alk-G +H) =0 
(x - 2b? - B+ ix- B-i)x+ O- 7) =0 
(x — 2)67 — 6r + 10) =0 

x — 8 + 22r-20=0 Answer 


Example 2 Solve x4 — 12x — 5 = 0 given that ~1 + 2/ is a root, 
Solution Let P(x) = x* — 12-5 


1, If —1 + 2/ is a root of P(x) = 0, then —1 — 2/ is also a root 
Therefore, x —(—1 4 2/) and x —(—| ~ 2i) are factors of P(x). 
Their product. 


be - (1 + le — (-1 — 29) = + 2x +5, 
is also a factor of P(x); that is, P(x) = (x? + 2x + 5) + O(a). 


2. Using long division, Q(x) = P(x) + (x? + 2x + 5) =a27 — 2-1 


3. The resulting equation is x*— 2x — 1 = 0, and its roots are 
1+V2 and 1— V2. 
+. the solution set of the given equation is 

{-1+2i, -1-2i, 1+ V2, 1-2}. Answer 


The next theorem, Descartes’ rule of signs, gives you information about 
the number of real roots of « polynomial equation with real coefficients. Con- 
sider a simplified polynomial, P(x), with terms arranged in decreasing degree 

of x. Whenever the coefficients of two adjacent terms have opposite signs, we 
say that P(x) has a variation in sign. For example, 


has three variations in sign, (Notice that you ignore any “missing” terms.) 


Descartes’ Rule of Signs 

Let P(x) be a simplified polynomial with real coefficients and terms arranged 

in decreasing degree of x. 

1, The number of positive real roots of P(x) = 0 equals the number of varia- 
tions of sign of P(e) or is fewer than this number by an even integer. 


2. The number of negative real roots of P(x) = 0 equals the number of varia- 
tions of sign of P(—x) or is fewer than this number by an even integer. 
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Sometimes Descartes’ rule gives complete information about the number of 
roots of various kinds. For example, P(x) = x4 — 12x — 5 has one variation in 
sign, so that P(x) = 0 has exactly one positive real root. Since the polynomial 
P(=x) = (—x)' — 12(—x) — 5 = x* + 12x — 5 also has one variation in sign, 
P(x) = 0 has exactly one negative real root, Because P(x) = 0 has four roots in 
all, two of them must be imaginary, This is what was found in Example 2 

Usually, instead of giving complete information, Descartes’ rule leav 
with several possibilities. 


us 


Example 2 List the possibilities for the nature of the roots (positive real, negative real, 
and imaginary) for the equation P(x) = 0, where 


PQ) = 30 + x4 3x + 4 + 6. 


Solution 1. P(x) bas two variations in sign, so by part (1) of Descartes’ rule the num- 


ber of positive real roots of P(x) = 0 is 2 or 0 
| 2. P(—x) = (4) + (—a* — (x)? + (-) +6 
| = + xf — 3x? - 4x + 6 


P(—x) has three variations in sign, so by part (2) of Descartes’ rule the 
number of negative real roots of P(x) = 0 is 3 or I 


3. Since P(x) = 0 has five roots in all, there are only four possibilities. 


Number of Number of Number of 
positive real roots | negative real roots | imaginary roots 
2 3 0 
2 1 2 
0 3 2 
0 1 ‘Ai 


(HI SS Es Ss eee 
Oral Exercises 


In Exercises 1-6, a polynomial equation with real coefficients has the given 
root(s). What other root(s) must it have? 


In Exercises 7 and 8, explain why each statement is true, 

7. Every third-degree polynomial equation with real coefficients has at least 
one real root, 

8. Every fifth-degree polynomial equation with real coefficients has at least 
one real root 

9. What general statement is suggested by Exercises 7 and 8? 
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Use Descartes’ rule of signs to give the possibilities for the numbers of 
positive and negative real roots. 

0. ¢ —3r°—-6=0 11. P+ P+2=0 
12. f-%-4=0 13. f—6r+3=0 
14, P=  +3xr-1=0 15. «°- 10=0 


ONS Se i as 
Written Exercises 


Find a cubic equation with integral coefficients that has the given numbers 
as roots. 


3: —2 V4 4.1,2=-3i 


, all but one of the equation’s roots are given, Find the 
remaining root. Check your answer by substituting it for x in the equation. 
5.19 — 32 + de ~ 12 = 0; 3 and 2 

6. 8 — 2x +4 =0:-2 and | i 

+ av? + 2v— § =O; 1, -1, and 1 — 21 

— 3x9 + de? — Gv + 4 = 0; 1, 2, and 12 


7. 
8. 


In Exercises 9-12, a root of the equation is given. Solve the equation. 


+x —10=0; -1 + 2 


~ 6° + 60x — 100 = 


+ 10x = 5 = 0; V5 
— 10v- 6 =0; -1 +7 


—x+3=0 
Set Oe a) 
wt aes 
20, a8 +45 +24 +31 -2=0 


Find a fourth-degree polynomial equation with integral coefficients that has 
the given numbers as roots. 


21. 2, 1-7 22. 1+ 


For the equations in Exercises 23 and 24, show that (a) the given number 
is a root, and (b) its conjugate is not a root. 


~1+i=0;-147 4. x 
23. Explain why Exer 


+ Wx + 51=0; 2-1 


and 24 do not contradict the conjugate root theorem. 


26. There can be six possibilities for the nature of the roots of a cubic equation 
with real coefficients, List them in a table 
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In Exercises 27 and 28, find one real root of the equation by inspection. 
Then use Descartes’ rule to show that there are no other real roots. 


met 28. aS +4 + 


29. A proof of the conjugate root theorem is outlined below 


Let P(x) be @ 


polynomial with real coefficients, and let a + bi (b * 0) be an imaginary 

root of P(x) = 0. Justify each of the following statements 

1. If Six) = [x — (a+ bi)ix — (a — bi] =? — Jax + (a? + 8), then 
S(a + bi) = 0 and Sa — bi) = 0. 

2. There are real numbers ¢ and d and a polynomial Q(x) for which 
P(x) = O(xIS(x) + ex + 

3. Setting x =a + bi. you obtain 0 = Qa + bi) +0 + ea + bi) +d. 

4. ea + bi) + d =0, or (ae + d) + bei =0 

5. be = 0, and since b# 0,¢=0 

6. ae d=0, and since ¢ 0O,d=0 

7. Pix) = Qlx)Six) 

8. Pla — bi) = Qla — bi)S(a — bi) = Ola — bi) 0 =0 


Self-Test 2 


Vocabulary division algorithm (p. 364) depressed equation (p. 374) 
synthetic division (p, 368) degree of a polynomial equation 
remainder theorem (p. 372) (p. 377) 
synthetic substitution (p. 373) conjugate-root theorem (p. 377) 
factor theorem (p. 373) Descurtes’ rule of signs (p. 378) 
variation in sign (p. 378) 
-5¥ + 13x-6 — 
1. Divide: i Obj. 8-3, p. 
2. Use synthetic division to divide 2x4 — 3x' — Sx +4 Obj. 8-4, p. 
by x= 2 
3. If P(x) = 20 — 4x2 +x — 5, use synthetic substitution to find P(3) Oj 
4. Determine whether x + 1 is a factor of x7 + x* +a + 1 
Find a cubic equation with integral coefficients that has 4 
and 3 as roots 
6. Consider the equation 2x¢ — 9x° + 13x° ~ x — 5 = 0. Obj. 8-6, p 


a, What are the possibilities for the numbers of positive and 
negative real roots? 
b. Given that one root i 


i, solve the equation 


7. Find a cubic equation with integral coefficients that has —2 and 


1 + 37 as roots 


Check your answers with those at the back of the book 
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Le Se ee 
Solving Polynomial Equations 


HBR nut bere 
8-7 Finding Rational Roots 


Objective To find rational roots of polynomial equations with integral 
coefficients. 


The theorems in Lesson 8-6 give you information about the nature of the roots 
of polynomial equations but not about how to find them. The following theo- 
tem (proved in Exercises 27 and 28, page 385) tells you how to find rational 
roots of any polynomial equation with integral coefficients, Recall that every 
rational number can be written as the quotient of relatively prime integers, that 
is, integers whose GCF is 1. 


pr ret sore 
Rational Root Theorem 


Suppose that a polynomial equation with integral coefficients has the root 
‘4. where ft and & are relatively prime integers. Then h must be a factor of 


the constant term of the polynomial and & must be a factor of the coefficient 
of the highest-degree term. 


For example, any rational root of 
6x) + 8? — Ix -3=0 


must have a numerator that is a factor of —3 (namely, =| or © 3) and a de- 
nominator that is a factor of © (namely, ~ |, ©2, ©3, or ~6). There are, 
therefore, only twelve possible rational roots: 


You can verify that the only root among the twelve possibilities is —J 


Example 1 Solve the equation 2x4 + 3x5 — Tx? + 3x — 9 = 0 by first finding any rational 
roots. 


Solution The only possible rational roots are 


#1, +3, 29, +4 


we 


Since computing with integers is easier, try the integral possibilities first 
When you substitute 1 and —1 in the equation, you find that neither is a root. 
To try other possibilities, it is best to use synthetic substitution 
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Be lee 3 -7 3 9 


6 2 60. 189 
2 9 20 63} 1803 is not a root 
2 oe] 3. UN¥ 
6 9 -6 9 
a r 
2 3 2 3 | 0« Bisa root 
The depressed equation 2c’ — 3x? + 2x — 3 = 0 has 


1,43, +4, and + 


as possible rational roots, The possibilities 1, — 
using the original equation, Since —3 may be a multiple root, it remains 3 
possibility, along with +4 and Try each of these until another root is 
found. 


and 3 were eliminated 


2 3 2 4 | 2 2 3 
= 27 = 87 “y 
2 9 29 | -90 2 2 1 
2 2 25 0) 3 
vies: j 
2 4 4 2 0 2% 9 


The synthetic substitution shows that 3 


equation is 2x? + 2= 0 (or x + | = 0). From your study of quadratic equa 


is another root. The second depressed 


tions you know that it has roots +/ 


the original equation has solution set {—3, i). Answer 


Sometimes you can eliminate several possibilities by using Descartes’ rule 
of signs. In Example 1, the given equation 2x* + 3x° — 71° + 3x — 9 = 0 has 
only one negative root. Therefore, after finding that —3 is a root, you could 
have eliminated the other negative possibilities, leaving only 4 and } to try 

The rational root theorem can be used (0 prove that in numbers are 
irrational 


Example 2 Show that V9 is irrational 


Solution 9 is a root of the equation x’ ~ 9 = 0. The only possible rational roots of 
this equation are £1, +3, and +9. None of these six numbers satisfies the 


tional 


equation. Since x° — 9 = 0 has no rational roots, V9 is 
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0 aa TE 
Oral Exercises 


List the possible rational roots of each equation. 


1. —1x+6=0 28+ —4r4+4=0 

3. 8-32 +2r-8=0 4..8+ 30 —7-9x-6=0 
5. — 16x-15=0 6. x4 + 3x7 — 8x + 10=0 

7. 23 + 7x? + 6x - 5 =0 8 2x3 — Su? - Ile -4=0 

9, 2) — IL? + 16x -6=0 10. 4x4 + 45 + 1707 + Loe + 4 = 0 
I. 3x4 +48 — P+ de — 4 = 0 12. @4 —728 +82 —Ir+2=0 


Tell how you know that the following equations have no rational roots. 
B. xe -x1+1=0 
15. + 2x+2=0 


Written Exercises 


A 1-12. For each equation in Oral Exercises 1-12, find any rational roots. If 
the equation has at least one rational root, solve it complete! 


se the method of Example 2 to show that the following numbers are 


irrational. 
13. V3 14. V6 15. W=4 
16. V2 17. V8 18, 9 


Verify that the given number is a root of the equ: 
show that the number is irrational, 


19. V3 + V2; x4 - 107 +1 =0 20. V5 


ion and use this fact to 


16 +4=0 


B 21. Explain how to use the rational root theorem with an equation that has ra- 
tional coefficients, 


Use the method you described in Exercise 21 to solve the following 
equations. 


1 
3 


+4r+t=o 23. 


1 
3 Ss 3 
24. 2.0x5 — 0.87 + 0.5" — 0.2 =0 25, 0.2x? — 0.5x7 + 0,8" - 2.0=0 


C 26. Show that if & is an imeger and WF is rational. then & is the nth power of 
an integer, (Hint: Consider the possible rational roots of x — k = 0.) 
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‘The proof of the rational root theorem is essentially the same whatever the 
degree of the polynomial. The proof for degree 3 is given in Exercises 27 


h 
and 28, Let { (ht and & relatively prime integers) be a root of the polynomial 


equation ax* + bx? + ex + d= 0, where a, b, ¢, and d are integers, We must 
show that ft is a factor of d and k is a factor of a. 


27. Justify the following statements, 


1 a(t)’ + 04)’ + (4) +a=0 


2. alt’ + bik + chk* + de = 0 
3. di = —ah* — bh’k — chi? 
a = —ah® — bhk — ol? 
de 
5 F e 
5. & is an integer 
di 


The proof is completed as follows: Since is an integer, all the prime 


h 
factors of A must divide out with the prime factors of d&*. But h and k 
have no common prime factor. Therefore h must be a factor of d. 


28. Modify the proof in Exercise 27 to show that & is a factor of a. 


Sa a ae 
Mixed Review Exercises 


Solve each equation completely. In Exercises 7-10, one root is given. 
1, 4 —m) +5=3m-8 2. 3 —4u + 2=0 


4 


eran ke ee 


e 9. @ — 3a +a+5=0;2-i 10. 


G Historical Note / Roots of Polynomial Equations 


Although the Fundamental Theorem of Algebra guarantees the existence of 
roots for any polynomial equation, it does not provide a method for finding 
them. Of course, the quadratic formula gives roots of any quadratic equation 
‘and there are similar but more complicated formulas for the roots of cubic and 
fourth-degree equations. But in 1824 the Norwegian mathematician Niels 
Henrik Abel (1802-1829) showed that for equations of degree greater than 
four no such general formulas exist, Numerical methods like those you are 
studying in this chapier, therefore, are often used to find approximate values 
for the roots of higher-degree polynomial equations 
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PSS eS 
8-8 Approximating Irrational Roots 


Objective To approximate the real roots of a polynomial equation P(x) = 0 
by using the graph of y = P(x). 


Using methods discussed in previous lessons, you can show that the equation 
w-27-4v4+2=0 

has either one or three real roots, none of which are rational. In this lesson you 

will learn a method for approximating the irrational roots of such equations. 

Because the real roots of the given equation are the same as the x-intercepts of 


the graph of y= x3 — 2x? ~ 4x + 2, the graph can give us more information 
about these roots. 


Example 1 a. Graph the equation 


b. Use the graph to estimate to the nearest half unit the roots of the 
equation x° — 2° ~ 4r +2 = 0, 


Solution a. You may wish to use a computer or a graphing calculator if one is 
available. Otherwise make a table of values, plot the corresponding 
points, and join the points with a smooth unbroken curve. (Use a 
| smaller scale on the ) than on the x-axis to accommodate the 
greater range of y-values.) 


YEP - W442 


mol 
—2| -6 
=4 3 
0 2 
ty 3 
2) -6 
ee | 
4] 18 


b. The roots of the equation are the x-coordinates of the points where the 
graph interscets the x-axis, To the nearest half unit, the roots are 
—1,5, 0.5, and 3. Answer 


‘The method of Example 1 can be described in terms of the polynomial 
function P(x) = x} — 2x2 — dx + 2. The zeros of P are the roots of the poly- 
nomial equation P(x) = 0. When you draw the graph of the function Pas an 
unbroken curve, you assume that as x goes from a to b, P takes on all values 
between P(a) and P(h). For example, since P(—2) = —6 and P(—1) = 3, and 0 
is between —6 and 3, P(x) must equal 0 for some x between —2 and —1. 
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This property, known as the inter 


diate-value theorem, is stated formally below 


Intermediate-Value Theorem 


If P is a polynomial function with real coefficients, 
and m is any number between P(a) and P(b), then 
there is at least one number ¢ between a and b for | 
which P(c) =m. | 


Example 2 Approximate to the nearest tenth the real zero of the funetion 
P(x) =P -2C +x—5. 


Solution By Descartes’ rule P(x) = 0 has no negative roots, so you can make a table 
using nonnegative values of x. The table at the left below shows that P(2) <0 
and P(3) > 0, Therefore, for some r between 2 and 3, Pir) = 0 


x | Pix) x P(x) 

0 5 2.1 | —2.459 
1 22 1,832 
2 2.3 1.113 
3 24 | -0.296 
== 2 0.6: 


enerated using @ 
computer or a calculator, shows that r is between 2.4 and 2.5. Since P(2.4) is 
closer to 0 than P(2.5), you may assume that r is closer to 2.4. Therefore, to 
the nearest tenth, the real zero of P is 2.4. Answer 


The table of values at the right above, which is more easily 


The graphs below show the ‘ma 
You can obtain the same result on a computer or graphing calculator by cha 
of the graph 


ification”” process used in Example 2 


ing the scalin 
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The “magnification” process shown on the previous page can be repeated 
if a better approximation is desired. For example, another "magnification" 
shows that the zero asked for in Example 2 is about 2.43 


Be SS 
Oral Exercises 
In Exercises | and 2, a table of values for a polynomial function P is given. 


In each case find one or more pairs of numbers between which roots of 
P(x) = 0 must lie. 


1. x}|—-3{-2]-1]o}1}2] 3] 4 
P(x) 6| -4 5) 55) 4] 2) -3 | —10: 


2. x}| -01}] -—02] -0.3 | -0.4] -05|-0.6|-07} -08| -0.9 
P(x) | —2.64 | —1.25 | —0.72 | 0.27 | 1.31} 0.98] 0.14 | —0.55 | —1.28 


Suppose P is a polynomial function for which P(1) = 6, P(2) = 1, and 
P(3) = —5. Tell whether each statement is true or false. 


3. P has no zeros between 1 and 2 4. P has exactly one zero between 2 and 3. 


Locate between consecutive integers each real root of each equation. 
r-5=0 6 P+x4+3=0 
8 4-2-4 +1=0 


BESTEL Le See 
Written Exercises 


For each polynomial P, draw a graph to approximate to the nearest half 
unit the real root(s) of the equation P(x) = 0. You may wish to use a 
computer or a graphing calculator. 


AL PH=x- 16 2 Part 
3. Pi = 4. POD = +28 
5. PQ) = = 6. P(x) = x0 — 3x7 + Bx +2 
7. Pie 1 BPW = ae + 1 
9 Ple av 5 10. P(x) =x +.x5 — 107 = ax + 10 
11-16. In Exercises 1-6 above, each polynomial equation P(x) = 0 has one 


real root. Approx 


fe it to the nearest tenth, 


B 17-20. In Exercises 7-10 above, each polynomial equation P(x) = 0 has sev- 
eral real roots. Approximate each root to the nearest tenth 
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NS 


For each polynomial P, (a) verify that m is between P(a) and P(b), and 
(b) find a number ¢ between a and b such that P(c) = m, 


21. P(x) = x - 6 

22, Pix) = +x-53a=—5; l,m=7 

23. P(x) = 2? + Sx - 4; = —2; b= 2: m= -1 
24, P(x) = 8 +? — 2-5; a = -3; b= 2; m= -5 


25, Show that P(x) = x7 — 3x + 1 has a zero between 1.5 and 1.6 and approxi- 
mate it to the nearest hundredth 


26. Show that P(x) =x" + * — 3x + 2 has a zero between —2.6 and —2.5 and 


approximate it to the nearest hundredth 

27. This exercise develops a method for finding an upper bound for the posi- 
tive roots of the polynomial equation P(x) = 0. Assume that the coefficient 
of the highest-degree term, called the leading coefficient, of P(x) is posi- 
tive. Let P(x) = (x — m)Q(x) + P(m), where m is a positive number. Show 
that if PUm) and the coefficients of Q(x) are all nonnegative, then Plc) = 0 
has no roots greater than nt. Therefore m is an upper bound for the roots 
(Him: For all x > m, x ~ m> 0 and QQ) > 0.) 


28. Explain how to use Exercise 27 to find a lower bound for the negative 
roots of P(x) = 0. (Hint: Both P(—x) = 0 and —P(—1) = 0 haye the abso- 
lute values of the negative roots of P(x) 
‘one of them has a positive leading coefficient.) 


0 as their positive roots, and 


Use Exercises 27 and 28 to find the /east integral upper bound and greatest 
integral lower bound for the roots of the given equations. 


-5-&-9=0 30. 2x* — 6x? — 3x -9=0 


In Example 2 of Lesson 8-8 you found that a zero of Pix) = e-—Iwt+x-5 
was between 2 and 3 by observing that P(2) = —3 < 0 and PG) = 7 > 0 and 
by using the intermediate-value theorem. Then, dividing the interval from 2 to 
3 into tenths and observing that P(2.4) <0 and P(2.5) > 0, you found that the 
zero was between 2.4 and 2.5 

By continuing to subdivide intervals containing the zero and by using the 
intermediate-value theorem, you could approximate the zero more accurately 

The program given on the next page can be used to search for real zeros 
of a polynomial function, The program is based on subdividing an interval and 
using the intermediate-value theorem. Lines 20-100 accept data about the given 
polynomial and the interval to be searched. In lines 140-170 the polynomial is 
evaluated by means of synthetic substitution 

The program then tests whether the current x-value is a zero (line 180) or 
whether a zero lies between the current x-value and its predecessor (line 190) 
The intermediate-value theorem is used in Tine 190, where the program checks 
v-values have opposite sign. If the product of the 


whether the corresponding 


Variation and Polynomial Equations 


y-values is negative, then they have opposite signs, and there must be a zero 
between the two subdivision points that produced those y-values 


10 PRINT "THIS PROGRAM WILL SEARCH FOR REAL ZEROS OF A 
POLYNOMIAL FUNCTION.” 

20 INPUT "ENTER THE DEGREE OF THE POLYNOMIAL: "; D 

30 DIM C(D) 

40 FOR J=D TO | STEP~1 

50 PRINT "ENTER THE COEFFICIENT OF XA"; J; ">" 

60 INPUT CU) 

70 NEXT J 

80 INPUT "ENTER THE CONSTANT TERM: “; C(O) 

90 INPUT "ENTER THE ENDPOINTS OF THE INTERVAL TO BE 
SEARCHED: "; X1, X2 

100 INPUT "ENTER THE SUBDIVISION SIZ 

110 LET 

120 LET YI 

130 FOR X=X1 TO X2 STEP 1 

140 LET c(D) 

150 FOR —1 TOO STEP —1 

160 LET Y=YeX+C(J) 

170 NEXT J 

180 IF Y=0 THEN PRINT X; " IS A ZERO." 

190 IF Y*Y1<0 THEN PRINT "THERE IS A ZERO BETWEEN "; 

X-I;" AND"; X;"." 


200 IF Y OR Y*Y! <0 THEN LET F=1 

210 LET YI=Y 

220 NEXT X 

230 IF F=0 THEN PRINT "NO ZEROS FOUND,” 
240 END 

Exercises 


1, The function P(x) = x° ~ 4x7 + 2x + 4 has three real zeros, 
a. Approximate these zeros to the nearest tenth, (Hint: Use ~3 and 3 as 
the left and right endpoints. Use a subdivision size of 0.01.) 
b. Approximate the largest of the zeros to the nearest hundredth. 
2. The function P(x) = x° — lay" + 3825 + 32x? — 118% — 20 has five real 
zeros, Approximate cach zero to the nearest tenth as follows: 
a, Run the program for the interval from x = —3 to x= 3, What zeros did 
you locate? 
. Run the program again with an interval large enough to locate the re- 
maining zeros, 


3. Find V2 to three decimal places. (Hint: Use P(x) = 15 — 2.) 
4. The function P(x) = 42x? ~ 13x + 1 his two teal zeros between x = 0 and 


x= 1. What happens when you use a subdivision size of 0.1 1 locate 
these zeros? Explain why this happens. 
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DEES an a TE 
8-9 Linear Interpolation 


Objective To use linear interpolation to find values not listed in a given 
table of data 


Newspapers, magazines, and journals often display numer- ae 
ical information in tables. Look, for instance, at the Cen- , a 
sus Bureau data shown in the table at the right Fest | pean 

To approximate values not given in the table, you can eee) 
use linear interpolation, For example, to find the pop- 1900] 76 
ulation of the United States in 1953, you reason as follows: 1910} 92 
1953 is 7h of the way from 1950 to 1960; therefore the 1920 106 
number p that is 7 of the way from 151 to 179 is an ac 1930 | 123 
ceptable approximation of the 1953 population (in mil 1940 | 132 
lions). To find p, add y% of the difference between 179 and 1950 | 151 
151 to 151 1960 | 179 
p= 151 + (179 — 151) ~ 151 + 8 = 159 1970\) 203 
10 1980 | 227 
Therefore, the 1953 population was about 159 million 1990 | 243 
Example | shows how the work done above can be ar- 
ranged in a way that makes it easy to set up a proportion 
Example 1 Find the approximate population of the United States in 1953 
| Solution Year | Population 
1950 151 3 
3 [ | Fi 7 7 288 
10 1953 P m4 J 
p=151 151 + 8 = 159 
1960 179 


the population in 1953 was about 159 million. Answer 


Given a population size, the process used above can be reversed to find 
the corresponding year. This process is called inverse interpolation. 


Example 2° Refer to the table above. Use inverse interpolation to find approximately in 
which year the population was 140 million 


Solution Year | Population 
: 1940 7 80 F 
i ‘i io 7 19 
y = 1940 = 1940 + 4 = 1944 
1950 
. the population was 140 million in about 1944. Answer 
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In the table used in Examples 1 and 2, the population values increased as 
the years increased. In some tables the entries in one column (or row) decrease 
as the entries in the other increase. 


Example 2 The table below gives the density of dry air at various altitudes. 


Altitude (m) 0 500 | 1000} 1500 | 2000 | 2500 | 3000 | 3500 
Density (kg/m*) | 1.225 | 1.167 | 1.112 | 1.058 | 1.007 | 0.957 | 0.909 | 0.863 


a. Approximate the density at 2300 m. 
b. At about what altitude is the density 1,025 kg/m*? 


Altitude 


Density d__ 300 


0.050 ~ S00 
2000 1.007 
300 [ ] 4 d 
500 2300 y 0,050 5 
2500 0.957 vee 


= 1.007 — 0.030 = 0.977 
«, the density at 2300 m is about 0.977 kg/m*. Answer 


b. Altitude | Density _ 0.033 
500 0081 ~ 
1500 088.0 
soo] * [ x 1.025 0.051 500 = 324 
500 | « 


2000 1,007 


+. the density is 1.025 km/m* at about 1824 m. Answer 


You can use linear interpolation to approximate the zeros of functions 


“Example @ Approximate to the nearest hundredth the real zero of the function 
P= — 22+ = 5, 


“Solution First use the method of Example 2, page 387, to locate the zero between con- 
secutive tenths. In that example you found that P(2.4) = —0.296 and 
P(2.5) = 0.625. Now use linear interpolation. 


0. 
Or” 0.921 
.1 + 0.32 = 0.03 
14 +o 

4 + 0,03 = 2.43 


= 0.32; 


L -. the zero of P is about 2.43. Answer 
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illustrate how linear interpolation works, suppose P\(x, fly) and 
P2(v2, flxs)) are two points on the graph of a function f. Linear interpolation 
aph of f betwee! 
PP. (See the figure below 
proximation line in blue.) 


essentially replaces the 


these points by the line segment 
where the graph of fis shown in red and the ap 
For any « between x) an proximites fix) by 
fi 1. The amount of error in this approximation depends upon the vertical 


v>, linear interpolation 


between the graph of f and the approximation line. The less the graph 


from the approximation line, the smaller the error 


graph of 
fix) = fix) +d > error 
y fix)= fixed 


hat the slope of the approximation line is 


using P, and P2 the slope : “Since the slope of a line is constant 
you can write 2)" which is equivalent to 
yf — fon 


fe) 

I fxr) ~ fixy) 

wrx x ' 
x fix) 


Oral Exercises 


3 ” 007 in order 
1. Explain why, in part (a) of Example 3, d is subiracted from 1.007 in ord 


xt 2300 m 


to approximate the densi 
2. Use linear interpolation (o estimate the indicated function value. 
a. f(1) = 0, (05) = 100; b. g(—1) = 10, g(1) = ~ 10; 90.5) 
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3. This exercise shows that the error in using linear interpolation may be 
large: Use linear interpolation to approximate fix) = <7 


atx = 1 with x, =0 and x = 2, as follows, 

a. fi) = 2 and f2) = 2 

b. What linear function g has the same values as fat 
0 and 2? 


‘What is the value of this linear funetion at x= 1? 

|. By how much does the functional value found in 
part (c) differ from f(1)? 

How could you choose x, and x2 to make the ap- 

proximation for f(1) closer to the true value? 


ar 


SS SL a a 
Written Exercises 
Throughout these exercises, use linear interpolation. In Exercises 1-8, use 
the table on page 391, 
Approximate the population of the United States in each year. 


A 1, 1915 2, 1963 3. 1968 4. 1976 
Approximate the year in which the United States had each population (in 
millions). 

5. 100 6. LIS 7. 170 8. 220 


Use the table in Example 3 on page 392 to find an approximation of the 
density of air at each altitude (in meters). 


9 1200 10. 3200 11. 400 12. 320 


Use the table in Example 3 on page 392 to find an approximation of the 
altitude at which air has the given density (in kg/m*), 


13. 1.200 14, 1,030 15. 1.000 16, 0.930 


In Exercises 17-26, use Tables 1 and 2 on pages 810 and 811 to find an 
approximation of each square root and cube root. 


Solution 


—— =t., ~0.02 
alee d= 77° 0.041 ~ 0.024 


id 735 = 8.9 

ans | V76)" | 0.04 W726 ~ 8.963 + 0.024 
= 8.987 Answ 

730 | 9,004 Aner 
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3 


18. V4.87 19. V678 20. V24.2 
V5.26 22, W526 23. W268 24. W843 
25. V5280 (Hint: 5280 = 10 x 5.28 x 10?) 
3 
Vv 


62300 (Hint: 62300 = 10 x 6.23 x 10°) 


In Exercises 27-30, (a) locate the real zero of each polynomial function 


between consecutive tenths, and (b) approximate the zero to the nearest 
hundredth using linear interpolation. 


27. Pix) =x + x -5 28. Par) 
29. PX)=P +P +9 30. PO) 


Computer Exercises For students with some programming experience 


1. Write a program that will carry out linear interpolation between two given 
functional values, y, = f(x) and yy =ftx;). You will enter the numbers for 
iy Va Xay Vox and x (Where .t) <.x<.x9). Then have the program compute 
an estimate for y = f(x) using linear interpolatio 


For Exercises 2 and 3, refer to the population table on page 391. 


2. a. Run the program in Exercise | to estimate the population (in millions) 
for the years 1916, 1949, and 1972 
b. Run the program with x, = 1910 and .r2 = 1930 to estimate the popula- 
tion in the year 1920, How does this approximate value compare to the 
exact value for the 1920 population given in the table? 

Instead of estimating a value between two known values, it is possible to use 

the same process involved in linear interpolation to estimate a value that is ei- 

ther less shan or greater than the two known values. This process is called 
linear extrapolation. 

3. Run the program in Exercise 1 to estimate the population (in millions) for 
the years 1890, 1895, 1995, and 2000. 

4. Modify the program in Exercise | so that you can enter a rule for the func 
tion f. You may want to use the DEF FN statement so that you can change 
the function by retyping one line. After finding an estimate of y = fix), 
have the program compute the exact value of y = f(x) and print it for com 
parison 


* 


Run the program in Exercise 4 for each given function and each given 
value of xy, x2, and 


a. fx) = Pim = 2) =3, and r= 2.8 


b. fay) = 3x 5.x) = 10, and x =7 
cw lx) =; x1 = 10, x2 = 20, and x= 13.71 
a. fix) + 8: x) = 14.9 = 15 14.3 
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Self-Test 3 


Vocabulary rational root theorem (p. 382) 
intermediate-value theorem (p. 387) inverse interpolation (p. 391) 


Hinear interpolation (p. 391) 


1. Explain why xt + 2? — x + 
2. Solve the equation 2x4 — 29 + Tx* — 4x — 4 = 0 completely 


3. Approximate to the nearest tenth the real zero of the polynomial Obj. 8-8, p. 386 


function P(x) = x° + 5. 
4. Given that V5.3 ~ 2.302 and V5.4 ~ 2.324, use line: 
lation to find an approximation of V5.36. 


. The temperature of a beaker of water is read every 0.1 min as it is 
heated, with the results shown in the following table. 


Time in minuies | 0.0] 0.1] 0.2] 0.3] 04 


‘Temperature (°C) | 30,2 | 31.5 | 32.7 | 34.0 | 35.1 


a. Estimate the temperature of the water 0.24 min after the 
heating began. 
b. Estimate how long it took the temperature to rise to 32,1° C. 


Check your answers with those at the back of the book 


) has no rational roots. Obj. 8-7, p. 382 


Obj. 8-9, p. 391 


Chapter Summary 


n 


If y = mx, then y is said to vary directly as x or to be directly proportional 


tox. Ify, = mx, and ys = mvs. then the proportion * = >* holds, If y= *, 


then y varies inversely asx, and if z = kay, then > varies jointly as x and y. 


To divide one polynomial hy another, find the quotient and remainder using 
the division algoritln 


Dividend 
Diviser 


Remainder 
Divisor 


= Quotient + 


Synthetic division can be used instead of long division if the divisor is: a 
first-degree binomial 


3. The remainder theorem states that when a polynomial P(x) is divided by 


xc, the remainder is P(e), that is, 
PO) = Q(x) + (v= ©) + Plo). 


A corollary is the factor theorem; The polynomial Plx) has x ~ ras a factor 
if and only if r is a root of the equation P(x) = 0, 
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6. 


Every polynomial equation P(x) = 0 with complex coefficients and of posi 


tive degree n has exactly 1 roots. By the conjugate root theorem, if Ply) has 
real coefficients and a + bi (a and b real, b # 0) is a root of P(x) = 0, then 
a — bi is also a root. Descartes’ rule of signs gives information about the 

numbers 


positive and negative roots 


By the rational root theorem, if a polynomial equation P(x 


0 with inte 
gral coefficients has the rational root (h and & relatively prime), then ht is 


a factor of the constant term of P(x) and & is a factor of the coefficient of 
the highest-degree term 


The irrational roots of a polynomial equation P(x) = 0 (P hay 


cients) can be approximated using the intermedia 


eal coeff: 
value theorem. If P isa 
polynomial function with real coefficients, and m is any number between 


P(a) und P(b), then there is at least one number ¢ between a and b for 
which P(e) = m 


Linear interpolation can be used to approxima 
table 


e values not given in a 


ES SS 
Chapter Review 


Write the letter of the correct answer. 
1. If varies directly as s and ¢ = 21 when s = 12, find ¢ when s = 28. 
a9 - 16 ©. 49 a. 54 

2. Ina pre-election poll of 480 voters, 260 favored candidate Harrison. 


6. 


How many of an anticipated 12,000 votes is Harrison likely to 


a. 6000, b. 6500 e. 7000 

Suppose = varies directly as the square of «and inversely as y. If == 8 
when x =4 and y = 6, find z when x= 6 and y = 12 

ad b. 6 © a9 


object varies jointly ay the mass and the square 


The kinetic energy of 
y of un object with mass 3 kg and speed 


of the speed. The kinetic eni 


4 mis is 24 joules. Find the kinetic energy of an object with mass 4 kg 
and speed 3 mis 
a. 30 joules b. 24 joules ¢. 18 joules d. |2 joules 
Divide 30° — 2 — dv + 1 by -2 
2 2 do 
a 3x—1 +2041 bode +2 
2 I vt 
ee d. 3x et 
Use synthetic division to find the remainder when x* + 4x" ~ Sx + 3 is 


divided by x + 2 


a. 21 b. 41 « -3 d 
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8-1 


7. For what value of & will x + 1 be a factor of x! — 2x7 + 3x +k? 


a. —6 62 4.6 

8. Find P(2) if P(x) = — 2x4 + 3 — 1. 8-5 
al b. 5 e. 23 d, —55 

9. Solve x — 4x + 42° — 9 = 0 given that 1 + /V2 is « root, e 8-6 
a. {1+ '¥2, 1 —iv2 b. {1 +72, 1 - 7V2, -3, -1} 
ce. {1 +72, 1 -— V2, -1, 3} d. {1 +62, 1 - iV, 1, -3} 

10, Find a cubic equation with integral coefficients that has —2 and 3 ~j as 
roots, 
ax + 87 + 221 + 20=0 b,  — 8x? + 22x — 20=0 
e. + 47 —2e-20=0 d. x — 4° — e+ 20=0 

11. Use the rational root theorem to determine which of the following could 8.7 
not be a root of Gx + 23x* — 6x — 8 = 0. ; 
a, —4 b. F at da. 

12. Approximate to the nearest tenth the real zero of P(x) = x5 — 4. 8-8 
als b. 1.6 e7 d. 18 

13. Use linear interpolation to find an approximation of f(2.64) to the 89 
nearest hundredth given that /(2.6) = 4.97 and f(2.7) = 5.12 
a, 5.01 b. 5.02 ¢. 5.03 d. 5.04 


Chapter Test 


1. The distance an object falls from rest is proportional to the square of the 1 
ength of time it has fallen. If an object falls 64 ft in 2s, how far will 
it fall in 3 s? 

2, The volume of a cone varies jointly as the height and the square of the 8.2 


base radius. A cone with height 6 cm and base radius 4 cm has volume 
32a cm}, What is the volume of a cone with height 4 cm and base 
radius 6 em? 


3. Divide xt — 3x5 + 6x — 5 by x7 — 2+ 2. 8-3 

4. Use synthetic division 10 divide x‘ + 2° + 4x +5 by x + 2. 84 

8, Find P(1) given that P(x) = 6x9 — 22 + 3x +5 85 

6. Solve x4 — 2x) + 6 ~ 9 = 0 completely given that | — #V2 is a 8-6 
root, 

7. Solve 2x" + 3x° — [L? + 2v + 4 = 0 completely by first finding any 8-7 
rational roots. 

8. Graph Pix) = x° — x° — 2 and estimate the real root of «7 2=0 8-8 
to the nearest half unit 

9. Use linear interpolation to find an approximation of f(—1.76) to the 89 


nearest hundredth given that (1.7) = 4.63 and f(—1.8) = 4.45 
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a a ET) 
Preparing for College Entrance Exams 


Strategy for Success 


You are not expected to solve the test problems mentally. Do your calculations 
in the test booklet and cross out inappropriate choices. If you decide to skip a 
particular problem, mark it in your test booklet so you can casily find it later. 
Do not put any stray marks on your answer sheet. : 


Decide which is the best of the choices given and write the corresponding 
letter on your answer sheet. 


1. How many real roots does 2x7 + 1)? + (x? + 1) — 3 = 0 have? 
(Ay 0 (B) 1 (€) 2 (D) 3 (E) 4 
2. The roots of 1.$y> — Sy + 2 = 0: 


(A) are imagi 


'y (B) are rational (C) are irrational 


(D) have the sum — 1? (E) have the product 


4 
3 
3. Find PCL — i) given that Pix) e+artl 

(A) 2 +91 (B) 0 (C) +i (D) 1 +i ©) ~5i 


4. Given that V44 = 6,633 and V45 = 6.708, use linear interpolation to 
find an approximate value for V4.2. 


(A) 6.652 (B) 6.618 (C) 6.693 (D) 6.048 
5. Suppose z varies directly as x and inversely as y, If == 12 when x = 
and y = 5, find 2 when x = 6 and y = 45, 
at (B) 2 (©) 112.5 (D) 15 {E) 72 


6. Use the rational root theorem to determine which number is nor a 
possible root of 6 + ° — 311+ 10=0. 


(A) -2 (By 3 «1 (D) -2 (FE) 3 
7. Find a quadratic equation whose roots have the sum —2 and the 
product — 2 
(A) 2x7 + 3v- 4=0 (B) 27 — 4x + 3 =0 (C) 2? + 4x -—3=0 
(D) 2° - 4x- 3 =0 (BE) 2x7 — ax + 4 
8. Find the maximum value of g if g(x) = 7 — 8x — 2 
(A) 7 (B) ~2 © 15 (D) -17 (BE) 13 


ht and the square of 


9, The volume of a cylinder varies joinily as the he 
the base radius. If a cylinder’s height is doubled and its base radius is 
halved, then its volume: 
(A) is quadrupled (B) is tripled (C) is doubled 
(D) remains the same (E) is halved 
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Circles, ellipses, parabolas, and 
hyperholas are called” conics” 

because each of these curvesis 
the intersection of a plane and 

a double cone. 


Conic Sections: 


Circles and Parabolas 
MERE 


9-1 Distance and Midpoint Formulas 


Objective —_To find the distance between any two points and the midpoint of 
the line segment joining them. 


The distance between any ovo points P and Q is written as PQ. If P and Q are 
points on a number line, PQ is the absolute value of the difference between 
their coordinates. Since ja — | = |b — a), you can subtract the coordinates in 
cither order. For the points P and Q shown, 


3) = [51 =5 


A similar method can be used to find the 
distance between two points in a coordinate 
plane if the points lie on the same horizontal 
or vertical line. For example, the distances 
between the points shown in the diagram at 
the right are 


AB = |4 —(-2)| = 6 
CD =|-1-6|=7 

OR = |y2 — ysl = i ~ val 
PQ = br — al = by — 0) 


You can use the Pythagorean theorem to get a general formula for finding 
the distance between any two points in a coordinate plane 


Pythagorean Theorem 
If the length of the hypotenuse of a right triangle is c, and 
the lengths of the other two sides (legs) are a and b, then 


C=a +h. 


sides of a triangle satisfy the equation ¢ = a 
¢ and ¢ is the length of the hypotenuse 
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To find a general formula for distance, let P(x, yi) 
and Ps(xs. ys) be any two points not on the same 
horizontal or vertical line, Then PjP2 is the length of 
the hypotenuse of the right triangle having vertices 
P,, P>, and Q(x, 1). The lengths of the legs are 

PQ =|x2—-,| and P,Q = 
By the Pythagorean theorem, 


(P, P: (P, OF + (POP 


bea — P+ [v2 — yi? 


=i 


<— Remember, ja|? = a?. 


+ Q2— i) —— Taking the principal square 
root of each side 


SS SS 
The Distance Formula 


The distance between the points Pi(xj, yi) and P2(x2, y2) is 
PiPs = Vig = mh + 02 = i? 


Example 1 Find the distance between P,(—2. —1) and P3(—4, 3) 
Solution 


Dye+G-( 


1)? 


Vat 16 
v0 
=2V5 Answer 


The distance formula can be used to prove the next result (see Problem 11) 


(0 2 Lo SS Se 
The Midpoint Formula 
‘The midpoint of the line segment joining Pi(x), y,) and Ps(x2, y2) is 
o(2 +e +n) 
ae ae 


Example 2 Find the midpoint of the line segment joining (4, —6) and (—3, 2) 
(222 stn) (tem 642) (1 5) 
Solution 7 Tie ame Ta +z). oF 5. —2). 
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Example 3 Prove that the midpoint of the hypotenuse of any right triangle is equidistant 


from the three vertices 


Solution Any right triangle can be placed so that its 
vertices are O(0, 0), P(a, 0), and Q(O, b). 
as shown, By the distance formula or the 
Pythagorean theorem, PQ = Va? + b2 


Let point M be the midpoint of PQ. Then 


MP = MQ = 1 Va +P, The coordinates 


a+0 O+b) (a, 


By the distanc: 


b 


of M are ( 


mula, 


MO 


MO = MP = MQ 


Example 4 Find an equation of the perpendicular bi 


sector of AB for the points A(—2, 1) and 
Bal, —3). 


Solution 1 Make a sketch of the points A( 
BU, —3), as shown, Let P(x, y) be any 
point on the perpendicular bisector. Since 


1) and 


any point on the perpendicular bisector is 
equidistant from A and B. 
AP = BP 


Vat 2p +a — IP = Ve 1 FF ayr 


Square both sides and multiply out the binomials 


6x —8y-5=0 Answer 


Solution 2 The midpoint of AB is (—4, —1), and the slope of the line containing A 


and B is ~4, ‘Then the perpendicular bisector is the tine passing throw 


L 


( 1) having slope which is the negative reciprocal of —4, namely 
3 The point-stope form of the equation of this line is y + | 
3. The point-slope for 1 


which is equivalent to 6x — 8y ~ 5 = 0 
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Oral Exercises 
Find the distance between each pair of points. 

1. (8, 4), (8, =2) 2. (6, —5), (0, —5) 3. (4, —D, ( shi 

4. (2, -7), (2, -D 5. (0, 0), (4, 3) 6. (0, —8), (6, 0) 

7. (2, 3), (0. 0) 8. (7, 0), (0, — 9 G3, 1), 2,4) 

Find the midpoint of the line segment joining each pair of points. 

10. (7, 5), (-1, -3) 11. G3, -8), (5, -9) 12, (-3, 6), (2, 2) 

13. (5, —1), (—6, —2) 14. (2.5, 0.5), (6.5, 3) 15. (6, —4.5), (3, —1.5) 


(Pe SSS a ee 
Written Exercises 
Find (a) the distance between each pair of points and (b) the midpoint of 
the line segment joining the points. Express all radicals in simplest form. 


A 1, (13,6), (0, 6) 2. (0, 8), (—6, 0) 3. ,.6), (—5, —1) 


4... 2-1) 5. 3.2). (5, 6) 6. (-4, -3),. (2. 
7, 2,2), (4, -2) -1),(-1,) 9, (0, 0), (11, 11) 


10. (0, 0), (5, 5) HM. (V2, 1), (-V2, 0) 12. (5. V5), 3, - V3) 


1B. (1 + V5.2 + V3). (1 -— V5, -2 + V3) 

14, (V6 + 1. V3 - V2), (VO - 1, V3 + VO 

15. (a, b). (0, b) 16. (=a, b), Qa, 4b) 

17, (a+ b.a~ b), (b- a,b +a) 18. (a. Vab). (b, ~Vab) 


Find the coordinates of Q given that M is the midpoint of PQ. 


‘Sample P\-6, 2), M(-1, 1) 


Solution Let Q be the point (x, y). Then use the midpoint formula. 


mtn Yea 


=—1). amt 


~Ot+e 


6 +x 
x 


*. @ is the point (4,0). Answer 


B 19. PO, 0), MG. 5) 20. P(—4, 3), M(O. 0) 21. P(—4. 0), MG, 3) 
22. P(6, —2), M(O. 23. P(h, k), M(O, 0) 24. P(O. 0), Mth, k) 
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The vertices A, B, and C of a triangle are given. For each triangle, determine 
(a) whether it is isosceles, and (b) whether it is a right triangle, If 
right triangle, find its area. 

25. A(—2, 2), B(2, 1), C(1, —3) 26. 
27. A(S, —4), BC 4), C(-2, —3) 28. 


. 3), C(S, 0) 


Use the distance formula to determine whether the given points are collinear. 
(Hint: Find the distance between each pair of points. If one of these 
distances is the sum of the other two, the three points are collinear.) 

29. (1,2), (7, 4), (2. 1) 30. (5, 0), (-7, 3), UD 

31. 9 =2), (=2; 1, 4,3) 32. (1, 5), (2, 0), (4, — 10) 


8), C(-8, 4) 


A 


Problems 


ector of AB. 


Find an equation of the perpendicular 
1. A(—3, 0). B(O, 5) 2. A(2, 1), B(- 
. A(8, —3). B(—2, 5) 4. A(-9, —3), BL, -7) 
Find the points on the coordinate axes that are equidistant from the points 
A and B in Problem 1 
6. Which of the following represents the distance from any point (x, y) to the 
origin (0, 0)? 
a VE tye b. Vet VY exty 


3. 


7. The sum of the squares of the lengths of the sides of any parallelogram 
equals the sum of the squares of the lengths of its diagonals. Verify this for 
the parallelogram with vertices C(0, 0), D(S, 0), E(8, 5), and F(3, 5) 

8. The midpoints of the sides of any quadrilateral are the vertices of a paral- 
lelogram. Verify this for the quadrilateral with vertices A(~2, 3), B(2, 7), 
(6, 1), and DO, —3) 


9. Prove: The segment joining the midpoints of two sides of a triangle is par 
allel to, and half as long the third side. [Hinr: Any triangle can be 
placed so that its vertices are A(O, 0), B(a, 0), and C(b, ©).] 

10. Suppose that the midpoints of the sides of a triangle are given. Explain 
how to draw the triangle. 

IL. Use the distance formula to prove the midpoint formula. (That is, show 


that MP, = MP3 = 4P\Ps.) 


12. Prove the fact stated in Problem 7. (Hint; Any parallelogram can be placed 
so that its vertices are A(O, 0), B(a, 0), C(a + b, €), and DIb, ¢).1 

13. Prove the fact stated in Problem 8. [Hint: Any quadrilateral can be placed 
so that its vertices are A(O, 0), Ba, 0), C(2b, 2c), and D2d, 2e).} 


Analytic Geometry 


D7 


14. This problem outlines a proof of part (2) of the 

theorem on page 119. 

Let P(r, s) be the point of intersection of 
Ly y= mx t by and Ly: y = myx + bo, 

and let 7; and T> be the points where the line 

x=r+ 1 intersects L, and Ls, respectively. 

a. Show that 7) = (r+ 1, s + my) and 
T; = (r+ 1, 5+ m2). 

b, Find the distances 7\7>, PT), and PT>. 

¢, Proof of the “‘if’* part: You are given that myny = —1. Use this fact 
and part (b) to show that (7,72)? = (PT,)? + (PT;)*. It follows from the 
converse of the Pythagorean theorem that triangle T,PT> has a right 
angle at P. Therefore, Zy and Lz are perpendicular. 

d. Proof of the “‘only if” part; You are given that Ly and Lo are perpen- 
dicular, so that triangle 7,PT; has a right angle at P. Apply the Pythag- 
orean theorem and part (b). Then simplify to obtain mms = —L. 


Mixed Review Exercises 


Graph each equation. 
L.x-2y=4 2. 


Find the value of each function if x = —3. 


-2 


4. ft) = -x +5 5. g(x) = an 6. h(x) = x8 — 7x* = 13x + 11 
Computer Exercises For students with some programming experience. 


1, Write a program to compute the distance between two given points. 
2. Run your program to find the distance between the given points, 

a. (0, 0), (5, 5) b. (-4, 7), (8. —7) ¢. (100, 85), (242, - 173) 
3. Modify the program to accept the coordinates of 3 distinct points and com- 

pute the distance between each pair of points. If the 3 points are collinear, 

the program should print a message stating this; and if they are not collin- 

ear, the program should print the perimeter of the resulting triangle, (Hint: 

Since the computer approximates the square roots used in finding distances, 

consider A, B, and C collinear if |AB — (BC + AC)|, |AC — (BC + AB)|, or 

\BC — (AC + AB)| < 0.00001.) 
4. Run the program in Exercise 3 for each set of points, 

a. (4,7), (S, 9), (6, 18) b. (74, —18), (100, 36), (120, 0) 
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MEISE. 
9-2 Circles 


Objective To learn the relationship between the center and radius of a circle 
and the equation of the circle 


Analytic geometry uses algebra to investigate geometric figures. In Lessons 9-2 
through 9-6 you will study plane curves having second-degree equations. These 
rves are called conic sections, or simply conies, because they can be ob- 
tained by slicing a double cone with a plane (see page 400) 

Of these conics you are probably most familiar with the circle, A circle is 
the set of all points in a plane that are a fixed distance, called the radius, from 
a fixed point, called the center, 


The diagram shows a circle having cen- y 

ter C(2, —3) and radius 6. To find the equa- GiB} 
tion of the circle, use the distance formula Zu 

A point P(x, y) is on the circle if and only 


if the distance between P and the center 
C(2, —3) equals 6 


Ch=§ 
Va-2P +0 37 =6 
Thus = (x — 2)? + (y +3)? = 36 


Every circle has an equation of this form. 


Equation of a Circle 
The circle with center (i, 4) and radius r has the equation 


(ht -kP =P, 


Example 1 Find an equation of the circle with center (—2. 5) and radius 3 


Solution — Substitute h = —2, k = 5, and r = 3 in this equation: 


(x+2P +0-5P=9 Answer 


If the center of a circle is at the origin, then (h, k) is (0, 0) and the equation of 


the circle is 
@-0F +(-OP =P 


or r+yer 
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The graph of the equation x° + y* = 9 
iy a circle with center at the origin and 
radius 3. If you slide every point of 
this circle to the right 2 units and up 

5 units, the equation of the translated 
circle is 


(v—2P +(y—5P =9, 


Sliding a graph to a new position in 
the coordinate plane without changing 
its shape is called a translation. 


In general, replacing x by x — h and y by y — & in an equation slides the 
corresponding graph / units horizontally and & units vertically. Slide: 
right if fr is positive, left if fis negative, 
up if kis positive, down if & is negative. 


4, 


“Example 2. Graph (x — 2)? + (y + 6) 
‘The graph of the equation x? + ) 


is a circle with center at the origin and 
radius 2. Slide this circle 2 units to the 
right and then 6 units down to get the 
graph of (« — 2)? + [y — (—6)F = 4, or 
@-2P + (y+ oP =4, 


Solution 2. Rewsite the given equation in the form 
Gh? + (y -— P=: 
(x — 27 + Ly - (-6) 


‘The graph is a circle. The center (/, k) 
is (2, 6) and the radius r = 2. 


Example 3. 1f the graph of the given equation is a circle, find its center and radius. If the 
equation has no graph, say so 
a, +y? + 10r—4y +21 =0 b. 


“Solution a, If the graph is a circle, the equation can be written in the form 
(x= AP + (y- Complete the square twice, once using 
the terms in x, and once using the terms in y. 


+ y? + 10x —4y + 21=0 
(x? + 10x + 2.) + (y? — 4y +_2_) = -21 Rearrange terms. 
(x? + 10x + 25) + (y? — dy + 4)= -214+2544 Add 25 and 4. 
@&+5P +(y- 27 =8 


~. the center is (—5, 2) and the radius is 2V2. Answer 


— 8x + by + 30=0 


~2y 
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(x-4y 3) 


Since the square of any number is positive and the sum of two positive 


numbers is positive, no ordered pair satisfies the equation. This eq 
has no graph 
Answer 

Recall this fact from geometry: Let L be the line Pee 


tangent to a given circle at a point P. Then the line \f 


perpendicular to L at P passes through the center of ( — 
the circle 
\ 
— 


fi 


Example 4 Find an equation of a circle of radius 3 that has its center in the first quadrant 


and is tangent to the y-axis at (0, 2) 


Solution First make a sk 


formation, From the geometric fact 


using the given 


fated above, the center of the circle 
lies on the line y = 2 and must be 
3 units from (0, which is on the 
circle. Thus the center is (3. 2). 
The equation is 
(-3P +(y- 2% =3 
Answer 


aS SS SS 


Oral Exercises 


Give the center and radius of each circle 


Ad y? 49 x y 1 
3. @e — 27 + y= 36 4. (¢— 5) + =25 
5 fp acayee 2 6. (y +4 + &y - 3P =7 


ation of the circle with the indicated center and radius. 


7. (0,0); 4 8. (0.0): V2 % UL s3 
10, (3, 2); 5 1. (4.0); 1 12. (-1, 0): 4 
13. 3 14. (-3, 4); VB 15. (1, —1)35 
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Written Exercises 


Find an equation of the circle with the given center and radius. 


A 1.,0);3 3,2, —S); 8 
4. (-3, 1:5 6. (—4, —2); 10 
7. (6, 1); V2 


Graph each equation, You may wish to check your graphs on a computer 
or a graphing calculator. 


H+ 5 10, P+y?=4 
Il. (x- 4 +(y-SP=1 12. (x +2)? + (y+ 
36 14. P+ (y+ OP =4 


@-3y +y 


. Tf 


If the graph of the given equation is a circle, find its center and radi 
the equation has no graph, say so. 

15,\x7 + y?— 16=0 
17, P+ = -By 
19, 7 + y?— 4x + 2y 
2x + y? + Bx + Wt 1B=0 
23,7 + y? + 3v- 4y=0 


+ 10x — dy +20=0 
22. +)? + 12x -6y =0 
24. +? - Sy +4 


Graph each inequality. 
P+ Bxt Wl <o 


Solution — Rewrite the inequality by completing the squares in x and y. The 


inequality becomes (x — 4)? + (y + 1)? < 16. 


The graph of the equation (x — 4)? + (y + 1) 
16 is the circle with center (4, 1) and radius 4. 
Sketch this circle using dashed lines to indicate 
that points on the circle do not satisfy the in- 
equality. To determine whether the graph is the 
set of points inside or outside the citcle, substi- 
ute a test point, say (3, 0), in the inequality 
Since (3, 0) satisfies the inequality, shade the 
region inside the circle for the graph, 


B 25. 
21. 


29. +y? + Or -6y +950 


yel 


a+ — 4y >0 


6. + yg 
28. x + 
Woe ty ty 


“f 


x= Wy <7 
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Find the center and radius of each circle. (Hint: First divide both sides by 
the coefficient of the second-degree terms.) 


31. 4x? + 4) 
33. 16x? + 16y? — 32x + 8y = 0 34, Bx? + 3y? — 6x + My + 24 =0 


16x — 24y + 36-0 32, 9x7 + Oy? + Gx + Sy +9=0 


Find an equation of the circle described, (A sketch may be helpful.) 


35. Center (0, 5); passes through (0, 0). 36. Center (—2, 0); passes through ( 
37. A diameter has endpoints (2, 5) and (0, 3). 


0 


38, Center in quadrant two: radius 3; tangent to y-axis at (0, 4), 
0). 
40. Center on line x + y = 4; tangent to both coordinate axes. 


39. Center on line y — 4 = 0; tangent to x-axis at ( 


41, Center in quadrant four; tangent to the lines x = 1, x= 9, and y = 0. 


42. Tangent to both coordinate axes and the line x = —8. (Two answers) 


Graph each semicircle. Recall that Va = 0. 

Cc 43. 

45, 
47. A boat sails so that it is always twice as far from 

one buoy as from a second buoy 3 mi from the first 

one. Describe the path of the boat. (Hint: Introduce 


coordiniate system so that one buoy is at (0, 0) and 
the other is at (3, 0).) 


ry 


48. A ladder 6 m long leaning against a wall slips to the 
ground. Describe the path followed by the midpoint 
of the ladder, (Hint: See the figure at the right.) 

49. Find an equation of the circle of radius 4 that is 
tangent to both branches of the graph of y = |x| 

50. Use analytic geometry to prove that an angle 
inscribed in a semicircle is a right angle. 

(Hint: Let the semicircle be the top half of the 
circle x2 + y? = P and P(x, y) be any point on 
the semicircle. Use the slopes of PA and PB 
to show that they are perpendicular.) 


WP NDEI EE ED IID AED LEE LP EP EE IPA 
Challenge 


Points with integer coordinates are called lattice points, For example, (0, 0) and 
1 i ge igre a 

(—2, 5) are lattice points, but (4, 3) is not. The circle x° + y? = I passes 

through the 4 lattice points (1. 0). (—1, 0), (0, 1), and (0, 1). Find an equa 

tion of a circle that passes through exactly 3 lattice points 
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(a 
9-3 Parabolas 


Objective To learn the relationship between the focus, directrix, 
vertex, and axis of 2 parabola and the equation of the 
parabola 


Suppose that you draw the line y = 4 
and plot the point F(3, 0). Then plot 
several points P that appear to be the 
same distance from the line y = 4 as 
they are from the point F 

In the diagram, the distance from 
point P to the line is measured along 
the perpendicular PD. To find an equa- 
tion of the path of P, you use the dis- 
tance formula 


PD = PF 
Va —aF +0 —4F = Ve FO OF 


The last equation is of the form y — k = a(x — h)?, In Lesson 7-5, you 
earned that the graph of such an equation is a parabola with vertex (i, k) and 
xis x= A. Therefore, the graph of the set of points P is a parabola with vertex 
(3, 2) and axis x = 3. The following general definition of a parabola is stated 
in terms of distance. 


| SE Se a a 


A parabola is the set of all points equidistant from a fixed line, called the 
directrix, and a fixed point not on the line, called the focus, 


The important features of a parabola are shown in the dia 
tice that the vertex is midway between the focus and the directrix. 


’ 
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Example 1 The vertex of « parabola is (—5, 1) and { 
the directrix is the line y 2. Find 
the focus of the parabola } 


Solution 1 is helpful to make a sketch. The $ 


vertex is 3 units above the directrix. 


1 ld 
Since the vertex is midway between 
the focus and the directrix, the focus 2 H 


is (—5, 4). Answer 


Example 2 Find an equation of the parabola having the point F(0, —2) as focus and the 
3 as directrix. Draw the curve and label the vertex V, the focus F, 
the directrix, and the axis of symmetry 


line x 


Solution — From the definition, P(x, y) is on the parabola if and only if PD = PF, where 
PD is the perpendicular distance from P to the directrix 


PD = PF 


Vix— 3° +O — yy = Vie OF + 


@-3P ar tly 


To plot a few points, choose con 
venient values of y and compute 


the corresponding values of x 


ileal 

2s | 
0| -5 

lhets 2 
o| 1 
a! 4 


Notice that the parabola in Example 2 has @ horizontal axis and an equa- 


tion of the form x — h — u(y — A)? where the point (i, £) is the vertex. This is 


parabola that has a vertical axis, except that the 


similar {0 the equation of 
roles of x and y are reversed. 
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If the distance between the vertex and the focus of a parabola is |c|, then it can 


| in the equation of the parabola (see Exercise 36). 


ae 


be shown that a 


The parabola whose equation is 
y — k= a(x — hy’, where a = 


opens upward if a> 0, downward if a <0; 
has vertex V(h, k), 


focus F(h, k + 0), 
directrix y = k—¢, 
and axis of symmetry x =A 
The parabola whose equation is 


x—h=aly —k?, whee a=, 


poesia ret a=) to the left if a< 0; 
vertex V(h, k), 
focus F(h + c, k), 
direetrix x = hc, 


and axis of symmetry y = k. 


Example 3 Find the vertex, focus, directrix, and axis of symmetry of the parabola 
y?— 12x — 2y + 25 =O. Then graph the parabola. 


‘Solution Complete the square using the termé in y: 
y- e- 2 +2 


= 12s — 25 +1 
12(x — 2) 


r-2=t(y-17 


Comparing this equation with 
x ~h =a(y — k)’, you can see 


that a= 


Since a = 


‘Thus, the parabola opens to the 
right (since a > 0) 


‘The vertex is V(2. 1), the focus is F(5, 1), the directrix is x = —1, and the 
axis of symmetry is y = 1. The graph is shown above. Answer 
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Example 4 Find an equation of the parabola that has vertex (4, 2) and directrix y = 


Solution The distance from the vertex to the directrix 
is 3, so |c 3. Since the directrix is above 
the vertex, the parabola opens downward. 
Therefore the squared term is the term with 
x, and c is negative. If = —3, then 


a= é . Thus the equation is 


swer 


Oral Exercises 
In the following exercises, V denotes the vertex of a parabola, F the focus, 
and D the directrix. Two of these are given. Find the third. 


1. VO, 0), F(—3, 0) 2, V(0, 0), Di x= —2 3. F(4, 6), Dix=0 
4. D: y= -1, F(4, —4) 5. Diy VG, -)) 6. F(-2, 5), W(-2, 1) 


For each parabola, find (a) V(h, k), (b) |c|, the distance between its vertex 
and focus, and (c) the direction in which it opens (up, down, left, right). 


Written Exercises 


In the following exercises, V denotes the vertex of a parabola, F the focus, 
and D the directrix. Two of these are given. Find the third. 


1. V4, 2), Ds y= —-3 2. D: y =2, V(2, 4) 
3. VO, 2), FIO, 0) 4, F(-3, —), VU, —D) 
5. Fl, —2}, V1, —5) 6. Dix F(2, 0) 


Find an equation of the parabola described. Then graph the parabola. 


7. Focus (0, 0); directrix y = 4 8. Focus (0, 0); directrix x = 4 
9. Vertex (0, 0); focus (0, —4) 10, Vertex (0, 0); focus (3, 0) 

11. Vertex (0, 0); directrix x + 1 = 0 12. Vertex (0), 0); directrix y = —4 
13. Focus (0, 2); directrix x = 14, Focus (—2, 0); directrix y = 3 
15. Focus (3, 4); vertex (3, 2) 16. Focus (—2, 1); vertex (~3, 1) 
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Find the vertex, focus, directrix, and axis of symmetry of each parabola. 


‘Then graph the parabol 


. You may wish to cheek your graphs on a 


computer or a graphing calculator. 


‘18! 6x + y?=0 
~4y 20, y+2v 
+ 8y 4x —4 + 6y + 8r-7=0 
~ 8x ~ 6y ~ ~ 6x + Wy-1=0 
+ 10x — 2y + 21=0 +3x-2y-11=0 
Graph each inequality. 
27, y<(-3y Ax + 1p 
2% y+ 4 (x + 2)" 30. x — 11 <y? + 6y 


Graph each equation. Each graph is half of a parabola, since Va 20. 


a. 
33. 


ese 


37. 


. A multiplication machine: Draw the parabola y = 


ya Ve 32. y= Va - 
“Vi 34. y= -V3—48 


The line through the focus of a parabola perpendicular {o its axis intersects 
the parabola in two points, P and Q. (PQ is called the latus rectum of the 
parabola,) Explain why the length of PQ is twice the distance from the 
focus to the directrix. 


. A parabola having vertex (, A) and a vertical axis has as focus the point 


(h, & + c) and as directrix the line y = k — c, Show that an equation of the 


parabola is y — k = rg — hye 

F is the focus of the parabolic are shown below. Line L is parallel to the 
directrix, D. Explain why the sum FP + PQ is the same for all positions 
of P. (Hint: Extend PQ so that it intersects the directrix.) 


. Given any two 
Positive numbers a and h, locate the points of the parabola having the 
x-coordinates —a and h. Explain why the line joining these points has 
y-intercept ab. (Hint: Find an equation of the line through (—a, a) and 
(b, b*). Use the diagram above as a model.) 
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a ee! 
Mixed Review Exercise: 


For the given points P and Q, find (a) the slope of PQ, (b) the distance 
PQ, and (c) the midpoint of PO. Express radicals in simplest form. 


1. P(-3, 2), O15, 2) 2, PU. ~6), O03. 2) 3. Pd. 3), Q(-3, 4) 


Find an equation for each figure described. 


4. The line having slope > and passing through (2, —3). 


5. The perpendicular biscetor of the seg and 


(1, -8). 


nent with endpoints (7, 


6. The circle with center (—1, 3) and radius 4 


SST TE 
Self-Test 1 


Vocabulary Pythagorean theorem (p. 401) center (p. 407) 
distance formula (p. 402) translation (p, 408) 
midpoint formula (p. 402) parabola (p. 412) 
conic section (p. 407) directrix (p. 412 
conic (p. 407) focus (of a parabola) (p. 412) 
circle (p. 407) vertex (p. 412) 
radius (p. 407) axis of symmetry (p. 412) 
1, Find the distance between (3, —6) and (4, 2), Obj. 91, p. 401 
2. Find the midpoint of the line segment having endpoints 


(—3, 5) and (8, 11) 


3, Determine whether the three points A(2. 2), B(8, 6), and 
C(1, 10) are collinear by comparing the lengths of AB 
BC, and AC 

4. Find an equation of the circle with center (5, —4) and Obj. 9-2, p. 407 
radius 7 


Find the center and radius of the circle whose equation is 


x+y? + Idx — 4y + 32 = 0. 


6. Find an equation of the parabola having focus ((, 3) and Obj. 93, p. 412 
vertex (—4, 3) 

7. Find the vertex, focus, directrix, and axis of the parabola 
x? + 10x + l6y 7=0, 

8. Graph (x + 1) = 4(y + 3)°, Label the vertex, focus, diree 
tix, and axis, 


Check your answers with those at the back of the book 
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Conic Sections: 
Ellipses and Hyperbolas 


9-4 Ellipses 


Objective To learn the relationship between the center, foci, and intercepts 
of an ellipse and the equation of the ellipse. 


‘The diagram at the right shows a piece of string 
whose ends are fastened at the points F, and F;. 
If you use a pencil to keep the string tight, the 
point P of the pencil will move along a path that 
is an oval curve called an ellipse. Because the 
sum of the distances from the pencil to the points 
F, and F; is the length of the string, this sum, 
PF, + PF, is the same for all positions of P. 


An ellipse is the set of all points P in the plane such that the sum of the dis- 
tances from P to two fixed points is a given constant. 


Each of the fixed points is called a focus (plural: foci) of the ellipse. If the foci 
are F, and F, then for each point P of the cllipse, PF, and PF, are the focal 
radii of P. 

To find an equation of the ellipse having foci F\(—4, 0) and F,(4, 0) and 
sum of focal radii 10, use the distance formula. A point P(x, y) is on the el- 
lipse if and only if the following is true: 


PP, 7 PF, =10 
Vatart y+ Va—aP F¥ = 10 
Va tar ey = 10-Va—4F + 
Square both sides and then simplify: 
wtapt 00 — 20Vix—4F + 


20Vix 

5VGa 

Square both sides again: 
25(x7 — Bx + 16 + y>) = 62: 


100 — 16x 


ox + 
Divide both sides by 225: 
e 


Paar) 
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The following analysis will help you graph the equation 2 + 


1 


2 


The graph has four intercepis 
If y =0, then 


2 


9, ory 


The extent of the graph is limited 
Solving the equation for each variable in terms of the other gives 


In the first equation, y is a real number if and only if |x| = 5. In the second 
equation, x is a real number if and only if |y| = 3. Thus the extent of the 
graph is limited to the dashed rectangle shown above 


The graph is symmetric about the x-axis: If (r, 5) is on the graph, so is 
(r, —s). The graph is symmetric about the y-axis: If (r, s) is on the graph, 
so is (—r, 8). Thus the graph is also symmetric abour the origin: If (r,s) is 
on the graph, then so is (—r, —s). See the diagram above 


Because of the symmetry described, you need to choose only values of « in the 


first quadrant from x = 0 to x= 5. A calculator may be helpful to set up a 
able of values. You can then draw the complete graph 


The center of an ellipse is the midpoint of the line segment joining 


foci. The major axis of an ellipse is the chord passing through its foci. The 
minor axis is the chord containing the center and perpendicular to the major 


axis. 
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‘An ellipse has a quadratic equation in two variables. A general form for 
the equation of an ellipse with foci on the x-axis and equidistant from the origin 
is shown at the left in the chart. An ellipse may of course have its foci on the 
axis. The corresponding equation is shown at the right 


‘The ellipse having center (0, 0), The ellipse having center (0, 0), 
foci (—c, 0) and (e, 0), and sum foci (0, c) and (0, ¢), and sum 
of focal radii 2a has the equation of focal radii 2a has the equation 
a ae oh 

where b? = a? — c*. where b? = a? — &*. 

By » 

b a 

la 


For an cllipse having an equation with one of the forms above, the major 
axis is a segment of the x-axis or the y-axis. Note that the major axis is hori- 
zontal if the x*-term has the larger denominator and vertical if the y*-term has 
the larger denominator. Since the larger of the two denominators is a”, the 
length of the major axis is always 2a, The length of the minor axis is 2b 

The distance from the center to either focus is |c|. If you know the values 
of a and b and the coordinates of the center, you can find the coordinates of 
each focus by solving the equation b? = a* ~ c? for c (see Exercise 34), 


Example 1 Graph the ellipse 4x7 + y? = 64 


and find its foci, 


Solution = 4x7 + 
2 
at+Ge1 
Since the denominator of x] y 
the y*-term is the larger, 
the major axis is vertical. OS 
‘The y-intercepts are 8 and 1) 77 
—8. The x-intercepts are 4 2] 69 
and —4, Solve the equation pata 
for y and make a short table 
of first-quadrant points. al 
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Use the relationship ¢? = a — b* to find the foci. Since a? = 64 and b* = 16 
? = 48 and c= V48 = 4V3 ~ 6.9. Thus the foci of the ellipse are 
F\(0, —4V3) and F(0, 43), Answer 


Example 2 Find an equation of an ellipse having x-imercepts V2 and —V 


y-intercepts 3 and —3 


Solution — Since 32 > (V2), the y*-term has the larger denominator, and so the 
major axis is vertical. The center is (0. 0), a> = 9, and b* = 2 


and 


an equation is > + 1. Answer 


Example 3 Find an equation of an ellipse having foci (—3, 0) and (3, 0) and sum of 
focal radii equal to 12 


Solution The center of the ellipse is (0, 0). The distance from each focus to the 
center is 3, so ¢ 3. The sum of the focal radii is 2a, Since 2a = | 


a= 6 and a = 36, Sob? =a? — 7 = 36-9 
on the x-axis, the major axis is horizontal 


Since the foci are 


an equation is 1 Answer 


Oral Exercises 


Give the x- and y-intercepts of each ellipse and tell on which of the 
coordinate axes its foci lie. 


espe ae ei 3 
Rg tg at 16 2 


ax? + 9 6 


Written Exercises 


Graph each ellipse and find its foci. You may wish to check your 
on a computer or a graphing calculator 


A 1-6. Use the eq! 


ions in Oral Exercises 1-6 


9. 512+ 72 = 25 8. xt + 25y 
9..3e + y= 12 
11. 4x? + 3)? = 48 


13.2 +9" =1 


Find an equation of an ellipse having the given intercepts. 


16. intercepts: + 
y-intercepts: +4 


15. s-intercepis 
y-intercepts: 

18. x-intercepts: +V 
y-intercepts: +2V3 


17. -interoepis 
y-intercepis: 


Find an equation of the ellipse having the given points as foci and the given 
number as sum of focal radii, 

B19. (-6, 0), (6, 0); 18 20. (0, —5), (0, 5 
21. (0, —4), (0, 4); 24 22. (—9, 0), (9, ( 


20 
0 


23. Describe a way of constructing the foci of a given ellipse using a compass. 
Give a convincing argument to justify the method. (Hint: See the figure at 
the left below.) 


y 


24. An indicator of the shape of the ellipse = Lis its eccentricity e, 


ee 


defined by ¢ = ae where ¢ = Va? — 


a. Explain why is ¢ a number between 0 and 1 
b. Which of the ellipses shown above has the greater eccentricity? 


25. Suppose that @ = b in the equation “5 + 


a. What is the value of c? b. What is the value of e? 
¢. Where are the two foci d, What special ellipse will the graph be? 


26. Deseribe the graph of “> + 4 


27. The arch of a bridge is in the form of half 
an ellipse, with the major axis horizontal 
The span of the bridge (the length of the 
major axis) 1s 12 m and the height of the 
arch above the water at the center is 4m 
How high above the water is the arch at 
4 point on the water 2 m from one of the 
ends of the arch? 
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Graph each inequality. 
28. 4x7 + 9y? < 36 29, 4x? + y= 16 
30. 5x? + dy? = 20 31. 3x7 + 16y? = 48 


Graph each equation. Each graph is a semi- 
nonnegative. 


Va is always 


32. 


y=3V1-x B.y= 


5 + 75 = 1 with foci at (—c, 0) and (c, 0), show that 


Pa 


. Use the definition to find an equation of the ellipse with foci at (~c, 0) 
and (c, 0) and sum of focal radii equal to 2a. At the appropriate point let 
to simplify the equation. 


Note 


GG 


In movies and on television you have 
probably seen believable pictures of 
things that do not exist and cannot be 
photographed. ‘These pictures are the 
product of computer graphics. The com- 
puter the computer 
a complete description of each object 
that is to be in a picture. The object's 

| shape may be built up from flat poly- 
gons or from geometric solids such as 


Computer Graphics Artist 


aphics artist give 


spheres. The location of each object in 


the scene is given in three-dimensional 


coordinates so that objects farther from 


the viewer will appear smaller 

A computer program co 
boundaries of objects and decides which 
are visible to the viewer. In or- 


fares the 


surfac 
der to give realistic texture to images 

the graphics artist uses formulas describ 
ing how different materials reflect light 
Even using powerful computers, it may 
take the computer graphics artist hours 


to make one second of movie film 
The computer has become a valuable shapes and color patterns are now used 


tool for graphic artists in many other in the design of magazine illustrations 


fields. For example, computer-generated posters, packaging, and textiles 
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In 1609 the German astronomer Johann Kepler proposed two of his three fa- 

mous laws of planetary motion (all of which were later confirmed by Newton's 
laws). In one of these, Kepler stated that the orbits of the planets in our solar 
system are ellipses with the sun at one focus. This discovery was all the mere 
remarkable because it represented the first practical application of the geometry 


of the ellipse, which had been extet 


about 2000 years earlier 


sively studied by Greek mathematicians 


planet 


¢ 
aphelion 
+ 


_ 


mean distance 
rom the s 
at e sun 


ii 


The greater the eccentricity of an ellipse. the more elongated it is (see 
Exercise 24 on page 422). The eccentricity of the orbit shown above has been 
exaggerated for clarity. The planetary orbits are all more nearly circular 

‘As the diagram above indicates, a planet's mean distance from the sun, 
figure given in many astronomical tables, is defined to be half the length of the 
major axis of the orbit. This is the mean, or average, of the planet's maximum 
and minimum distances from the sun. The positions at which a planet achieves 
these distances are called aphelion and perihelion, respectively. 

Much of the computation involving distances within the solar system is 
carried out using the astronomical unit (AU), defined to be Earth's mean dis- 
tance from the sun, or about 150 million km. as a unit of measure. The table 


below gives the eccentricities of the orbits of the planets 


tances from the sun. 


ind their mean dis- 


Planet 


Mercury 
Venus 
Earth 
Mars 
Jupiter 
Saturn 
Uranus 
Neptune 
Pluwo 


Mean Distance [in AU) 


0.387 
0.723 
1.000, 
1.524 
5.203 
9.539 
19.182 
30.058 
39.44 


Ec r 
0.206 
0.007 
0.017 
0,093 
0,049 
0.056, 
0.047 
0.009 
0,250, 
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Suppose that you choose a coordinate system so that the major axis of the 


orbit lies on the x-axis and the center of the ellipse is at the origin. Then using 


the information from the table, you can find the Cartesian equation of the orbit 
of a planet 


uch as Mercury, in the standard form 


First note that for Mercury @ = mean distance from the sun = 0.387. Then 


use the fact that eccentricity 00.206, To find the value of « 


<— = ).206, so ¢ = 0.080, 
0.38 


Now use the relationship b* = a* — c*, which holds for any ellipse. to find the 


value of b: 


b = half the length of the minor axis 


038 (0.375 
Exercises 
1. Find the maximum and minimum distances from Earth to the sun in AL 


and in km. 


2. What is the planet with the least circular orbit? Find the lengths of the 
major and minor axes for this orbit, What is the ratio of these lengths? 
Sketch the graph, 

3. Find the 


of the minor axis. 


tio of the length of the major axis of Earth’s orbit to the length 


4. Using the equation for the orbi 
of Mercury, find how far the 

> sun in AU 

when Mercury is on the y-axis 


planet is from th 


of the coordinate system 


5. The asteroid Icarus has an ellip 


tical orbit around the sun. Its 


mean distance from the sun i 
1.078 AU and the eccentricit 
of its orbit is 0,827. Find the 


ratio of the length of the major 


axis of this orbit to the len 
of the minor axis, Contrast th 


atio with the same ratio for 


Earth (Exercise 3) 
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9-5 Hyperbolas 


Objective To learn the relationship between the foci, intercepts, and 
asymptotes of a hyperbola and the equation of the hyperbola. 


A ship's navigator can plot the location of a ship by us- 
a radio navigation system called LORAN (LOng RAnge 

ation). In this system, a pair of radio sending stations 

continually transmit signals at different time intervals, The a 
navigator measures the difference in time between the two. 

signals received and then uses this information to plot the 

path of the ship. Its curved path is called a hyperbola, The 

signals from another pair of stations are used to plot a sec 

ond hyperbolic path. The intersection of the two hyperbolas determines the 
exact position of the ship. In the diagram above, the sending stations are rep- 
resented by two fixed points, F, and F,, and the ship by the point P. The 
ship, or point P, moves along a path that maintains a constant difference be- 
tween the distances from point P to the fixed points. In other words. the dif- 
ference PF, — PF is the same for all positions of P. 


A hyperbola is the set of all points P in the plane such that the difference be- 
tween the distances from P to two fixed points is a given constant, 


Each of the fixed points is a focus. If P is a point on the hyperbola and F, and 
F, are the foci, then PF, and PF» are the focal radii. As you will see. hyper- 
bolas are curves with two pieces, or branches. 
To find an equation of the hyperbola having foci F\(—5. 0) and F(5, 0) 

and difference of focal radii 6, use the definition and write: 

|PF, — PF|=6, or PF, — PF; = +6 
Now apply the distance formula 

Vet sr 4+ —Viae- Sy + y? = +6. 
Next eliminate the radicals and simplify. 


Viet SF VE-SF FH +6 
+ Ft — SP +" + 36 
20x — 36 = 412Vin 


Vir 
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Before graphing this equation, you analyze it using similar steps as for el 
lipses (page 419) 
1, The x-intercepts, 3 and —3, are the values of x for which y = 0. When 
x =0, the equation becomes —7— = |. Since no re 
this equation, there are no y-intercepts. 


value of y satisfies 


Determine the extent of the graph 


tive t3ViF + 16 
yStove-9 x= 2ovy¥+i6 


In the first equation, y is real if and only if [xj = 3. Thus, no part of the 
graph lies between the lines x = —3 and x = 3, In the second equation, x is 
real for all values of y, so no values of y are excluded 


3. It is easy to see that the graph is symmetric with respect to the x-axis, the 
y-axis, and the origin 


9 


4. Notice that y 


4 fy = 
zaryl- 


| 9 
When |x| is very large, y 1 ~ 5 is very near 1, and therefore 


4 
y = +x. Thus as |x| becomes large the graph approaches the lines 


These lines are the asymptotes of the hyperbola 1. These asymp- 


totes are also the diagonals of the rectangle formed by the lines x = 3, 
x= —3, y=4, and y= —4. Asymptotes are useful guides in drawing a 


hyperbola, as you can see in the diagram below 


Using the facts above, you can construct a table of first-quadrant points 
and then draw the complete graph. A calculator may be helpful 


¥ 


Since = 1, 


The graph is shown at the right, Notice 
that the graph consists of two branches. 
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‘The center of a hyperbola is the midpoint of the line segment joining its 
foci. A byperbola with foci on the a-axis or y-axis and equidistant from the ori- 
gin has a quadratic equation in two variables with one of the two forms shown 
below. Notice that in each case a” is the denominator of the positive squared 
term 


eee 
‘The hyperbola with center (0, 0), foci (—c, 0) and (c, 0), and difference of 
focal radii 2a has the equation 


ae Bie 
FFT h where e=—-s, 
‘The equations of the asymptotes are y = 2y and y = ~ 4x, 


If the foci are on the y-axis at (0, ~c) and (0, ¢), then the equation is 


-=1, where bP = — a? 


For a hyperbola having an equation with one of the forms shown above, 
the foci are either on the x-axis of the y-axis. If the x°-term is positive, the line 
containing the center and foci is horizontal. If the y*-term is positive, the line 
containing the center and foci is vertical 

The denominator of the positive squared term is a. The difference of the 
focal radii is 2a. If you know the values of a and b and the coordinates of the 
center, you can find the coordinates of the foci by solving b? = c? — a for ¢, 


= 3x7 + 12, showing its asymptotes as dashed lines. 


Find its foci. 


Bt + 12 
— 3c = 12 


y 


The y-intercepis are +12 ~ 3.5, There are no v-intercepts. 


Determine the extent of the graph: 


y=2V3r +12 and x 


ox is real if and only if y| = V2 


Example 1 Graph the hyperbola y 
Solution 


The asymptotes have equations 


x, or y = V3x and y= —V3x 
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Make a short table of first-quadrant points and 
sketch the complete graph using symmetry 


aph is shown at the right 


=a+h 


Since ¢ 124+4=16,c=4 
the foci are F,(0, —4) and F.(0, 4). Answer 


Example 2 Find an equation of the hyperbola having foci at (3, 0) and (3, 0) and dif 


ference of focal radii equal to 4 


Solution The center of the hyperbola is (0, 0). The distance from each focus to the 
center is 3, so c = 3. The difference of the focal radii is 2a = 4, and so 
a = 2, Since B = c? — a, b 2? = 5. Since thi 


dei are on the x-axis, 


an equation is 1. Answer 


Example 2 Find an equation of the hyperbola with asymptotes y = 2x and y 


Solution The center of the hyperbola is (0, 0), The x?-term is positive because the foci 


are on the x-axis, Since the equations of the asymptotes are y = +42, b= 3 
and a = 4. Thus b* = 9 and 16. An equation of the hyperbola is 
ey 

1 Answer 
16 9 


In Lesson 8-2, you learned that an inverse variation 


has an equation of the form 


xy =k (k #0), 4 


It can be shown that the 
hyperbola (see Exercises 34 and 35 on page 431). The 
coordinate axes are the asymptotes. If k > 0, the 

the first and third quad: 


aph of such an equation is a t 


branches of the hyperbola are i 
rants. If k <0, the branches are in the second and fourth 
quadrants. The graph of xy = 9 is shown at the right 
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BED MOSM a eee 
Oral Exercises 


Give the intercepts of the hyperbola and the equations of its asymptotes. 
Tell on which of the coordinate axes its fe 


3. x7 - 25y7 + 25=0 


6, 4x? — 97 + 36=0 


Describe the graph of each equation. 


7. xy =k, when k= 0 8. 


Written Exercises 


In Exercises 1-12, (a) graph each hyperbola, showing its asymptotes as 
dashed lines; (b) find the coordinates of the foci. You may wish to check 
your graphs on a computer or a graphing calculator. 


A 1-6. Use the equations in Oral Exercises 1-6. 
KB 


Oy? — 81 8. y? = Se? 4 25, 9. 75x? — 100)? = 7500 


10. 2517 — 144y? = 3600 I, 4°-y? +1=0 12. 167 ~ 4y° + 64 = 0 


Find an equation of the hyperbola described. 


13. Foci (0, —8) and (0, 8); difference of focal radii 10. 
4. Foci (4, 0) and (4, 
18. Asymptotes y 


erence of focal radii 4. 
3y; foci (0, —V13) and (0, V3). 
V2 


x and y 


16. Asymptotes y = and y foci (0, V6) and (0, V6). - 


B17. Asymptotes y 


3x and y = —3x: y-intercepts 3 and —3 
and y = —x; foci (—4, 0) and (4, 0). 


18. Asymptotes y 


Graph each inequality. 


19 y-V>4 20. 2, m+ 16 22, 9x7 > ay? -—3 
. x Bid Ce - 
The hyperbolas "> — Ty = 1 and > — 1 are conjugates of each other. 
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Graph each equation. Each graph is half of a hyperbola, since Va is 


nonnegative. 
25. y=VE +16 26,-y = Vie 1 
2. y= VE 16 2B. y=VEtI 


29. The statement “traveling 200 miles at x mi/h for y hours” can be described 
by the equation xy = 200. Consider the restrictions on x and y and then 
graph this equation. What does the graph tell you about the relationship 
between x and y? 


Use the definition to find an equation of the hyperbola having the given 
points as foci and the given number as difference of focal radii. 


30, (0, —5), (0, 5); 4 31. (-3, 0), (3. 0%, 2 
C 32. (~c, 0). (ec. 0); 2a 33. (0, -c), (0, ©); 2a 
M. (a, a), (—a. —a); 2a 35. (—a. a). (a, —a); 2a 


GIES ES Se 
Mixed Review Exercises 


Graph each equation. 
1, + 4)? = 16 


3. 3x —4y =6 


Draw the graph of each relation and tell whether or not it is a function. 


5. {(x, y): y = 2x} 6. (i. yh «= 2y) 
7. {(x, yy: x = y*} B. {Gay y =a} 
9. Lx, ys » = Inl} 10, {(x, 9): x= yl} 


About 240 8.c. the great Greek mathematician Archimedes 
the area of any section of a parabola 


discovered a formula 
By summing the areas of a sequence of smaller and smaller 
triangles that fill the section more and more completely, 
Archimedes was able to show that the area of any section is 
bh, where b is the length of the base (the chord that cuts off 
the section) and fh is the height (the length of a perpendicular 
segment to the base from the point on the parabola where a 
tangent parallel to the base touches the parabola). Therefore 
the area of the section is 4 as large as the area of the largest 


triangle that can be inscribed in it 
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9-6 More on Central Conics 


Objective To find an equation of a conic section with center not 
at the origin and to identify a conic as a circle, ellipse, 
or hyperbola. 


Circles, ellipses, and hyperbolas are called central conies because they 
have centers. Now you'll study central conics with centers not at the origin 
As you learned in Lesson 9-2, you can translate a graph centered at the 
origin by sliding every point of the graph A units horizontally and & units verti- 
cally. Replacing x by x — h and y by y — in the equation of a central conic 
with center at the origin gives the equation of the same conic with center now 
at (i, k). Using this fact, the formulas of Lessons 9-4 and 9-5 can be rewritten 
in the following more general forms, The constants a and b have the same 
meaning here as in those lessons, 


Ellipses with Center (h, k) Hyperbolas with Center (h, k) 
Horizontal a axis: Horizonial major axis: 
= Lian =k (x= h¥ _ yk? 1 
e oa o o 
Foci at (ht — c, A) and (it +c, &), Foci at ( — ¢, k) and (h + c, K), 
where c* = a? — b*, where c? = a? + b?. 
Vertical major axis: Vertical major axis: 
(= hP ly by G=b* _te—h? 
e « « a 
Foci at (h k~ ©) and (h, k+o, Foci at (h, k — c) and (h, k + ©), 
where ¢* = Be where c? = a? + b?. 


“Example 1 Find an equation of the ellipse having foci (~3, 4) and (9, 4) and sum of 
focal radii 14. 


“Solution — The sum of the focal radii, 2a, is 14. So a = 7. The center is half 
tween the foci, at (3, 4). The distance from the center to e! 
¢ = 6, Substituting 7 for a and 6 for ¢ in the 


ay be- 
h focus is 6, so 
-quation b? = a* — ¢ (from 


| Lesson 9-4) gives b? = 49 — 36 = 13 
x-3 y "4 
| «an equation of the ellipse is “> + 2 1 Answer 
| Example 2 Find an equation of the hyperbola Rien foci (—3, —2) and (~3, 8) and dif- 


ference of focal radii 8 


432 Chapter 9 


Solution The difference of the focal radii is § = 2a, so a =4. The center is halfway 
between the foci, at (—3, 3). The distance from the center to each focus is 5, 
so ¢ = 5. Substituting 4 for a and 5 for ¢ in the equation 62 = c? ~ a? gives 
6 = 25 — 16 = 9. The y*-lerm is positive because the line containing the foci 

is vertical. 


G- _ &+3y 
———=1, Answer 


fan equation of the hyperbola is 
: YP 16 9 


When the equation of a central conic is 

A + B: 
you can complete the square inv and y to identify the conic and find its center 
and its foci, as shown in Example 3 


ven in the form 


+ Cr+ Dy+F=0. 


| Example 3 identify the conic x* — 4y* — 


‘Then draw its graph 


— 16y — 11 = 0. Find its center and foci 


Solution = Complete the square using the x-terms and then using the y-terms. 


(7 — 2e + 2) + (—49? — l6y + =i1+_2 
(- Wet I) —4(y? + 4y +4) = 1 + 1 - 16 
( - 1? — 47 + 27 = -4 
Divide both sides by —4 yh 
lo 
O42? @-1P . 
| aa 4 
i] as 
| Comparing this equation with 
the general forms, you can see 
| that the conic is a hyperbo! 
| with center (1, —2), The line 
containing the center and foci 5 
is vertical. Since a? = | and 6? = 4, c? = a? + b> = 5, and ¢ = VS, Thus, 
the foci are the points (1, —2 + V5) and (1, -2 ~ V5), or approximately 
(1, 0.2) and (1, ~4.2). The graph is shown above. Answer 
If you apply the vertical-line test (see page 154) to the graph of the hyper- 
bola in Example 3, you will see that the graph does or represent a function 
No central conic can be a function 
Oral Exercises 
Identify each conic and give its center and foci. 
x wt 
=1 2. => 1 
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‘The given conic is to be translated so that its new center is at the given 
point, What will its new equation be? 


+, —5) ae 


49: (—4, 3) 6. 
+ y? = 16; (1, —4) 8. 


Match each equation with its graph. 


A yay? 
i = 10. 
os 1 0 
12. & + 17 + 9-27 =1 
(yy 
1 4 al 
(a) y (b) (e) ye 
D t o r 
(d) v (e) y (p ye 
r 
o o 5 


Written Exercises 


Find an equation of the ellipse having the given foci and sum of focal radii, 
A 1. (6,0). (6, 6), 10 (0, 0), (0, 


2. 12 
($5.1), GB. 1); 16 5. ( 


(=3; —3); (—3; 3); % 
—3), (6, —3); 10 6. (~10, 2), (— 


Find an equation of the hyperbola having the given foci and difference of 
focal rat 


7. (0, -2), (8, -2);2 8, (0, 4). (0, 10); 4 9. (3, 8), (3, —2); 4 
10. (5, 3), (9, 3): 6 I. (5, ~9), (5. = 1: 6 12. (4, —4), (4, —4: 6 
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Find its center and its foci (i 
graph. You may wish (o check your g: 
calculator. 


any). Then draw 
aphs on a computer or graphing 


13. x? — 4y dy — 39=0 14. 2 + 9? + 2r — By +1 =0 
15. x? + y? — 6x — 16y + S7=0 16. 9x7 —y Isr — by —9=0 
17, 9x2 + 25)? 4 36x — 150 + 36 = 0 18. 16x" — 9y? + 64y + 18) + 199=0 


B 19. Use the definition of an ellipse to find an equation of the ellipse having 
foci (1, 1) and (~1 1) and sum of focal radii 3 
20. Use the definition of a hyperbola to find an equation of the hyperbola hay 
ing foci (—1, 1) and (1, —1) and differ 


ce of focal radii 2 


C 21. Every conic section has an equation of the form 
Av’ + By’ + Cx + Dy +E=0 
where A and & are not both zero. Let A = 1, C = 2, D 8, and E 1 
Graph the resulting quadratic equation in two variables for each 
of B. Then identify the graph 
a. B=0 b. B=1 cc B=4 a. 


e. Analyze the different equations you graphed in parts (a)—(d). What i 


ven value 


the relationship between the coefficients A and B for which the general 


equation gives a circle? parabola? 


an ellipse? a hyperbola 


SSS a Sa EE 
Self-Test 2 


Vocabulary ellipse (p. 418) center (of an ellipse) (p. 419) 
focus (of an ellipsey(p. 418) major axis (p, 419) 
focal radii (of an ellipse) (p. 418) minor axis (p. 419) 
symmetric about the x-axis (p. 419) hyperbola (p. 426) 
symmetric about the y-axis (p. 419) focal radii (of a hyperbola) (p. 426) 


symmetric about the origin (p. 419) asymptotes (p. 427) 


central conic (p. 432) 


1. Graph 14x? + 9y? = 144. Obj. 9-4, p. 418 


2. Find an equation of the ellipse having foci (3, 0) and (—3, 0) and 


sum of focal radii 8. 


3. Graph 2 x? = 25, showing the asymptotes as dashed lines Obj, 9-5, p. 426 
4, Find an equation of the hyperbola having foci (0, 4) and (0, ~4) und 

difference of focal radii 4 
5. Identify and graph 4x? — 25y’ — 24x + SOy ~ 89 = 0. Obj. 9-6, p. 432 
6. Find an equation of the ellipse having foci (5, 2) and (~S, 2) and 


sum of focal radii 12 
Cheek your answers with those at the back of the book 
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Systems of Equations 


PES 
9-7 The Geometry of Quadratic Systems 


Objective To. 


quadratic system and to estimate the solutions 


graphs to determine the number of real solutions of a 


You know that a solution of a linear system can be found geometrically by lo- 
cating the point where the graphs of the system's equations intersect. You can 
also use graphs to determine the real solutions of a quadratic system. A system 


mbination of linear and quadratic 
equations in the same two variables is called a quad system. 
If you have a computer or a graphing calculator, you may wish to explore 


the geometry of some quadratic systems. For example, a system of one quad: 


ratic and one linear equation may have 2, 1, or O real solutions, as illustrated 


below 
ra] 
Two solutions One solution No solution 
A system of two quadratic equations may have 4, 3, 2, 1, or 0 real solu 


tions. For example, a circle and an ellipse can have four points of intersec- 


tion and their equations would have four common real solutions (sce Oral 


Exercise 9) 
Finding the points of intersection 
of quadratic graphs can be useful in 


astronomy. Like planetary orbits, the 


comets are elliptical 
To observe a comet closely, astrono: 


are naturally interested in where 


its orbit crosses that of the earth 
You can use graphs not only to 


find the number of real solutions of a 


quadratic system, but also to estim: 


these solutions. Example | at the top 
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Graph each system und estimate the real solutions 
b. x? + 6y 0 


wto=0 


Graph the equations of each system and 
estimate the coordinates of their points of 
intersection 

25x? + 4y* 
x= 7-15 


Estimates of 


There are four real solutions 
4.4), 


the solutions are (0.9, 4-4), (0.9, 
7, —235) 


(-1.7, 2.5), and ( 


b. x7 + 6y = 30 


sy +6=0 
There are three real solutions. Esti 
mates of the solutions are (6, —1) 
1.3, 4.7), and (—4.7, 1.3). 


1) is an exact solution of the system 


Actually, (6, 
in part (b) of the example. as the following check shows. 


(6)? + 64 30 


1) +6=0 


(6) 


The other solutions in the example are approximations. 


If you have a calculator, you might check to see how accurate they are 


9) 


(eS 5 6 SR 


Oral Exercises 


Mentally sketch the graph of each equ: 
solutions the system has. 


mn and give 


9, By drawing rough sketches, illustrate that a cirele and an ellipse can have 
the following possible points of intersection 
d. one 


b. three ec, two 


a. four 
in a single point without 


nic of the specified type 


Can a line intersect a © 


being tangent {o it? If so, explain how. 
11. A hyperbola 


10. A parabola 


e. vero 
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An ellipse 
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(ER eee 
Written Exercises 


By sketching graphs, find the number of real solutions the system has. 


A 1. 4° +99? =36 B; 
2x + 3y=6 
4 5. 
ad 
Tete 8. 
xy 


10-15. Estimate the real solutions (if any) of the systems of Exercises 4-9 to 
the nearest half unit. 


Graph each system of inequalities. 


B io y=x+3 17. + 4y? = 16 
y=x rsyt4 
18. 47° +7 =< 16 19. x= -y” 


Pr +4 = 16 FAS 


C 20. Use parts (a), (b), and (c) below to show that no isosceles triangle has pe- 
rimeter 4 and area | 
a. Write equations for the area and perimeter. 
(Hint: Let base = 2x and height = y.) 
b. Simplify the perimeter equation to eliminate radica 


¢. Graph the resulting system and use the graph to reach the required 
conclusion. 


ERS Se Sele aT 
Mixed Review Exercises 


Find an equation for each figure described. 


1, Parabola with focus (2, 3) and directrix y 


Ellipse with .-intercepts + V6 and y-intercepts + 2 
. Hyperbola with foci (0, —3) and (0, 3) and difference of focal radii 4 
4. The circle having center (~3, 4) and passing through the origin. 


3. 


Find the unique solution for each system. 


S$. y=3r+2 6. 
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INNES 9 
9-8 Solving Quadratic Systems 


Objective To use a 


systems 


ic methods to find exact solutions of quadratic 


The substitution and linear-combination methods that you used in Chapter 3 to 

solve linear systems can also be used to solve quadratic systems. Although it is 
possible for the solutions of quadratic systems to he complex numbers, in this 

lesson we will consider only real solutions. 


Example 1 Solve this system: 4° + y° = 25 


Solution Substitution Method) Solve the linear equation for one of the variables. If 


you solve for y, you can avoid fractions 


Substitute 


| for y in the quadratic equation and solve the resulting 


equation 

4x? + (—2x — 1)? = 25 
+4 t+ 4dr l= 2 
8 + 4v—24=0 
2+*-6=0 
(Qx— 3Xx+ 2) = 0 

3 
<=> Ort 2 


Substitute 5 a 


and —2 for x in y 1 to find the y-values. 


| 2, 3) is a solution 


Checking the ordered pairs (5. —4) 


and (—2, 3) in both given equations 
is left for you 
The solution set is |(. —4).(-2. 3)j 
| Answer 
| The equations are graphed in the diagram 


the right. As you can sce. the graphs 


have two points of intersection 
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TERMED sche vis ines 2-7 
8 


ay 


Soluttion —(Subsiiwtion Meth) Solve the second equation for y. 


y= (x #0) 
Substitute © for y in the first equation and solve the resulting equation. 


(8) 


This equation is quadratic in x7, 


x° + 4 has no real solutions, 


8 


x 


The graph is shown at the right. 


“Example 3. Soive this sysiem 


(Linear-Comibinstion Method) Multiply the second equation by 2 and add the 
two equations. Then solve the resulting equation. 


x + 2y = 


= 5 


Substitute V5 and —V5 for x in x? 
values of » 
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the solution set i 


{(V5. 3), (V5, —3). (-V 


. 3), (—V5. —3)} 


As the preceding examples show, substitution is usually the more appropri- 


ate method for solving a 


ystem consisting of a linear and a quadratic equation 


When a system's equations are both quadratic, either the substitution or the 


linear-combination method may be used 


Oral Exercises 


Which of the given ordered pairs are solutions of the system? 


lx +5=0 * 
: =1), (5 5 
ane Sh] (5, —1),(-5, 1), G1, —5), € 
2 py = 30 
es eee al (4, 2), (4. 2), 2,4), (2.4) 


1.5) 


Find the real solutions, if any, of each system, You may wish to check your 


‘on a computer or a graphing calculator. 


=0 
B 13. 2? - 3y?= 30 14, 2 + 2y? = 12 
r+ypP=25 at —y 8 
16. 9x7 + 9y? = 1 17,2 + y= 13 
me wto=0 


15. 5x7 + 3y 
ay? — Ty 
18, 2? -¥ 
w=3 
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Exercises 19 and 20 lead to cubic equations. Use the methods of Lesson 8-7 
to find their real roots. 


19. ~=s+7 20. y =1 
nw=6 ay t6=0 


Find the square roots of each complex number. 
Sample 12+ 16i 


where x and y are real. Then 
12+ 167. Equating the real and 


Let a square root of 12 + 161 be x + y 
(x + yi)? = 12 + 160, oF (x7 = y?) + Ixy 
inary parts gives this system: 


This system is equivalent to the one in Example 2. page 440. and thus has the 
solutions (4, 2) and (—4, ~2). Therefore, the square roots of 12 + 16/ are 
4+ 2i and —4 - 


22, 7 — 24 23, 5 + 127 
25. —7 + 248 26. 12 — 168 


Solve. 


A 1. The sum of two numbers is 16, and the sum of their squares is 146, Find 
the numbers. 


2. The product of two numbers is 1, and the difference of their squares is 


Find the numbers 

3. The fence around a rectangular piece of property is 156 m long. If the area 
of the property is 1505 m’, find the dimensions of the property 

4. An ellipse with center at the origin and horizontal major axis is to fit 
snugly inside a rectangle that has its longer sides horizontal. The area of 
the rectangle is 12 square units, and the perimeter is 14 units. Find an 
‘equation for the ellipse 


§. Find the dimensions of a rectangle having perimeter 34 ft and a diagonal of 
length 13 ft 


6. Find the length of the legs of a right triangle having perimeter $6 m if the 
hypotenuse is 25 m. 


7. The product of a two-digit number and its tens digit is 285. The units di 
is two more than the tens digit. Find the original numbe 


ind the dimensions of a rectangle that has area 10 and a diagonal of 
Iength 5. Leave your answer in terms of radicals 
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9. A rectangular plot of land having area 1350 m? is to be enclosed and di- 
vided into two parts. as shown. Find the dimensions of the plot if the total 
length of fencing used is 180 m 


10. 


¥ 


Four squares, each with sides 4 cm lor 
tangular piece of cardboard having area 560 


Ex.9 


Ex, 10 


are cut from the comers of a ree- 
The flaps are then bent 


up to form an open-topped box having volume 960 cm’, Find the dimen 


sions of the original piece of cardboard. 


Two people part company and walk alor 


walks | km/h faster than the 


Find the rate at which each person walks. Give your answers to the n 


tenth 


perpendicular paths, One person 


ther, They are 6 km apart after one hour 


st 


A 20 m ladder and a 15 m ladder were leaned against a building. ‘The bot- 
tom of the longer ladder was 7 m farther from the building than the bottom 


of the shorter ladde: 


building. Find the distance 


but both ladders reached the same distance up the 


Find the point on the circle with equation x° + y? = 1 that is closest to the 


point (4, 3) 


From the top of a vertical canyon wall 
300 m high, a person throws a rock with 
a speed of 20 m/s toward the top of the 
opposite side of the canyon, which is at 
the same elevation, but is 510 m away 
According to the laws of physics, the 
rock follows a path described approxi- 


mately by the equation 


where y is the rock’s hei 


in meters above the canyon floor and x is the 


rock’s horizontal distance in meters to the right of the vertical canyon wall 
The opposite side of the canyon is steeply sloping and becomes level at a 


point 10 m from the bi 
sloping side of the canyon 


press your answer 


a coordinate system whose 
equation for the sloping side, and find a 
and the equation of the rock's path.) 


jase of the vertical wall, When the rock strikes the 
how far is it from where it was thrown? Ex 


rounded {0 the nearest tenth of a meter, (Hint: Introduce 


origin is the hase of the vertical wall. Write an 


common solution of this equation 
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UG A 
9-9 Systems of Linear Equations 
in Three Variables 
Objective To solve s 


Just as the ordered pair ( 
so the ordered triple (x, y- 
ae + 2y — 


ms of linear equations in three variables. 


—4) is a solution of the equation 3x + 2y = 2, 
~4, 3) is 4 solution of the equation 


because 3(2) + 2(~4) — 4 = —5 is a true statement. 24,9 
Any equation of the form Av + By + D. 
where A. B. C, and D are real numbers with A, B, 
and C not all zero, is called a linear equation in 
three variables. Although such equations are 
called “Linear,” their graphs are planes, not lines. 

Solutions of equations in x, y, and = can be 
graphed in a three-dimensional coordinate system having an x-axis, a y-axis, 
and a z-axis that mect at right angles at a common point O, the origin. The 
graph of the ordered triple (2, —4, 3) is shown in the diagram above. 

To graph a system of three linear equations in three variables. you draw 
the three graphs in the same coordinate system. Although any two of the planes 
may intersect, coincide, or be parallel. the graph of the system's solution 
consists only of the points that ail three planes have in common. Some of the 
ways that three planes can intersect are shown below. 


© p 
mw 
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Algebraically, these geometrical relationships mean: 


(a) When the three planes intersect in only one point, the system has 
one solution 
(b)-(c) When the three planes do nor contain a common point, the system has 
no solution. (This is also true when the three planes are parallel.) 
(d) When the three planes intersect in a common line, the system has 
infinitely many solutions. (This is also true when the three planes 
coincide.) 


raically by substitution or linear combi- 


You can solve linear systems a 


as you did in Lesson 3-5 


nations, 


© this system: 2x + 3y 


Example 1 so 


7=3 
Solution (Substitution Method) The third equation gives the value of z: z= 3. 
Substitute 3 for z in the second equation and solve for y 
2y 1 


Substitute 3 for z and 


13 


The check is left for you. 
the solution of the system is (5, —1, 3) Answer 

Because its shape suggests a triangle, the system ; Sea 
in Example | is called a triangular system. Since tri aia 
angular systems are easy to solve, a good way to ae 
solve any linear system is to transform it into an 
equivalent triangular system and then to proceed as in 
Example 1. This method is called Gaussian elimina- 
tion in honor of Karl Friedrich Gauss (1777-1855). 
a very famous mathematician 

Example 2 soive this system: x+ y—22=7 | 
xt 4y+3r=2 
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Solution —(triangular-System Method) 


In (|), add the first equation to the second. Then multiply the first equation 
by —2 and add the result to the third equation 
rt y-2eaT | 
sy + ‘:) Q) 
~5y + 62 = -16 | 


In (2), add the second and third equations together. 
Re yen] 
este 


When you solve the triangular system in (3) you get.+= 3, y = 2, and 
—1. The solution is (3,2, —1). Answer 


The system in Example 2 has a unique solution. 
tem that has infinitely many solutions, 


Example 3 Solve the system: 


Example 3 shows a sys- 


Solution (Iriangular-System Method) 
In (1), multiply the first equation by —2 and add it to the second equation 
Then subtract the third equation from the first. Here is the resulting system: 


3y + 3: 


You can check that, for any number =, the triple (1 — z, 1 — 2, =) is a solution 
of the given system, If, in this general expression, you assign = the values 0, 
2, and 3, you obtain the particular solutions (1, 1, 0). (—1, —1, 2), and 

(4, 4, —3), respectively. Answer 


Recall from Chapter 3 that a linear system having infinitely many solu- 
lions, such as the one in Example 3, is said to be dependent. If the second 
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== 2, then the system would have 


equation in Example 3 had been x — 
had no solution, since the first two equations would have had no common solu- 
tion. Such a system is said to be inconsistent 

Other methods can be used to solve systems of equations. One such 
method involves using numbers in a rectangular array called a m: 
learn about matrices in Chapter 16 


ix. You will 


DS at Se ee) 
Oral Exercises 


Which of the ordered triples, if any, is a solution of the equation? 


y +2: = 8; (1, 2 a1) 
4.x —3y + 4: = 6; (-2, 2.0) 


7 6x ty 5 7 y 6 8 3r+==0 


Tell how to combine the given equations to obtaii 
coefficient of x is 0. What is the new coefficient of y? 


‘an equation in w 


Written Exercises 


Solve each system. 


A lexty =10 yt+2y+3z=-1 x : 
yt ay 2 1 . sy 2 
4. Sy -4y+42=4 2z+3y- x=0 624 3xt 9 
ay 32 = 10 dy x x + dy 10 
3: = -6 = 8 2=8 
2x- y 2 y+ 3y 3: = 10 
ae 5 3 ie 2y z 3 + 2 10 
Sree te- yt3r= + ni! 
10. 2x +5y4 Te w= 6 3-3 
—3y + 3y + x — 2y 1 z z i 
ay y 1 x ay 10 
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15. 3u+2v+w 
Su + 3v—w 
Qu + w 


16. a+3b+4e=6 1s, 1 
a-2b+ c=10 2 
2a+3b- c=0 a 

Ly 
r 


Show that each of the following systems is dependent by (a) finding a 
general expression for all of its solutions and (b) using this expression to 
find three particular solutions. 


19, x—2y+ 1 20, + + 2y- 
x+ y-3=7 r+ 3y— 
3x —4y + 4x + Sy - 


Show that each of the following systems is inconsistent. 


a. x- 22, x+y 
2 - r= 3 r+3y- 
atayt+ 3 41 + Sy — 


The following systems are said to be homogeneous because the constant 
terms are all 0. Each of them has (0, 0, 0) as an obvious solution. 
Determine whether there are any other solutions, and, if there are, find a 
general expression for them. 


wm. x+2y-22 
2x + Sy + 
3x + 4y — 22 


Problems 
Solve. 

A 1. Barbara has nickels, dimes. and quarters worth $2.35 in her purse. The 
number of dimes is three less than the sum of the number of nickels and 
quarters. How many of each type of coin does she have if there are 19 
coins in all? 

2, David paid $9.50 for some 15¢, 25¢. and 45¢ stamps. He bought 38 
stamps in all. The number of 25¢ stamps was 8 more than twice the num- 
ber of 45¢ stamps. How many stamps of each type did David buy? 
When three large diamonds are weighed in pairs, the masses of the pairs 
are found to be 6 carats, 10 carats, and 12 carats, Find the mass of each 
diamond 

448 = Chapter 9 


4. A chemist has three samples of unknown mass, 
h pair of the samples is balanced against the 
third sample and one of three known masses 


Find the unknown masses if the known ones are 
98. 15g, and 27 ¢ 


w 


In a certain triangle, the measure of the largest angle is 20° more than 
twice the measure of the smallest angle. Five times the measure of the 
smallest angle equals the sum of the measures of the other two ang 
Find the measures of the three angles. (Hint: Remember that the sum of 
the measures of the angles of a triangle is 180°.) 


The sum of the length, width, and height of a rectangular box is 75 cm. 
The length is twice the sum of the width and height, and twice the width 
exceeds the height by 5 cm. Find the dimensions of the box 


B 7. The Charity Ball Committee sold $10 patron tickets, $5 sponsor tickets, 
and $2.50 donor tickets, The number of donor tickets sold was 24 more 
than the number of sponsor and patron tickets combined. There were 326 
tickets sold, and the receipts totaled $1432.50. How many tickets of each 
type were sold? 


8. The sum of the di 


$ of a 3-digit number is 21. The sum of the ten’s and 


hundred’s digits is 3 less than twice the unit's digit. The number is in- 


ersed. Find the original number 


creased by 198 if the digits are re 


A parabola with yertical axis passes through the given points. Find its 
equation. (Hint: Substitute the coordinates of the given points 
y = ax? + bx + c. Then solve the resulting system for a, >, and 


turn 
) 


9 (-1, 4), (2,7), (1, 0) 10. (1, 3), (2, 10), (—2, —6) 


A circle passes through the given points. Find its equation. (Hint: Use the 


equation x? + y? + Cx + Dy + E =0.) 
i. 


-1), (4, 


(0, =3) 12. (—6, —3), (1, 


Mixed Review Exercises 


rtyp=3 + 


Simplify. 
6. (4x'y(—3x°y") 7. (2xV3) 
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Self-Test 3 


Vocabulary quadratic system (p. 436) linear equation in three variables 
ordered triple (p. 444) (p- 444) 
triangular system (p. 445) matrix (p. 447) 


For each system, (a) graph the equations, (b) determine the number of real 
solutions, and (c) estimate each real solution to the nearest half-unit. 

1. 47 ie 144 Obj. 9-7, p. 436 

r+y=25 w=8 rtp 


Solve each system algebraically. 
Obj. 9-8, p. 439 


IL Obj. 9-9, p. 444 


Check your answers with those at the back of the book. 


Chapter Summary 


1. The distance between the points P(x), y;) and Pa(x>, y>) is given by 
P\P3 = Vian — 4 + (2-9 


The midpoint of the line segment P\P> is 
(ute, mote 


ae are 


2. The circle with center (h, &) and radius r has the equation 
@— hy? + (y -— bf = 7. 

3. A parabola with vertex (h, k) has an equation of the form 

y — k= alx —h)? if its axis is vertical, 


X— A= aly ~ KY if its axis is horizontal. 


Il 
where a = 4). The distance between its vertex and focus is |c] 


4. The ellipse with center (0, 0), foci (~c, 0) and (c, 0), and sum of focal 
radii 2a has the equation 


where b? = a* — 


y= 1. where b? = a? = ¢?, 
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5. The hyperbola with center (0, 0) 


foci (~c, 0) and (ec. 0), and difference of 
focal radii 2a has the equation 
aa r=, where b? = 2 —a 


If the foci are (0, c) and (0, —c), then the equation has the form 


1, where b? = 2 ~ @ 


6. If an ellipse (or hyperbola) having foci on a horizontal or vertical line has 
its center at (, ), then its equation ean be obtained from the one 


4 (or 5) by replacing x by x — A and y by y—k 


en in 


7. When the equation of a central conie is given in the form 


By? + Cx + Dy +E =0, 


you can complete the squares in x and y to identify the 
center and its foci 


‘onic and find its 


8, Graphical methods can be used to determine the number of real solutions of 
a quadratic system and to estimate these solutions. To obtain exact solutions 
the substitution method or the linear-combination method often can be used 

9, A good way to solve any system of linear equations in three variables 


algebraically is to transform it into an equivalent sriangular system by 
using linear combinations and then to solve the triangular system by 
substitution. 


Chapter Review 


Write the letter of the correct answer. 


Exercises |-3 refer to the points P(—4, 3) and Q(—6, ~1) 
1. Find the distance PQ “41 
a, 12 b. 6 . 2% d. 2V5 
Find the midpoint of PQ 
a. (5. b. (5.0 e. (1D d. (-5, -1) 
3. If Q is the midpoint of PM, tind M 
a. (-3, b. (2. -4) . (-8, -5) d. 2,4) 
4. Find an equation of the circle having center (4, ~3) und radius 5 9.2 
ax ty Rx + 6y 3=0 b. x y 8 6) 0 
a ety? + 8-6 =0 dey tr +3y=0 
§. Find the center and radius of the circle x + y Ay 12 =0. 
a. (4 2); 2V2 b. (—4, 2); 2V2 
e. (4, -2); 2V3 d. (—4, 2); 2V3 
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6. Find an equation of the circle shown at the ) 


By 
8y 4 
G 2+ + Bx — By 
d. x7 + y? + 8x — By 
7. Find an equation of the parabola having 


vertex ((), 0) and directrix y = 2. a 
a y= —4r b, x2 = —4y 
ce. x = —8y a. 
8. Find the vertex of the parabola 4x = y? ~ 4y. 
a (1, -2) b. (-1, 2) c. (0, —2) d. (0, 4) 


9. Find an equation of the parabola shown at the right 
-y+3 b. ) 
=-x4+3 a. 
10, Find an equation of the ellipse having foci 
2) and (0, 2) and sum of focal radii 8. 


ey 


Find a focus of the ellipse “- + 35 = 1. 


20 
a. (0, 4) b. (4, 0) c. (0, 2V6) a. (2V6, 0) 
12. Find a focus of the hyperbola 8x* — 3y? = 48. os e 
a. (0, V22) b, (V22, 0) e. 0, VI0) d. (V1, 0) 
13. Find an equation of the hyperbola shown at the right, 
ay=4 b. ay = 2 


a r-~=4 d. yr 
14. Find the center of the conic 


9x? — y* — 18 + 4y — 31 =0. 
a, (1, 2) b. (3, 2) 
c (1, —2) d. (~1, -2) 


15. Find an equation of the ellipse having foci (1, 0) 
and (3, 0) and sum of focal radii 4 

b. 4° +9 36 

d. 32 + dy? = 12 


16. How many solutions does this system have? x2 


a. 0 bel 3 e. 4 
17. Find the real solutions of the system: 
a. (1, —4), (-1, -4)} b. (—V'1B, 2), (V13, 2} 


¢. (VIB, —2), (-V13, -2}  d. (1, -4), (1, —4), (V3, 2), (V3, 2) 
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18. Find the dimensions of a rectangle having perimeter 14 m and a diagonal of 
length 5 m 


a. 3mby 5m b. 4m by Sm c« 3mby4m d, 2mby 3m 


19. Solve this system: x + 


By + Oy + 
a. {( sas) | b. 4 —1)} e. {il d. (1, —3, 4)} 
20. Sara has $36 in $1, $5, and $10 bills. She has the same number of $5 bills as 
$10 bills, and she has 10 bills in all, How many bills of each denomination does 
she have? 
a. 8 SI bills, 1 $5 bill, 1 $10 bill b. 6 $1 bills, 2 $5 bills, 2 $10 bills 
c. 4 $1 bills, 3 $5 bills, 3 $10 bills d. 2 $1 bills, 4 $5 bills, 4 $10 bills 


Chapter Test 


1. Given the points P(3, —4) and O(—5, 6), find (a) the length PQ, (b) the 
midpoint of PQ, and (c) the point X such that P is the midpoint of OX 


2. Find an equation of the circle with center (6, —3) that passes through (—4, 1) 
3. Find the center and radius of the circle «° + y? ~ &x + 2y + 11 = 0 
4. Find an equation for the set of all points equidistant from the point (2, 0) 
and the line y = —4. 
5. Find the vertex, focus, and directrix of the parabola x — | (y + 37 
6. Find an equation of the ellipse having foci (V/5, 0) and (~V5, 0) and sum 
of focal radii 6. 
7. Graph the ellipse 7 + 4y* = 16. 
Graph the hyperbola x7 — »? + 4 = 0, showing the asymptotes as dashed lines 
Find an cquation of the ellipse having foci (0, 0) and (4, 0) and sum of 
focal radii 8. 
10. Identify the conic x2 — 4y* — 4x — 8y — 4 = 0 and find its center and foci. 


of each system. 


By sketching graphs, find the number of real solutis 


11} 4x2 + 9y* = 36 12.42 - 


sah ar xy 


13, Solve this system: x 
14, Find the dimensions of 
nal is 5V3 m long 


15. )Solve this system: 2r — 
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10 Exponential and 
Logarithmic 
Functions 


— 


‘of Bacteria {in thousands) 
pees &§ 2 


20 40 60 80 100 
Time (in minutes) 


Exponential Functions 


MESS 
10-1 Rational Exponents 


Objective To extend the meaning of exponents to include rational 
numbers 


You know the meaning of the power b* when x is an integer. For example 


Definition of b!?: (read as ‘b to the one-half power" or as **b to the one half") 
If the laws of exponents on page 212 are to hold, then 


' piv — p! = p. 
Since the square of b'”> is b, b'” is defined to be Wb 


Definition of 6’; b' is defined to be N’b, since its cube is b 


(BAY = pO = 51 =p 


Definition of 6°; Using the law (a ". you can express 6” in either 
of two ways: 
B= (bY)? = (Wb) oor B= (b4)'9 = VE 


Therefore, b'" is defined to be either of the equivalent 
expressions (W/bY or NB 


aed 
Definition of 6”? 
If p and q are integers with q > 0, and b is a positive real number, then 
bi = (Why = WP. 


Example 1 simplify 16°" 
Solution 1 16° = (16)! = 2'=8 Answer 
Solution 2 16° = W116 = V'4096 = 8 Answer 


Notice that computing the root first is easier. This is usually the ca 
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“Example 2. simplity: a. 25~*? b. 5 


‘Solution a. 25° b, 5 = 92 
= (vo 
mo =35 
(V5) 
1 = 243) Answer 
= [is Answer 


The laws of exponents on page 212 also hold for powers with rational ex- 
ponents. These laws can be used with the definition of rational exponents to 
simplify many radical expressions. The first step is to write the expression in 
exponential form, that is, as a power or a product of powers. 


b. Simplify ( 


he 
2'%* in exponential form Answer 


in simplest radical form Answer 


Example § solve b. sx '? = 20 
Solution — b. Sx = 20 
both sides hog 
to the # power. aly aa Raise both sides 
to the —} power. 
5 y= ls 
oF 
+. the sol : ane ii 
¢ solution set is {5} cs the solution set is |}. 
\ 
Check: (5 — 1)? = 4? = e a) =5-4= 
ck: (5 — 1) 8 Check: 5{1) 4=20 
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Oral Exercises 


bg 2, a, 8 b. g7! 
bd. 8 4. a. 16% b. 1604 
ear 7, 42 8, 25-2 


Give the letter of the correct answer. Assume x and y are positive 
numbers. 


9. x'? equals a4 b. ce. Vi 
10. x7? equals: a. (Way b. VE t 
1. 2 equals ye u « 2 
12. (2x)~"/? equals: Pes b. eo 
Vix 2Va x 
13. —&x~""? equals: 2 8 «St 
Vi Wa PNG 
* equals ae b. A= & % 
s equals: a. aie 
= equal : 


* equals: 2 ce, 16V2 
Tell whether each equation is true or false. 
1 tp 5M 4 4! 1 igen 
17. a. 9'7 + 4! = (9 + 4)'? 18, a, +4 t4)% 19a, (2 +5) =ato 
b. 9.42 = (9+ 4) b. 24.45 = b. (1-4) = ab 
20. a. (Vat VbP=atb Bea. (an! + byt =a? +o 2a (e+ P= +? 
b. (Va+ Vb = ab bo (a! bo') awh beac! y 9) = x4? 
Give the power to which you would raise both sides of each equation in 
order to solve the equatic 
23. y'2 =9 24. x 4 B55 x28 id 26. “ 
Tell what steps you would use to solve each equation. 
27. 3x'/4 =6 28. Sv 40) 29. (5-3) *=4 30. (Sy = 3 
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Written Exercises 


Simplify. /\ | i 
”s 
3.49 


yas 2.27 bi 
EAE cs ee 7. 16°" 
9, (-125)-* 10. (-32)775 HE eh 
13. -87° 14, -9" 15,(8')r? 


17. (16-7) 18; (a7! 19. (91° + 16) 


Write in exponential form. 


2. Vx'\5 22. Wply 2B. Vath 2A, WhyF 
fi wre [16h sa? 1 
25. (V 26. VSB # 28. ral 


Express in simplest radical form, 


Simplify each expression, Give answers in exponential form, 


3 6 
Vx Vx 
VY) 23/4 


40. (0b) ) 


Solve each equation. 
\ 


43. a. a4 =8 M4 ay 45.0, 2y""27=10 46. a. (9-73 =4 
b. Gr+ IF =8 b. Gy)" t= 10 b. oF 75 
47. (8-2 = Ga- NF =t 49, (8 +4)" = 25 50. +9)! =5 


press in simplest form without neg 


exponents. 


z=] 3. (a? + 5) - (4 + aa?) 


“20h 6. (20 + 30 — 4) 
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MESS eee) 
10-2 Real Number Exponents 


Objective To extend the meaning of exponents to include irrational numbers 
and to define exponential functions 


You have leamed the me of the power b* when x is a rational numbe 
Now let's consider the meaning of 6 when x is an irrational number. as in the 


expression 23 
The graph of y = 2° for the rational values of x in the table below is 
shown in Figure 1. In the table irrational values of y are rounded to the nearest 
tenth 
x 2 1 | -0.5}0]05] 1 1s) 2 
y= or 05] 07 | 1] 14] 2/28] 4 
bd / 
ria = > —— ~ 
Cir T ra 
Figure 1 Figure 2 Figure 3 
Figure 2 illustrates what happens when you plot many more points of 


y = 2! for rational values of xx. If the complete graph is to be the smooth curve 
shown in Figure 3, there must be a point on the curve for every real value of 
x, In order for there to be no ‘breaks’ in the curve, there must be a point 
where x = V3 and y = 2 

To find a decimal approximation of 2‘ *, look at a sequence of rational 


numbers x that more and more closely approximate V3. Then consider the cor 


responding sequence of powers 2! 
sequence of exponents x l 17 1.73 732 

2 a} git 37 2 

sequence of powers 2 aie i gin, 2 
approximations 2 3.2490, 3.3173, 3.3219 


As the value of the exponent x gets closer and closer to V3. the power 2" 


gets closer and closer to a definite positive real number, which is defined to be 
2° 3. A scientific calculator can approximate 2'* to 1 ificant 
digits: 2Y3 = 3.3219971 

The method just discussed can be used to define b* where b > 0 and x is 
in more advanced courses that the laws of 


ht or more sigs 


any real number. It can be showr 
exponents also hold for these powers: 
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2=8 Answer 
Answer 


Now that the meaning of exponents has been extended to include all real 
numbers, exponential functions can be defined. 


If b > 0 and b # 1, the function defined by y = b" is called the exponential 
function with base b. 


A computer or a graphing calculator ma 
exploring the graphs of y = 6° for various va 


be helpful in 
lucs of b. 

If b> 1, the graph has the general shape shown in red 
in the diagram. It rises continuously as x increases. 

If) = |, the graph has the general shape shown in 
blue, It falls continuously as x increases. 


The graph of every exponential function has 1 for its 
y-intercept (since b = 1) and the x-axis as an asymptote 


For any exponential function, 
b? = b* if and only if p 

This condition expresses the fact that every exponential function is one-to- 
one. A function f is called one-to-one if for every p and q in the domain of f. 
Ap) = fig) if and only if p =. This is equivalent to saying that any horizon- 
tal line intersects the graph of a one-to-one function in at most one point. 

In the diagram you can see that any horizontal line intersects the graph of 
y = 2° in at most one point. This is also true of the graph of y 

The fact that every exponential function is one-to-one allows you to 
solve certain kinds of exponential equations. An exponential equation is 
an equation in which a variable appears in an exponent 


SSS OS > ee eee 
Step 1 Express each side of the equation as a power of the same base. 
Stop 2 Set the exponents equal and then solve. 
Step 3 Check the answer. 
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bs. 5 = 25 


b. 


a 2 The check is left to you 
the solution set is {2} 


2) Answer Answer 


GEES SS eee 
Oral Exercises 


Which number of the given pair is greater? 


1. sue 3. 7, 16 46-6 
Simpl 

jit. glon 6. 8Y?-8 Teas : 
Solve. 
9. grat 10, 25% = 125 H, =4 12. 36° = V6 


2. a. 73-79 hb. « (Y) a. 5, 

Simplify. 

3. o"y 4.079 Vern 6 Var 

7, 3, 220 9, va" 10. (V9) 703) 
jos? c 
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Simplify. 


bee 12. (V2 


pe 


a+Var! 
“ava 


is, = 


27, 25% = sre 


6:3 +9=0 32. 3% — 10-3 +9=0 


Graph each pair of equations in the same coordinate system. You may wish 
to verify your graphs on a computer or a graphing calculator. 


33. y= 3 and y 
3 2* and y-3=2""* 


=2—Jiand y= 
2‘ andy +3 


Solve each equation. 
23+1 


UL LY LEIP BIS ES LET SLES SEF ALT SFE A 
Extra / Growth of Functions 


A function / is increasing for positive x if f(x.) > f(x) whenever x, > x, > 0. 

To compare the rate at which two increasing functions grow with x, you look 
fix . . fay 

at the ratio “7 The function f will grow faster than ¢ if you can make 4” 
ae al 

larger than any positive number by taking x large enough. 

An important fact about exponential functions is that the exponential 
function b* with b > | grows faster than any polynomial. For example, 2* 


grows faster than the polynomial function x!, When x = 10 the ratio 
Sig 1 very small (approximately 10°"7!), but asx increases, the numerator 


catches up. For x = 996 the ratio is about 1, for. = 1000 it is about 10, and 
by taking x still larger we can make the ratio as large as we want. Even 
exponential function with a base very close to 1, such as 1.0001", will 
eventually overtake any power x", no matier how large n is 
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Mts i ST 
10-3 Composition and Inverses 
of Functions 


Objective To find the composite of two g 
inverse of a given function 


n functions and to find the 


Consider the squaring function fix) = x2 and the doubling function g(x) = 2x 
As the diagram below shows, these two functions can be combined to produce 
anew function whose value at x is f(g(x)), read “*f of g of x."* 


g is the doubling function fis the squaring function 
3 23) =6 Agi) = f\6) = 36 
5 e(5) = 10 Ae(5)) = f(10) = 100 
x a(t) = 2x Aigo) = fi2e) = (20P 


Notice that /(g(x)) is evaluated by working from the innermost parentheses to 
the outside. You begin with x, then g doubles x, and then f squares the result. 


fig) = fx) = (2v¥ 


The function whose value at x is f(g(x)) is called the composite of the fun 
fand g. The operation that combines f and g to produce their composite is 
called composition. 


Example 1 1 fix) = 3x — 5 and g(x) = Vx, find the following 
a. fig(4)) b. gi f(4)) 
e fige)) d. gi fia)) 
| Solution a. Since y(4) = V4 = 2. Agi) = 3 s=1 
b. Since fi4) = 3-4-5 = 7, g(/(4)) = V 
| d. g(fexy) = gv 5) = V 


Notice in Example I that fg()) # gf) 
The function [(x) =x is called the identity function. It behayes like 
the multiplicative identity | 
a-i=-2 for all numbers a 
fH) = fo) for all functions / 


For the two functions f and ¢ defined in the example at the top of the next 


page, the composites /(g(x)) and g(f(x)) are both equal to the identity function 
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“Example 2-16 fix) = 44 and ocx) = 2x — 4, find the following. 


a. g(1) and f(g(1)) b. fi—3) and 9 f(—3)) &. fix) d. e(fix)) 


‘Solution a. (1) = -2 and fig) =f(-2) = |. Answer 


Notice that g: 1—> —2 and fi -2 1, 


b. A—3) = 4 and g/l) = g( 1) = -3. Answer 


Notice that ff -3—> 4 and g: i -3, 


Parts (a) and (b) suggest that the functions f and g “‘undo each other.”’ 
Parts (c) and (d) prove that this is so for any number x. 
444 


figs) = fx ~ 4)= x Answer 


Answer 


d. esa) = a ; 4) = 


In multiplication, ovo numbers whose product is the identity 1, such as 2 
and 27!, are called inverses. Similarly, two functions whose composite is the 
identity /, such as f and ¢ in Example 2, are called inverse functions. 


(He a eee 
Inverse Functions 


The functions f and g are inverse functions if 


figlx)) = x for all x in the domain of ¢ 
and g(f0x)) =x for all x in the domain of f. 


‘The inverse of a function f is usually denoted /~', read *‘f inverse.” 


Caution: The superscript ~1 in f—! is not an exponent. The symbol /~'(x) 
denotes the value of f inverse at x: it does not mean 7 
Suppose that two functions f and g are y 
inyerses and that f(a) = b, so that (a, b) is 
on the graph of /, Then g(b) = g(fla)) = a, 
and the point (b, a) must be on the graph 
of g. This means every point (a, 6) on the 
graph of f corresponds t a point (b, a) on 
the graph of g efore, the graphs are 
mirror images of each other with respect 
to the line y =x, You can verify this by 
drawing graphs of inverse functions on 
the same axes. A computer or a graphing 
calculator may be helpful. ‘The diagram 
shows the inverse functions of Example 2. 
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Some functions do not have inverse functions. If the reflection of the 
graph of a function f is itself to be the graph of a function, the graph of f must 
not contain two different points with the same y-coordinate. Therefore, a func- 
tion has an inverse function if and only if it is one-to-one 

As you learned in Lesson 10-2, every horizontal line intersects the graph 
of a one-to-one function in at most one point. Therefore, you can use the hori 
zomtal-line test to tell whether a given function has an inverse function 


er SS eee 
Horizontal-Line Test 


A function has an inverse function if and only if every horizontal 
the graph of the function in at most one point 


Ie intersects 


If a function has an inverse function, you can find it by writing y for fix), 


interchanging x and y, and solving for vy, Example 3 illustrates. 


Example 2 Let fix) = -1 
a. Graph f and determine whether f has an inverse function. If so, graph f 
by reflecting f across the line y =. 


b. Find f~'(v. 


Solution a. The graph of f is shown in red at 
the right, The graph of f passes the 
horizontal-line test, so f has an in- 
verse. The graph of f~', shown in 

blue, is the reflection of the graph 


of f across the line y = x 


b. Replace fix) by y yer—1 


Interchange v andy: x 


Solve for y 
y Vrt+i 
f= Vet 1 Answer 


Oral Exercises 


pose fix) = 3x, gx) =x + 1, and A(x) = 2° + 2. Find the following. 
1. a. fig) b. fig) fie(—6)) a. figin)) 
2. a. g(fi4)) b. @i/(5)) 2 f(-6)) de gf) 
3. a. /th(2)) b. W/(2)) filntx)) d. HUF) 
4. a. g(h@)) b. A(gi3)) gthlx)) d. hig) 
5. Find (-"(a) 6. Find g(x). 7. Does h~! exist? Why or why not? 
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Written Exercises 


Suppose fix) = = glx) = x — 3, and A(x) = Vx. Find a real-number value or 


an expression in x for each of the following. If no real value can be found, 


say so. 
1. a. f(g(8)) b. fig(—5)) e. f(g(0)) 
- 818) b. g(f(-5)) c. gf) 
fin) b. fin(4)) ec. fi(—4)) 
Av fi32)) b. ACf16)) & hf) 
hi g(12)) b. A(g(2)) © ht gtx) 
g(h(9)) be g(it(V3)) ce gh) 


Use the horizontal-line test to determine whether each function f has an 


inverse function. 


In Exercises 11-14, find ~'(x). Then graph f and f 


so, draw a rough sketch of f~! by reflecting f across 


7) ¥ 


the same coordinate 


system. You may wish to verify your graphs on a computer or a graphing 


d. fig) 
de g(f(x)) 
dd. fih(x)) 
a. (U@)) 
de (h(x) 
de a(gx)) 


calculator. 
A. fx) = 2x -3 12. fix) = 13. fly) = 14. fi) = 2 
In Exercises 15-22, graph g and use the horizontal-tine test to determine if g 
has an inyerse function. If so, find g~'(x). If g has no inverse, 
You may wish to verify your graphs on a computer or a graphing calculator. 
15. xix) = (4) 16. g(x) = V 17. gi) = x4 18. g(x) = [a] 
B 19. guy =x? -x 20. gix) =x" +2 21. glx) = VF 22. g(x) = Qv + 3)? 
23, a, Draw the graph of flx) = 2" by making a’ table of values and carefully 
plotting several points, 
b, Draw the graph of f—! on the sane coordinate system by reflecting the 
graph of fin the line y = x 
ce, Find f~"(2), f-'(4). $7 '(8), and fd), 
d, Give the domain and range of f and f! 
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@ Squaring function fv) = 1° has no inverse function. However, the 
square root function g(x) = Vx does have an inverse function. Find this 
inverse and explain why it is not the same as fix) = 7. [Hints Compare the 
domains of f and ¢ 


C 28. Let fix) = mx + b. Por what values of m and b will f(a) = f° '(x) for all x 


26. Prove that the graphs of a linear function and its inverse function are never 
perpendicular 


Simplify. 


25°? 2. VI8+ V 


Self-Test 1 


Vocabulary exponential form (p. 456) composition (p. 463) 
exponential function (p. 460) identity function (p. 463) 
one-to-one function (p. 460) inverse functions (p. 464) 


ion (p. 460) horizontal-line test (p. 465) 


exponential equ 
composite (p. 463) 


1. Write in exponential form. ak Obj. 1-1, p. 455 
a. Voarty 2 b. Wo? Vos 

2. Write in simplest radical form. 
a b, Vey Vier 

3. Solve (x — 2)"* = 8. 

4. Simplify Obj. 10-2, p. 459 
a. 4 2 16’’? b. 16 

we 

5. Solve 7°"! = 49! 

6. If f(x) = 6x + Land g(x) = V4, find the following Obj. 10.3, p. 463 
a. fig(4)) b. ef f(a) ec. Ago) d. gf fir) 

7. Show that fix) = 3x — 7 and g(x) = “4 are inverse functions: 
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a 
Logarithmic Functions 


1.5 2 
10-4 Definition of Logarithms 


Objective — To define logarithmic functions and to learn how they are related 
to exponential functions. 


‘The graph of f(x) = 2" is shown in Figure 1. Since the function passes the hori- 
zontal-line test, it has an inverse function. The graph of f~' can be found by 
reflecting the graph of f across the line y = x, as shown in Figure 2 


fixy=2 fa) = log 


Figure 1 Figure 2 Figure 3 


The inverse of f, the exponential function with base 2, is called the 
logarithmic function with base 2. and is denoted by f~'(x) = logy x. 
(See Figure 3.) 


logy «is read “the base 2 logarithm of x"” or ‘log base 2 of x.” 


Notice that (3, ¥) is on the graph of f(x) = 2° and (8, 3) is on the graph of 
f(x) = logy x. Since these functions are inverses, it follows that 2° = 8 
means log; § = 3. This and other examples are given below 


Exponential Form Logarithmic Form 
means log, 8 = 
means log; 16 = 4 
v= means log, 1=0 
z= means =-1 
Y=Nn means logs N =k 


A base other than 2 can be used with logarithmic functions. In fact the 
base can be any positive number except 1, since every power of 1 is | 


468 Chapter 10 


a 
Definition of Logarithm 


If b and N are positive numbers (b # 1), 
log, N = & if and only if b = N. 


rithm with base b, Since the base b ex- 


positive number has a unique | 
ponential function is one-to-one, its inverse is one-to-one, Therefore, 


log, M = log, N if and only if M = N 


Several other properties of logarithms are easy to verify. Since the state 
k and b‘ = N are equivalent, by substitution 


log, bk=k and blot N = N 


ments log, N 


ince b = b! and 1 = 6°, it follows fro 
1 and log, 1 = 0. 


the definition of a logarithm that 


logy 6 


Example 1 Write each equation in exponential form 


a. log, 36 = 2 b. log, 2=1 » (0.001) = —3 
Solution a. b, 2 = e. 107 = 0.001 
Example 2. Write each equation in logarithmic form 

a 6°=1 b 873 = 1 =5V5 


Solution a. log, | = 0 b. logy += - 


Example 3 Simplify each logarithm 


a. logs 25 b. log, 8V2 c. 248 


Solution a. Since $ 2. Answer 


b. Let log: 8V2 =x 


Then a= 8V2 
i i Set the exponents equal 
m= 


i 
logs 8V2= 4 Answer 


7. Answer 


©. Since pies 
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‘ach equation. 


Example 4 Sowe 


a, log, x =3 b. log, 81 = 
Solution a. Rewrite in exponential form b. Rewrite in exponential form. 
=x t= 81 
64=% Since $1 = 34, 


© the solution set is (64} 
Answer 


~. the solution set is {3}. Answer 


EES SS SS aaa 
Oral Exercises 


Express in exponential form, 


1, logy 32 = 5 2. logy 9 =2 3. log, V7=+ 


Express in logarithmic form. 


5. 8 = 64 6. 9? =27 7. 0? =001 8. 164 = 4 
Simplify. 

9, loge 36 10. log: 16 IL. logy 100 12. tog, + 

13. log, 2V2 14. log; 1 15, 48s 16 16. log, (6°) 
17, logs 10 lies between the consecutive integers 2 and 2 


18. logy) 101 lies between the consecutive integers 2 and _2_. 


19. log, + lies between the consecutive integers? and _2_. 


20. If you solve logs 1° = logs 100, then the solution set 


Written Exercises 


Simplify each logarithm. 


A 1. logs 125 2. logy 16 3. log, 81 
4. log, 6 5. logy | 6. logs 4 
7. toes 8. logs 1 9. log, 6V6 
10, logs 25V5 Il. tog, V2 12. logs, V3 
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13. 14, rs 9 15, logis 8 
16. Logi 17. log, + 18. log 1 
\4 1000 
Solve for x 
19. log; x=2 20. log, x =3 21. logy x 
22. logs x = 23. logyx= -2 24, logivo x J 
25. 27 =3 26. log, 64= 6 27. log, T= = 
28. log, 7 =1 29. log, 1 = 0 30. log, 2=0 
31. a, Show that log: 8 + log) 4 2 by simplifying the three 
logarithms. 
b. Show that log, 3 + logy logy 81 by simplifying the three 


logarithms. 


State a generalization based on parts (a) and (b) 


a, Simplify log, 8 and logy 2 


b. Simplify logy V3 and logy; 3 


¢. State a generalization bused on parts (a) and (bp 


33. a. If fix) = 6", then f(x) = 2 


1(36) and f 


b. Find f 


¢. Give the domain and ran; 


34. a. If g(x) = logy x, the 


b. Find g° '(2) and g-'(—>) 


¢. Give the domain and range of g 


» the same 


Sketch the graph of each function and its inyerse functior 
coordinate system. Label at least three points on each graph. You may 


wish to check your graphs on a computer or a graphing calculator 


35. fix) = 6 36. ola \ 
~ Aix) \ 38. Ux 

Solve. 

9. logs (logy x) = 0 40. log, (log, (logy #9) = 0 

41. 160 <b <1 and O< a <1, is logy « positive or negative 

42. If 1 <a <b, is logy (log, a) positive or negativ 
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43. The decibel (dB) is used to measure the loudness of sound, Sound that is 
just barely audible has a decibel level of 0 and an intensity level of 
10°? W/m (watts per square meter). Sound painful to the ear has a deci 
bel level of 130 and an intensity level of 10 W/m?. The formula 


ves the decibel level of a sound whose intensity is /, 


where /, is the intensity of barely audible sound. Some decibel levels and 
intensities are shown in the table below. The intensity is given in watts per 


square meter 


Intensity | Decibels 


| Barely audible sound | 107!? oO 
Quiet conversation ior? 30 
Heavy traffic 10" 90 
Jet plane (at 20 m) 107 140 


The intensity of thunder is 10"? times the 
intensity of barely audible sound. What is 
the decibel level of thunder? 


b. The decibel levels of a subway train enter 
ing a station and normal conversation are 
100 dB and 60 dB, respectively. How 
many times as intense as normal conver- 


sation is the noise of the subway train? 


ZO 


The late sixteenth century was a time of great mathematical activity, particu- 
larly in astronomy and navigation. Because of the involved computations that 
these fields required, there was a need for a method to simplify arithmetic cal- 
ula 


0 Not 


/ Logarithms 


ion and make multiplication and division easier. The Scottish mathema- 
John Napier found a way to turn multiplication into addition and divi 

sion into subtraction, and in 1614 he published a work demonstrating the use 
of logarithms 


In the nincteenth century, the g 


ticia 


reat French mathematician Laplace said of 
Napier that by lessening the work of computation his invention doubled the 
life of the astrone 


ner, Scientists and mathematicians continued to use Ic 


rithms until calculators and computers provided more efficient tools. 

Napier's logarithms are related to what we today call natural logarithms 
A year after Napier published his work, the English mathematician Henry 
Briggs became interested in Napier’s invention. It was Bri 
that 10 be the logarithmic base and who introduced the terms characteristic 
and mantissa. He compiled an extensive table of logarithms giving 14-place 


approximations for logarithms of numbers from 1 to 20,000 and 90,000 to 
100,000. 


gs who si 
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ES SS ey 
10-5 Laws of Logarithms 


Objective —_To learn and apply the basic properties of logarithms. 


The laws of exponents can be used to derive the laws of logarithms 
EE ee 
Laws of Logarithms 


Let » be the base of a logarithmic function (b> 0, b# 1). Let M and N be 
positive numbers. 


1. log, MN = log, M + log, N 


Laws | and 3 are proved below. The proof of Law 2 is left as Exercise 43. 


Proof: Let log, M = x and lo; 


N = y, Therefore, b* = M and bY = N. 


Law 1 Law 3 
MN = bb? = bY (bh = ble 
log, MN = log, b* vi 


Mt 
M* = k log, M 


iN =x+y 
-. log, MN = log, M+ log 


“Beample 1 express tog, M'N% in terms of logs M and log, N 
‘Solution — tog, MN 


= loge M? + loge N? Use Law | 


M+ 3 ke Use Law 3 


‘Example 2. Express loz, \/ M in terms of logs M and logy 
y. f= jog. M 
‘Solution — og, y) He = los (ys) 


Use Law 3 


1 log, M — log; N*) Use Law 


‘log, M— Slog, N) Use Law 3 
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The process illustrated in Examples | and 2 can also be reversed. 


Example 2 Express as a single logarithm. 


a, login p + 3 logie g b. 4 logis p ~ 2 logo ¢ 
Solution a. logy) p +3 logy ¢ = log p + lor g? Use Law 3. 
= logo pr Use Law 1 


b. 4 logy p — 2 logy ¢ = logyo p* ~ loging? Use Law 3, 


= login Use Law 2. 
€ 


You can often use the laws of logarithms to compute the numerical value 


of a logarithm from given logarithms 


0.30 and logy 3 = 0.48, find the following. 


20 
wt 


Example 4 16 \o: 
a. login 18 b. log 


Solution a. Since 18 = 2- 


logig 18 = logy 2 + 2 logy 3 
= 0.30 + 2(0.48) 
= 1.26 Answer 


€. login 5 


Since 


20 x 
login = logig 2 + logiy 10 — logyy 3 


= 0.30 + 1-048 
= 0,82 Answer 
e. Since 5 = 10, 
login 3 = logye 10 ~ logy, 2 
=1-0.30 
1.70 Answer 


d. Since LL = 2-9, 
v2 
1 1 > 
logyo ( = ) = —4 togyy 2 
1 
= 3 (0.30) 


= -0.10 Answer 
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You can use the laws and properties of logarithms to solve logarithmic 
equations. Because the logarithm of a variable expression is defined only if the 


expression is positive, be sure to check the answers you obtain 


Example 5 Solve log, x + log, (x — 6) = 3 for x 
Solution logs x + logs (x — 6) 


log, x(x — 6) 


log, (2 — 6x) = 


Change to exponential fo: 


x a) 
Cheek: If x = —3, log, x is not defined. So —3 is not a root 
If x =9, logy x + logs (x — 6) logs 3 


the solution set is {9}. Answer 


Oral Exercises 


Express each logarithm in terms of logy M and logs N. 


1, log, M* 2. log; N° 


(4 5 1} 
5. log - logs VI log, WN 8. log, | 
5. logs (7) 6. log, VM 7 “ik 


Express as a logarithm of a single number or expression. 
9. log, 3 + log, 4 


11. 4 log, 2 


13. + tog, 36 


15. log, 3 + log, 5 + log, 2 log, 2 
17. 2 log, p + logy 4 
1 ) 
,r+tlog, s 


in terms of ¢ 2 


Let ¢ = logy 10 and d= logs 5. Express the followin 


logs 500 23, logs 250 4, 


21. logs 50 
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See See 
Written Exercise: 
Express each logarithm in terms of log, M and log; N. 

A 1. log, M°NS 2. log; (MN)! 3. logs MVN 4, log, WN 

M 


5. log 6. tog, (44) 7, logs yy 8. loz sy 


If logyy 9 = 0.95 and logy, 2 = 0.30 (accurate to two decimal places), find the 
following. 


9. log 8i | 10. logo 2 11. logy) V2 12. logy 3 
13. login 8 14, login 36 18, Logie 2" 16, log 900 
17. tos $ 18. loz sp 19. logy V2 20. logiy 162 


Express as a logarithm of a single number or expression. 


21. 5 logs p + logs g 22. logy x — 4 logy ¥ J 
23. 4 logs A — 4 log, B 24, logs M + + logs N 
B 25. logs M+ log N+3 26. logs x — loge y + 2 
27. 1 —3ilogs x og, At tex 
Simplity. 
29. 2 logig 5 + login + 30. 2 logs 6 — logs 4 
31. logy 40 — logy 5 32. log, 3 — logs 48 


Solve each equation, 


33. log, x= 2 log, 3 + log, 5 34. log, x =F log, 9 + log, 2 

38. log, (x + 3) = log, 8 — log, 2 36. log, tx +7) = 2 top, 64 

37. logy x — logy (x ~ 5) = log, 6 38. log, (3x + 5) = log, (x — 5) = log, 8 
39. logs (a? — 9) = 4 40, logy (y+ 2) + log, 6 = 3 

41. If flr) = log x and g(x) = 4", find: a. fig(3)) b. 2(A4)) ¢. fig "(16)) 
42, IE fl) = and gtx) = logy x, find: a. A=) be a s(G)) KG) 


43. Prove the second law of logarithms 
44, Simplify 4" 
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Solve each equation. 
C 45. logs (log, x) =0 
47. log (x + 1) + logy x= 1 


49, 4 tog, (x + 2) + + tog, (x — 2) 


50. 2 log, x — log, (v- 2) 


2) (x — 1) + log, (x 


Mixed Review Exercises 


Solve. 
1. logy x= —4 oH F Paecattes 
4.Vet2=x 5. 3-3 6. 3Q2Qv— 1) =Sx44 
yz t=4 8. log, 8=4 9-27 =5 
= 1 and gix) = Vx + 1, find each of the following. 
1. 3) 2. fig(1)) 13. g(fi-D) 


Self-Test 2 


Vocabulary logarithmic function (p. 468) laws of logarithms (p. 473) 
logarithm (p. 469) 


1, Write in exponential form Obj. 10-4 p. 468 
a. log, 81 = 4 b. 3 

2. Write in logarithmic form. 
a. 54 = 625 b. 25° = 125 

3. Evaluate each expression 
a. log, 4°? b. die 

4, Solve log), 27 = 3 

5, Write log, (MON°)'? in terms of log, M and logs N Obj. 10-5 p. 473 


> 


If logy 5 = 0.70, find logy) 0.04, 


7. Solve log, x + log, (x — 2) = loz 


eck your answers with those at the back of the book 
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ae 
Applications 


Ses FT 
10-6 Applications of Logarithms 


Objective To use common logarithms to solve equations involving 
powers and to evaluate logarithms with any given base 


Logarithms were invented to simplify difficult calculations. Because of the deci- 
mal nature of our number system, it is easiest 10 work with base 10 logarithms, 
These are called common logarithms. When common logarithms are used in 
calculations, the base 10 is usually not written, For example. log 6 means 
logyo 6. 

Most scientific calculators have a key marked *log" that gives the com- 
mon logarithm of a number. You also can find the common logarithm of a 
number by using Table 3 on page 812. 

Although calculators and computers have replaced logarithms for doing 
heavy computational work, logarithms still provide the best, or even the only, 
method of solution for many types of problems. Some of these will be shown 
later in this lesson and in the next 


If you have a calculator, vou should practice finding the logarithms of a few 
numbers and then skip ahead to the paragraph preceding Example 


Without a calculator, you will need to use the table of logarithms (Table 3). a 
portion of which is shown below. 


n[ ol 4 

20 | 3010 | 3032 
21 | 3222 | 3243 
22 | 3424 | 3444 
23 | 3617 | 3636 
| 24 | 3802 | 3820 


4 5 6 7 8 9 
3096 | 3118 | 3139 | 3160 | 3181 | 3201 
3304 | 3324 3365 | 3385 | 3404 
3502 3560 | 3579 | 3598 
3692 | 3711 | 3747 | 3766 | 3784 
3874 | 3892 | 3909 | 3927 | 3045 | 3062 


The table gives the logarithms of numbers between | and 10 rounded to four 
decimal places. The decimal point is omitted. To find an approximation for 
log x for | <x < 10, find the first two digits of x in the column headed N and 
the third digit in the row to the right of N, For example. to find log 2,36, look 
for 23 under V and move across row 23 to the column headed 6, where you 
find 3729, Therefore, log 2.36 = 0.3729, 

To find an approximation for the logarithm of a positive number greater 
than 10 or less than 1, write the number in scientific notation (see page 221) 
and use Law 1: log MN = log M + log N. For example. 


log 236 = log (2.36 x 10°) 


= log 2.36 + log 10° Use Law 1 
= log 2.36 +2 
~ 0.3729 + 2, or 2.3720 Use Table 3 
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The example shows that the common logarithm of a number can be written as 
istic, and a nonnegative number 
less than 1, called the mantissa, which can be found in a table of logarithms. 


the sum of an integer, called the charact 


Example 1 Find each logarithm. Use Table 3 


a. log 3.8 b. log 97,500 ¢, log 0.000542 


Solution a. Find 38 under N; then read across to the column headed 0. 


log 3.8 = 0.5798 Answer 


b. Write 97,500 in scientific notation and use laws of logarithms 


97.500 = log (9.75 104) 


The mantissa for 9.75 is 0.0890. The characteristic is 4 
log 97,500 = 0,9890 + 4 = 4.9890 Answer 


¢. Write 0.000542 in scientific notation and use laws of logarithms. 


log 0.000542 = log (5.42 x 1074) = log 5.42 + log 10 
The mantissa for 5.42 is 0.7340. ‘The characte 4 
log 0.000542 = 0.7340 + (—4) = =3,2660 Answer 
The logarithms in the tables, and therefore the answers, are approximations 
However, it is a common practice to use =, as in Example |, rather than 
If log y =a, then the number y is sometimes called the antilogarithm 
of a. The value of y can be found by using a calculator or log tables. 


Example 2 Find y to three significant digits if 


. log y = 0.8995 b. logy 


Solution 1 I On some calculators ye 


¢ function key with the logarithmic function key. On many others. 


find antilogarithms by using 


the invers 

you can use the 10° key as shown 

_ IF logy y = 0.8995, then y = 10' 93, Answer 

b. y = 104 304 Answer 

a. In the body of Table 3 find the value closest to 0.8995, that is, 0.8993 
This is the entry in the row labeled 79 and in the column labeled 3 


7.93 Answer 


b. First find the number that has 0.4825 as its mantissa. The table entry with 
mantissa closest to 0.4825 is 3.04 
log y = 2.4825 = 0.4825 + 2 
log 3.04 + log 1¢ 
log (3.04 % 10°) 
log log 304 
y= 304 Answer 
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Exponential and 


In the previous example the answers were rounded to three significant dig- 
its. For most problems the answers you find using Table 3 will be accurate to 
three significant digits. 


Find the value of each expression to three significant digits 
a, VIR b. (0.173) 


GERGMIRET Using » calextan 


a. Since V/493 = 493! = 493? 
= 493"? = 3.46 Answer 
b. y* = (0.173) = 0,0000268 Answer 


use the power key, 


Using Tables 

W493. b. (0.173) = (1.73 x 10-1) 
= (1.73) x 107% 

Let x = (1.73)°, Then: 


| a, Leta 


log x = + log 493 


SSE 
log x = 4(2.6928) is == log ! 3 
log x = 0.5386 x= 268 

3 3.46 Answer £. (0.173)° = 26.8 x 107° 


0.0000268 Answer 


Whether or not you use a calculator, you need the properties of logarithms 
to solve the exponential equation given in Example 4. The solution to Exam- 
ple 4 is given in calculation-ready form, where the next step is to obtain a 
decimal approximation using a calculator or a table. 


“Example 4 sowve 3**=5. 


a, Give the solution in calculation-ready form. 
b, Give the solution as a decimal with three significant di 


Take logarithms of both sides. 


= log 5 

= log 5 Use laws of logarithms to simplify. 
log 
log 3 


| x= 58? Solve for x. 


- the solution in calculation-ready form is Answer 


Zilog 3” 
b. Find log 5 and log 3 with a calculator or table. 
0.6990 
== — = (),733 
| 20.47 ~ 0-733 


- 10 three significant digits, the solution is 0.733. Answer 
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If you know the base b logarithm of a number and wish to find its base a 
logarithm, you can use the following formula 


Change-of-Base Formula 


logy 
log, a 


log, x = 


The proof of this formula is left as Exercise 42 on page 482 


Example § Find log; 7 


Solution Use the change-of-base formula letting b = 10: 


log 
logs 7 = 75, 


0.8451 


Deasr = P04 Answer 


Oral Exercises 


Use a calculator or Table 3 to find each logarithm, 


1. log 4.05 2. log 40.5 3. log 405 4. log 0.405 
log 8.36 6. log 83.6 7. log 0.836 8. log 0.0836 

Use a calculator or Table 3 to find x to three significant digits. 

9. log x= 0.6072 10. log x = 0.9212 AL. log x = 1.9212 12. log x = 0.9212 

Solve for x in calculation-ready form. 

13, 2°=7 14. 9 =8 15, 8 = 3 16. 3°°=7 


I See 
Written Exercises 


ato three 


Use a calculator or Table 3 to find the value of each expressi 
significant di 

A 1. (1,06)"" 2. (10.6)"" 3. 0.38)" 4. (347)'5 
Stay" 6. W786 7. WRLD 8. Viatay 
Use a calculator or Table 3 to find x to three significant digits. 
9. log x = 0.8531 10. log x = 0.4065 IL. log a = 2.84 
12. log x = 1.005 13. loga = -1.8 14. log = -2.91 
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Solve each equation. 


16. 5’ = 10 17, 5.6' = 56 18, (1,02)" 


20. 12%" = 1000 21, 3.5" = 60 


Solye each equation without using a calculator or logarithms, (See Example 2 
of Lesson 10-2, page 461.) 


23. 4° =8V2 


25V5 26. 8 = 16V2 


Unlike Exercises 15-26, Exercises 27-34 are not exponential equations. Solve 
each equation using a calculator or logarithms. Give answers to three signif. 
icant digits. 


Solve x” 


1. Raise each side to the + power. You find that x 


2. To simplify 12"? 
(a) Use a calculator and the y" key to obtain x = 41.6, or 


(b) Use lo 
logarithm: «= 41.6, Answer 


ithms to obtain log x= + log 12 = 1.619. Then find the anti- 


= 34 28. x7 = 50 29, Vii = 60 30. 900 


33. (3y — 1° = 80 3M. Var +3 = 8.15 


Find ¢: 


ch logarithm. Use the change-of-base formula. 


35, log: 9 36. log, 8 37. log, 40 38. logy 4 


Solve for x to three significant digits. 
a: + 10=0 40. 3° —7-3'+12=0 
41. a. Simplify log, 49 and logyy 7 


b. Simplify log, 8 and logy 2. 
c. How are lo; 


a and log, > related? Give a convincing argument to jus- 
swer 


tify your 


C 42. Derive the change-of-hase formula. (Hint: Let log, x = y, so that 


r=a) 
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10-7 Problem Solving: Exponential 
Growth and Decay 


Objective To use exponential and logarithmic functions to solve growth and 
decay problems 


Suppose an investment of P dollars earns 8% interest compounded annually 
Then the value of the investment will be multiplied by 1.08 cach year 
because 

Value at end of year = 100%(value at beginning of year) + interest earned 


|.00(value at beginning of year) + 0,08(value at beginning of year) 


= |.08(value at eginning of year) 


From this equation you can obtain the following table of values 


Time in years 0 1 


Value in dollars | P| PCO8) | PCLO8Y | PCO8)' | PCLO8)' | 


1.08 1.08 1.08 


Because the value of the inyestment in / years is given by the exponential func 
tion A = P(1.08)', we say that the investment has exponential growth and that 
the annual growth rate is 8% 

If the 
four times per year), the quarterly growth rate is 2%. Then 


% annual interest is compounded quarterly (that is, compounded 


value at end of q quarters = P(1,02)% 
and value at end of ¢ years = P(1.02)4 


This result can be generalized as follows. 


eS 0 ee 
Compound Interest Formula 
If an amount P (called the principal) is invested at an anny 
compounded 1 times a year, then in r ycars the investment will grow to an 
amount A given by 


al interest rate 7 


A=P(i++)" 


where r is expressed as a decimal 


Example 1 How long will it take an investment of $1000 to triple in value if itis in 


vested at an annual rate of 12% compounded quarterly? 


(Solution is on the mext page.) 
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Solution — Use the compound interest formula. Let P = 1000, A = 3000, r = 0.12, 


| and n= 4, 
| 0.12)" 
| 3000 = 1000(1 + 12) 
| 3 = (1.03) 
log 3 = log (1.03) 
log 3 = 41 log 1.03 
log 3 
'~ Frog 1 
1 =9.3 (years) 
Since the interest is compounded quarterly, you cannot give 9.3 as an 
answer. Since 9. is closer to 94 than 0-4. the investment will triple 
in approximately 94 years. Answer 


Investing money is just one example of exponential growth, Another exam- 
ple is the growth of a population. If a population now has No people and is 
growing at a rate of 1.4% per year, then in ¢ years the population will have 
No( 1.014)! people: 

A growth rate of 1.4% per year approximately doubles the population 

50 years, since No( 1. 014)" = 2Ny. From this equation you can see that 
1.014 ~ 2", Therefore, the number N of people in the population ¢ years 
from now can be written in either of two ways: 


evi 


N=No(L.014) (The population grows 1.4% per year.) 
N=Ny> 2! (The population doubles every 50 years.) 
Se er ee ees 
Doubling-Time Growth Formula 


If a population of size Ny doubles every d years (or hours, or days, or any 
other unit of time), then the number N in the population at time 1 is given by 


N=Ny°2. 


Example 2 cenain bacteria population doubles in size every 12 hours. By how 
much will it grow in 2 days? 


Solution Use the doubling-time growth formula, Let ¢= 48 hours (2 days) and let 
the doubling time d = 12 hours. 


. ye 


= 16Ny 
- the population grows by a factor of 16 in 2 days. Answer 


484 Chapter 10 


While investments and populations grow exponentially, the 


value of a ear 
decreases exponentially, or experiences exponential decay. If a cur loses 25% 
of its value each year, then its value NV at the end of a year is 

N = 0.75 X (value at beginning of year). 


Therefore, after 1 years a car initially valued at No dollars will have a value of 


N = N(0.75)! 


One frequently studied example of exponential decay is the decay of a ra 
dioactive substance. Over a period of time, some of the substance will change 
to a different element. The half-life of the radioactive sut 

of time it takes until exactly half of the orig 


nce is the amount 

inal substance remains unchanged 

alf-life of radioactive radium is 1600 years. ‘Therefore, every 
1600 years half of the radium decays. 


For example, the 


Time in years 


3200 4800 t 


Amount left 


The half-life decay formula is very similar to the doubling-time growth formula 


a 
Half-Life Decay Formula 


Tf an amount 


» has a half-life i, then the amount rema 


ay" 


ning at time ¢ is 


Example 3° The half-life of ca 


sample will remain after 4500 years? 


bon-14 (C-14) is 5730 years, How much of a 10.0 mg 


Solution Use the half-life decay formula. Let Ny = 10,0, k = 5730, and 1 = 4500. 
N 
N= 10.0(+) 
Using & calculator N 5,80 (to three significant ¢ ) 
If a calculator is not available, take logarithms of both side 
log N = tog 10.0 + 2% tog 0.5 
log N = | + (0.7833\ 0.3010) 
log N = 0,7636 
N= 5.80 
5.80 mg of the original C-14 remains alter 4500 years. Answer 
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Oral Exercises 


Complete each table. 


i lem Cost now | Annual growth rate | Cost in r years 
Movie ticket 35 10% 
Sweater $40 SMe 
Sneakers 2 2 60(1.07)! 
2, lem Cost now | Annual decay rate | Value in ¢ years 
Car $10,000 30% 2 
Bike $300 20% 2 
SI 2 2 250(0.95)! 
3. [Population size now | Doubling time | _ Size in ¢ years 
1000 9 years 
3 million 25 ye 2 
? 2 7500 - 2!/"2 
4. | Amount of radioactive | Half-life Amount of substance 
| substance now in days in 1 days 
__80 8 2 
1200 30 


? > soo(4 lig 


Problems 


© money answers in dollars and cents and all other answers to 
three significant digits. A calculator may be helpful. 


A (1) one thousand dollars is invested at 12% interest compounded annually 
Determine how much the investment is worth after: 
a. 1 year b. 2 yeurs ¢. 3 years d. 10 years 


(2) One hundred dollars is invested at 7.2% interest compounded annually 
Determine how much the investment is worth after: 


a. 1 year b. 5 years ¢. 10 years d. 20 years 
e. Use your answers t0 parts (a)-(d) to estimate the doubling time for the 
investment 


3. Redo Exercise | assuming that the interest is compounded quarterly 


Redo Exercise | assuming that the interest is compounded monthly. 
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5. The value of a new $12,500 auto- 
mobile decreases 20% per year 4 
Find its value after 


a. 1 year b. 2 years 1 
c. 3 years d. 10 years 
6. The value of a new $3500 sail- ' 


boat decreases 10% per year 
Find its value after 
a. | year b. 
c. 10 years. 


TA certain population of bacteria doubles every 3 weeks. The number of 
bacteria in the population is now No. Find its size in: 


a. 6 weeks b. 15 weeks c. W weeks 


8. A culture of yeast doubles in size every 20 min. The size of the culture is 
now Np. Find its size in: 


a. | hour b. 12 hours ec. 1 day 


(9) The half-life of carbon-14 is approximately 6000 years. Determine how 
much of 100 kg of this substance will remain after 


a. 12,000 years b. 24,000 years ¢. y years 


10. The radioactive gas radon has a half-life of approximately 34 days, About 


how much of a 100 g sample will remain after | week? 


11, How long will it take you to double your money if you invest it at a rate 
of 8% compounded annually? 
12. How lo 


6% compounded annually? 


will it take you  Liple your money if you invest it at a rate of 


13. Savings institutions sometimes use the term “effective yield’* to describe 


the interest rate compounded amually (once a year) that is equivalent to a 
given rate. The effective yield can be found by computing the value of SI 
at the end of the year at the nple 
quarterly, the value A of $1 at the end of a year is 


en rate, For ex: at 8% compounded 


0.08 
) 


A= (1+ —5 


(1.02)" 


Evaluating A directly (without using logs), you find that A = 1.0824 to 
four decimal places. Therefore, the original $1 has grown in value by 

$0.0824, 
Find the effective yield of | 


n increase of 8.24%. The effective yield is 8.24% per year 
compounded quarterly 


14. Bank A offers 6% interest compounded monthly. Bank B offers 6.1% com: 


pounded quarterly, Which bank pays more interest per 


15. One of the many by-products of uranium is radioactive plutonium, which 


has a half-life of approximately 25,000 years. If some of this plutonium is 


encased in conerete, What fraction of it will remain after 100 years? after a 


million years? 
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16. Sugar is put into a large quantity of water and the mixture is stirred 
After 2 minutes 50% of the sugar has dissolved. How much longer will 
it take until 90% of the sugar has dissolved? (Use the half-life decay 
formula.) 


“Sample A baseball card increased in value from $50 to $500 in 15 years, Find its av- 
erage annual rate of appreciation. 


“Solution Let r be the annual rate of appreciation 
Then = S01 + )'° = 500 
a+nh=10 
10'/'5 = 1.17 
~ 0.17 = 11% 


1+ 


17. A gold coin appreciated in value from $100 to $238 in 8 years. Find the 
average annual rate of appreciation, 

18, Ten years ago Michael paid $250 for a rare 1823 stamp. Its current value 
is $1000, Find the average annual rate of growth. 

19. A new car that cost $12,000 decreased in value to $4000 in S years, Find 


the average annual rate of depreciation 


20. A tractor that 4 years ago cost $8000, now is worth only $3200. Find the 
average annual rate of depreciation. 


C 21. One million dollars is invested at 6.4% interest. Find the value of the in- 
vestment after one year if the interest is compounded 
a. quarterly b. daily c. hourly 
4. Why do you think your answers to parts (a)-(c) are so close in value? 


22. A colony of bacteria has 6.5 x 10° members at 8 A.M. and 9.75 * 10" 
members at 10:30 A.M, Find its population at noon. 


Bs Se See 
Mixed Review Exercises 


If the domain of each function is D = {1, 2, 4}, find the range. 


1. fly = log, x 2. glx) = |y — 3) 3B. hx) = (V2) 
4. Fi) =P = Be +2 5. Ga)=>45 6. Hix) =x"? 
Simplify. 
7. logs 12 = 2 logy 2 9 ee 
a 
gos i 
10. Ss + (4) 12. log, 24 + 2 log, 3 
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10-8 The Natural Logarithm Function 


Objective To define and use the natural logarithm funetion 


In advanced work in science and mathematics, the most important | 
function is the natural logarithm functio 
which has the approximate value 2.718 
sometimes denoted by log, 


rithm 
Its base is the irrational number e. 
‘The natural logarithm of ¥ is 

but more often by In x 


x 


‘The number ¢ is defined to be the limiting value of (1+ 1)” as n be- 


comes larger and larger. Using a calculator, you can make a table and show 
that as n gets very large, the value of this expression approaches a number a bit 
larger than 2.718 


1000 | 10,000 | 100,000 


2.71692 


2.71815 


2.71827 


The exei 
that the symbol In « is used instead of log, x. Example | illustrates. 


ises of this lesson are just like exercises in previous lessons. except 


Example 1 Working wil Working ovith 


1. If logs x = 5, then x = 2° 1. Wine =5, then x=e 
2. If 2" 7, then x = log, 7. 2. fe" 7, then «= In 7. 
3. log, 25= 5 and 282 3. Ine = 5 and e™? =7 
‘Example 2 a. simplify in + 
b. Write as a single logarithm: 2 In 5 + Ind ~ 3. 
‘Solution a. in--= ine? =-2-| Answer 
b. 2In5 + In4—3=In S24 Ind—ine? 
in2® Answer 
oe ess 
Example 3 Solve: a. Inx=2 b. Int =2 
yeee 
‘Solution axel Answer b. tae 
x : ore Answer 
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Rewrite in logarithmic form. 


In 3 Answer 


Take the natural log of both 
of the equation, 


Give each equation in exponential form. 


1. In4 = 1.39 2. In 


Give each equation in logarithmic form. 


4. 7.39 5.7? 6." 
Simplify. 

7 Int 8. Ine! 9. InVe 
Solve. 

10. Inv= MW. inx=+ 12. &=3 
13.4 = Ine" 14. "= 10 

16. Approximate to three decimal places the value of (1 + atu) ss 


GB Siree JUN. +11, ae ae 
Written Exercises 


Write each equation in exponential form, 


A 1 ins= 


08 2. In 100 = 4.61 3, n= = -1.10 4. 
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h equal logarithmic form, 


Syer - 1 2 : 
5. @ = 20.1 6. 67 = 1097 7. 2 = 1.65 8. We = 1.40 
nplify. If the expression is undefined, sa 
9. In e? 10. Ine" ut. int 12. In 
13. In | 14. In 0 15. ¢'" 16. e"" 
Write as a single logarithm. 
17. In3 +In4 18. In 8 —In2 Ins 
20. In7 ++ In9 ai. ting + ins +3 2-In3-1 
Solve for x. Leave answers in terms of e. 
23, Inx=3 24. Int=2 25. In (x — 4) 
26. In |x| = 1 27. ne =9 28. In Vi =3 
Solve for x. Leave answers in (erms of natural logarithms. 
29. ¢ 30. e*=3 31. = 25 
32. e*=8 33. e? a. ba7 
Solve, Leave answers in terms of ¢ or natural logarithms, 
3 36. ¢ 02 37. (e') = 1000 

+2 50 39. In (In x) = 0 40. {In 4) 1 

41. Inx + In (¢ + 3) = In 10 42. 2 In =In(x +1) 43. 2) —Te84 0 
the domain and range of each function. 

44, f(x) = In 45. fix) = In be 46. fix) = Inx 47, fix In i 5) 


48. Graph y = Int and y = e* in the same coordinate system 


49. Graph y . y =e", and y = 3° in the same coondinate system 


50. Express in terms of ¢ the approximate value of each expression when 1 is 
very large 
a. (1 +4) b. {1 


‘on page 483. 


1. Refer to the compound interest formu 
so that wr is quite large, then 


a. Show that if interest is compounded daily 
A = Pe" 

by Use part (a) to find the amount of money that you would have after I 
year if you invest $1000 at 6% interest compounded daily 
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If your calculator has ane or y* key, or a natural logarithm (In x) and an in- 
verse function key, you can evaluate powers of e 


1. If you invest P dollars at an annual interest rate r compounded daily. 
then the value of the investment 1 years later will be about Pe” 
(Note that the rate is expressed as a decimal. Therefore, if the rate is 6%, 
then r = 0.06.) Find the value of a $1000 investment at 6% interest com- 
pounded daily after: 


a. 1 year b. 2 years ¢. 10 years 


Which investment is worth more? 

Investment A: $1000 at 8% compounded daily after 10 years 
Inyestnent B: $2000 at 8% compounded daily after 5 years 
3. a. Complete the following table for y =e". 


x} 0/01} 0.2} 0.3 | 0.4 | 0.5 | 0.6 | 0.7 | 0.8 | 0.9 | 10 


b. Use the table to sketch the graph of y =~", (Hint; The graph 
metric about the y- aph is closely related to the so-c 
bell-shaped curve so important in statistics. 


4. a. Evaluate (1 + 4)’ when 1 is a million, 


b. Compare your answer with the following approximation for e: 
2.718281828. 


5, The notation 7! (read “*n factorial’”) represents the product of the integers 
from | ton. 


ae Lert 


1 
Hee 


Find this sum and tell what important number it approximates 


WL AOL LS EL IFT TI AG AT AT 
Challenge 


A friend is thinking of an integer between 1 and 1,000,000, You are 10 guess 
the number by askin 11 questions that require only yes-or-no answers. 
What is the minimum number of questions that you must ask to be sure of 
guessing the number? How should you guess? 
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Self-Test 3 


Vocabulary common logarithms (p. 478) compound interest formula (p. 483) 
characteristic (p. 479) doubling-time formula (p. 484) 
mantissa (p. 479) exponential decay (p. 485) 
antilogarithm (p. 479) half-life (p. 485) 


calculation-ready form (p. 480) half-life decay formula (p. 485) 
change-of-base formula (p. 481) natural logarithm function (p. 489) 
exponential growth (p. 483) natural logarithm (p. 489) 


Solve. Give answers to three significant digits. 


1 3=75 2.22=14 3. 10% =5 Obj. 10-6, p. 478 
4. You invest $2000 in a bank offering 10% interest compounded Obj. 10-7, p. 483 
quarterly. Find the value of your investment after a total of five 
years’ growth 
5. If e**? = 5, find x in terms of natural logarithms. Obj. 10-8, p. 489 


Check your answers with those at the back of the book 


WL LE LF DS LP LE LE PLD A (AS EL 
Application / Radiocarbon Dating 


When archaeologists uncover a piece of bone or wood from the site of a 
dig, they are often able to date the time when the animal or tree was alive 
by using radiocarbon dating. Most of the carbon in Earth's atmosphere is 
the isotope C-12, but a small amount is the radioactive isotope C-14 

The C-14 decays with a half-life of 5730 years, 
but the ratio of C-14 to C-12 in the 2 
phere remains approximately constant because 
the C-14 is restored by cosmic ray bombard- 
ment of atoms in the atmosphere. ‘The carbon 
taken in and used by growing plants and ani- 
mals contains the same fraction of C-14 as the 
atmosphere. When an organism dies, the 
amount of C-12 it contains remains the same, 
but the C-14 decays, Archaeologists the 
use the half-life decay formula, 
N 


) or } 
; No 


where N is the amount of C-14 in the sample 
discovered, No is the amount of C-I4 in the 
sample when it was alive, and / is the half 
life of C-14, 5730 years: 
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‘The quantity N is found by measuring the radioactivity of the sample. 
No is not known, but it can be estimated by finding the total amount of 
carbon in the sample and assuming that the atmospheric C-14 to C-12 ratio 
was the same when the sample was alive as it is now, about | to 10". The 
age ¢ of the sample can then he computed. For example, if the amount NV of 
C-14 is § of the estimated amount Np that was in the sample when it was 
alive, then 


= 3+ 5730 = 17,190 

Therefore, the age of the sample is approximately 17.000 years. 

‘The dates found by radiocarbon dating can often be checked against other 
dating methods. For example, dendrachronology (establishing a chronology 
by correlating sequences of growth rings in wood) has dated some very old 
samples of long-lived tree species. A piece of wood from a bristle-cone pine 
has been dated in this way to 6000 B.C. Radiocarbon dating of this sample 
gave a date of $500 B.C., showing that 8000 years ago the atmospheric C-14 
to C-12 ratio was greater than it is now. (Can you see why a greater ratio 
then gives a younger date?) Estimates of such atmospheric changes made by 
comparing tree-ring and radiocarbon dates can be used to obtain more accurate 
radiocarbon dates, With such corrections these dates are usually accurate to 
in two centuries for dates up to 10,000 years ago. 


Exercises 


1, ‘The amount of C-14 in a sample of wood is 45% of the amount that would 
be found in a living sample with the same total carbon content, How many 
years have passed since the sample was part of a living tree? Give your 
answer to two significant digits. 


2. A scientist finds that a bone sample contains C-14 and C-12 in the ratio 
0.08 to 10". 


a. What is the ratio of C-14 in the sample now (NV) to C-14 in the sample 
when it was part of a living animal (No)? Assume that the atmospheric 
C-14 fraction was the same then as it is now. 

b, How many years have passed since the animal was living? Give your 
answer {0 Wo significant digits. 


bal 


Jsing tree-ring chronology it is found that 400 years have passed since a 
given wood sample was part of a living tree 
a. What percent of the original C-14 can a scientist expect to find 
today? 
b. What percent would a scientist 200 years from now expect to find? 
Give your answers to the nearest tenth of a percent 
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HES Se 
Chapter Summary 


1, ‘The meaning of rational exponents is defined as follows 
bb = (Woy Wai 


Rational exponents can be used to define powers with real exponents, and 
the laws of exponents hold for real exponents 


2. The function defined by y = b* is called the exponential function with 
base b, where b > 0 and b = 1 


The function whose value at x is fig(x)) is called the composite of f and g 
The operation that combines f and g to produce their composite is called 
composition 


4, Inverse functions are functions that “‘undo"’ one another. The functions / and 
g are inverse functions if 
fig) = x for all x in the domain of g 
and gi f(x) = « for all x in the domain of f 
5, The function y = log, .v is called the logarithmic function with base b, where 


b> 0 and b # 1, This function is the inverse of the exponential function 
with base b. 


6, Logarithms are defined by the relationship 
log, N = & if and only if bf 


where b and N are positive numbers and b # 1 


7, In worki 


2 with logarithms, you can use the Jaws of logarithms 


Law | log), MN = log, M + logy N 
2 2, Mt 

Law 2 log. 4 

Law 3 log, M* = k log, M 


8. There are certain types of equations for which | 
method of solution. Logarithms are used in studying expo- 


rithms provide the best 
or even the only, 
nential equations and their applications to such occurrences as compound in: 


terest, population growth, and radioactive decay. Here are some related for- 
mulas 
Compound interest formula: A=P(1++)" — (See page 483.) 
Doubling-time growth formula: N = Nj + 2! (See pi ) 
Half-life decay formula: (4)" (See page 485.) 


9. An important function used in science and mathematics is the natural loga 
rithm function denoted by In x or loge x. Its base is the irrational number 
which is approximately 2.71828 
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Chapter Review 


Write the letter of the correct answer. 


1. 


10. 


|. Simplify ( 


Va 
For positive x and y, which expression is equivalent to (1! 


a4 


|. Which of the 


7) 


a. 6x — 4 


«Are the functions f and g inverse functions if fixy = 


a. Yes 


. IF fir) = 9x 
a gia) = 70 +9 


. Simplify log, 


as 


a. Oand | 


bext+2Viyty — & e-2Vayty 


ce. V2 
c4 
b. 2M? ce. 8 
following could be the graph of y = (+)' 
b. y 
< oO 


b. 6-5 G2 —x— 


b. No 


7, find the function g that is the inverse of /. 


ca 
b. gay =be47 gay = +t 
64. 
b. 3 16 
Between which two numbers is logs 150? 
b, 1 and 2 e. 2 and 3 
b, -8 e. -20 


logy «+ logy ), write z in terms of x and y 


y 


+1 and g(x) = — 


d. 


e y a. y 
ig a 3 —. 


AF fe) = 3x — 2 and g(x) = 2x — 1, then g(f(a)) is equal t 


Sand 4 


10-2 


10-3 


10-4 


10-5 
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Chapter 10 


13. Solve 10% = 2, 10-6 


a. 2 b, 2 at 
14. If 40 mg of a radioactive substance decays to 5 mg in 12 min, find the 10-7 
half-life, in minute: 
a. 2 min c. 6 min d. 8 mir 
15. Simplify in +. 10-8 
a3 3 0 dt 
16. Solve ¢ 3 
a. In3 + b. = « M 1-In3 


Chapter Test 


1. Find the value of x 10-1 
a. (5) =x b. 27°= 81 

2. Simplify 
a. VV125)° b. (64 ) 
Solve 4'~? = 877! + 87 10-2 

4. Suppose f(x) 1 and g(x) 4. Find 10-3 
a. 2) b. gif) 

5. Suppose that f(x) = Vix — 1 and g(x) = .x° + 1, Show that fand ¢ ar 
inverse functions 

6. a. Write in logarithmic form using the base 2; 32° = 8. 10-4 
b. Write in exponential form: logis (2y) = ~ 3 

7. Simplify: a. 66 b. 

8. Solve a. log, x log. log, 6 10-5 


b. log, (x — 6) + Ic 


9. If logyy 2 = 0.301 and logy 3 find the following 


a. logy) 8 b. ec 0 15 
10. Express ¢ in terms of common logarithms: 5 2 10-6 
11. The population of a certain c of bacteria doubles every 5 hours 10-7 

How long will it take for the population to triple? Give the answer 

to two significant digits 

10-8 


12. Write x in terms of e: Ina 8 


\ 7 
Write as a single natural logarithm: =~ In 
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Mixed Problem Solving 


Solve each problem that has a solution. If a problem has no solution, 
explain why. 


1, How much iodine should be added to 50 mL of a 10%é iodine solution to 
obtain a 25% solution? 

2. When the reciprocal of a real number is subtracted from 1, the difference is 
equal to the number. Find the number. 

3. The number of representatives to Congress from California is equal to the 
sum of the numbers of representatives from New York and North Carolina, 
Together the three states have 90 representatives. The number from New 
York is 23 more than the number from North Carolina, How many repre- 
sentatives does each state have? 

4. When two meshed gears revolve, their speeds vary inversely as the num- 
bers of teeth they have. A gear with 36 teeth runs at 200 r/min (revolu- 
tions/min). Find the speed of a 60-tooth gear meshed with it. 

5. The difference of two numbers is 6. Find their minimum product. 

6. A rectangular garden has perimeter 44 m. A walkway 2 m wide surrounds 
the garden. The combined area of the garden and walk) is 224 m*. Find 
the dimensions of the garden 

7. When Susan had annual incomes of $15,000 and $18,000, she saved 
$600 and $900, respectively. If the amount saved is a linear function of 
the amount earned, how much would she save when her income becomes 
$24,000? 

8. The eagle is a 10-dollar gold United States coin minted from 1795 to 
1933. Find all the possible ways a person could receive $25 using 
eagles and quarter-cagles. 


9. The area of a circle is directly proportional to the square of its circum 
ence. A circle with circumference 147 has area 497. Find a general for- 
mula relating the circumference and the area of a circle. 


10. Find three consecutive integers such that the square of the sum of the first 
two is 80 more than the sum of the squares of the last two. 


11. Two water purification plants ean process a day's water supply in 5h 
Operating alone, the smaller plant would need 4h more than the larger one 
would. How long would each need to do the job alone? 


12. The value of a certain car decreases at a rate of 12% annually. About how 
Jong does it take for the car to be worth half ils original value? 

13. If Rachel jogs for awhile at 8 km/h and then walks at 5 km/h, she travels 
23 km. If she reverses the amount of time spent jogging and walking, she 
travels 6 km farther. Find her total traveling time. 
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RENE a a 
Preparing for College Entrance Exams 


Strategy for Success 


your answer sheet, To ensure an accurate pairing between questions and an- 


| If you skip a question, don’t forget to leave the line for that answer blank on 
| swers, every So often compare the numbering in your test booklet with the one 


on your answer sheet 


Decide which is the best of the choices given and write the correspond 
letter on your answer sheet. 


1. Which equation represents the set of all points that are equidistant from 
(7. 4) and (3, 6)? 


(A) x- Sy = -27 (B) 5x—y = - (C) Se ty 
(D) 5x-y = 15 (E) x+5y=23 
2. The graph of 9x7 — 18 = y* is 
(A) @ parabola (B) a circle (C) an ellipse 
(D) a hyperbola (E) & point 
3. Which expression below is equivalent to —3 logs 4? 
(ay 2 (B) log, V5 = logs SVS (C) log 1 
(D) V-4 () Int 
4. An ellipse with equation 75 + 2— = 1 has which point as a focus? 
(A) (, —2V3) (B) (0, 2V5) (C) (-2V5, 0) 
(D) (213, 0) (E) (0, 6) 
5. If fixy = + = 1. find ("(7) if possible 
(a) + (By) —3 (cy 4 (D) 0 (E) f-! does not exist 
6. Solve 2777! = g1'*? 
(A) 3 (B) —3 (Oe (D) -2 (Ey 
Find the number of real solutions of this system: x7 + 16)? = 25 
w-3=0 
(A) 0 (B) | (Cc) 2 (D) 3 (E) 4 
8, Find the z-coordinate of the solution of this system: Sx ay 5 
de By 4 
2x. 3y 7. 13 
(A) 0 (B) 1 «)-1 (D) 2 (E) -2 
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oS Eee 

The spiral fort oka» 
nautilus shell canbe 
approximated by draw- 
ing Quartercircles « 
within squares posi- 
tioned ina spiral 
sequence. 


Sequences 


ES 
11-1 Types of Sequences 


Objective To determine whether a sequence is arithmetic, geometric, or 
neither and to supply missing terms of a sequence 


Sequences of numbers are very common in the world around us. Here are some 
examples 


(1) Detroit's noontime temperatures 
(in °F) for a particularly cold week 


Value (in dollars and cents) of an 
investment at three-month intervals. 5 530.68. 


Total distance (in miles) traveled 
by a jet after each hour of a trans- 
continental flight 500, 1100, 1700, 2300, 2900 


Number of bacteria at each stage in 
the growth of a colony . 8, 16. 


Because the members of a sequence are arranged in a defi- 
nite order, you can set up a correspondence between the mem- 
bers and their positions in the list. A correspondence for 
sequence (4) is shown in the mapping diagram at the right 

A sequence can be defined as a function Whose domain 
consists of consecutive positive integers, Each corresponding 
yaluc is called a term of the sequence. A sequence is finite 
if it has a limited number of terms and infinite if it does not. 

The terms of sequence (1) above seem to have no pattern 
in their occurrence. On the other hand, there are definite pat 
terns in sequences (2)-(4). If you know what the pattern is, 
then you can find terms of the sequence that are not shown. For example, 
in sequence (3), the difference between each term and the term before it is 
always 600. If the terms of this sequence were to continue, then the next 
term would be 2900 + 600, or 3500. Sequence (3) is an example of an 
arithmetic sequence 


‘A sequence in which the difference between any two successive terms is 
constant is called an arithmetic sequence, or arithmetic progression. 
‘The constant difference is called the common difference and is usually 


denoted by d. 
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eS 


“Example 1 For cach arithmetic sequence, find the common difference and the next two 
terms of the sequence 
a. 4,7, 10, 13, 16, . b. 50, 45, 40, 35, 30, 
‘Soliition a. ‘The common difference is found by subtracting any term from the 
term that follows it. 


d=7-4=3 
The next two terms are 16 + 3 = 19 and 19+ 3 = 22, Answer 


b. The common difference is 
d=45-5 


The next two terms are 30 + (—5 


0. Answer 


Look at the pattern in sequence (4): 1,2, 4, 8, 16, The sequence 
is not arithmetic because the difference between successive terms is not con- 
stant. However, the ratio of successive terms is constant 


_ 16 
Dea, eee 


Since the ratio is always 2, every term is twice the preceding term. So the next 


term of this sequence would be 16-2. or 32. Sequence (4) is an example of a 
geometric sequence. 


A sequence in which the ratio of every pair of successive terms is constant is 
called a geometric sequence, or geometric progression. The constant ratio is 
called the common ratio and is usually denoted by r. 


Notice that sequence (2) on the preceding page is almost a geometric se- 
quence. Each pair of successive terms has a ratio approximately equal to 1.015 
In fact, the sequence was obtained by rounding the terms of a true geometric 
sequence to the nearest hundredth 


Example 2 For each geometric sequence, find the common ratio and the next two 
terms of the sequence. 


a. 2, 6, 18, 54, b. 80, —40, 20. -10,... 


Solution a. Find the common ratio by dividing any term by the term before it 


r 


The next two terms are 54+ § = 162 and 162+ 3 = 486. Answer 


b. The common ratio is 


‘The next two terms are ~10+{~ |) =$ and s+ !| =— 


Chapier T1 


The nth term of a sequence is usually denoted by the symbol 1,. For exam. 
ple, in the sequence 2, 6, 18, 54, . .. , the first term is f) = 2. the second 
term is tz = 6, and so on. If you know a formula for the nth term of a se- 


quence in terms of m, then you can find any term of the sequence 


Example 3 Using the given formula for the nth term, find 4), r2, fs, and t,. Then tell 


whether the sequence is arithmetic. geometric, or neither 


1, =5+4n b. = t,= 3-2" 
Solution a. n|1 4n 
h 4 =9 The sequence 9, 13, 17, 21 
p= 5 +4(2) = 13 is arithmetic since the com 
R=5+4) i} difference is 4 Answer 
te=5 +44) =21 
ben | mar 
4 1 The sequence 1, 4, 9, 16 
h= is neither arithmetic nor 
s= geometric, Answer 
t= 
com | = 3-2" 
n=3-2'=6 The sequence 6, 12, 24, 48 
tp=3+P=12 is geometric since the common 
h=3-2=24 ratio is 2, Answer 
s | tq = 3-2" = 48 


‘Sometimes it is possible to find a formula for the nth term of a sequence if 
a sufficient number of terms are given to indicate a pattern. (This will be dis 
cussed in Lessons 11-2 and 11-3.) Of course, when you use a pattern to guess 


are making the assumption that the pattern continues 


a formula for f,,, you 


throughout the sequence 
When it is difficult to find a pattern in a sequence of numbers, you may 


= to find a pattern in the differences between terms. 


Example @ Find the next term in the sequence 2, 6, 12, 20, 30 by using the 


pattern in the differences between terms 


Solution sequence 2 6 2 20 10 , 
differences j 


4 sequence is neither arithmetic nor geometric, the 


Although the ori 
differences form an arithmetic sequence with common difference 
next term in the or al sequence 


the next difference will be 12. and the 


will be 30 + 12, or 42. Answer 
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Oral Exercises 

Give the common difference and supply the missing terms for each arithmetic 
sequence. 

£:3, 7.12, 15; 2. 21, 15,9, 3). 2; 2 
ef | Ne 2 16, 19, 2 + 2, -2., 35; D, 75, 100. 


Give the common ratio and supply the missing terms for each geometric 
sequence. 


5. 3, 6, 12, 


6. 1, -2, 4, -8, 


Do lL As : 
a io" —— 10, 100, 2 8. 


Tell the first four terms of the sequence with the given formula. Then tell 
whether the sequence is arithmetic, geometric, or neither. 


10. ,=— ML. 


n+l 


3" 


Give the next two terms of each sequence’ by using the pattern in the 
differences between terms. 


93; BS 0511; 14 


Tell whether each sequence is arithmet 
supply the missing terms of the sequence. 


geometric, or neither. Then 


A 1. 20,17, 14,11, 2. 5595013) 1T 9 

3. 1,5; 25, 125, 2, 2% 4. 256, 64, 

CN ay 7 te We en 6. 4, 2 

Tie See ee 
Te ly gepeyei tas 8, 32, -16, 8, —4,_2., 
A Sr gia i es 
9 4! aa —— 
et ic ger sere Oe rete te 


Find the first four terms of the sequence with the given formula, Then tell 
whether the sequence is arithmetic, geometric, or neither. 


M4, =4n +3 12. t,=2n41 


lt ld 4, my =2 


16. 1, = 13 —4n 7. = 


18, 1, = log 10" 
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19. a. What type of sequence is ~3, —1, 1, 3 , 
b. What type of sequence is 273, 2-1, 2! . 


20. a. What type of sequence is 1, 4 


b. What type of sequence is log 2 16, logs 64, ? 


Find the next two terms of each sequence by using the pattern in the 
differences between terms. 


21. 2, 4, 8, 14, 22 22, -3, 1, 9, 21, 37 
23. 60, 48, 38, 30, 24 24, 24, 23, 21, 17,9 
Ae ee | 26. 0, 1, 4, 13, 40 
ar. 3,5, 8, 13 28. 1 15, 31 


(The well-known sequence in Exercise 27 is called the Fibonacci sequence 
Each term is the sum of the two terms before it.) 


29. 1, 3,6, 11, 19, 31, 30. 5, 7, 10, 16. 


[Hint: For Exercises 29 and 30, look at the second differences (that is, the dif 
ferences of the differences between terms). 


31. A sriangular number can be represented by dots that are arranged in the 


shape of an equilateral triangle, as shown below. The first four triangula 
numbers are given 


F numbers 


a. Find the next two triangul 


b. Find the tenth triangular number without actually drawing a diagram. 


32. A pentagonal number can be represented by dots that are arranged in th 


on, as shown below. The first four pentagonal numbers 


shape of a pentag 


ven 
ae 

* * 

. eee hy 

ae se aia 

* ie? ded 

ey arts + ¢ 

° ae doe wooed 


a. Find the next two pentagonal numbers 


b. Find the tenth pentagonal number without drawing a diagram 
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33. A diagonal of a polygon is a line segment joining any two nonadjacent ver- 
tives of the polygon. If n is the number of sides of a polygon (1 > 3), then 
let f, be the number of its diagonals: 


a. Draw a hexagon and find f b, Find 19 without drawing a decagon, 


34. If n chords of a circle are drawn, then let be the maximun number of 
non-overlapping regions that can be formed within the circle, as shown. 


ee ee 


| chord 2 chords: 3 chords 
2 regions 1, =4 regions 1,=7 regions 
a. Use drawings to find 5 and tg b. Find fq without using a drawing. 


C45. Lets, be the maximum number of non-overlapping regions that can be 
formed when 7 points of a circle are connected, as shown 


OO YY ® 


1 point 2 points 
region 1,=2 regions 


3 points 4 points 
4 regions 1, =8 regions 


a. Make careful drawings and determine fs and f by counting the regions 
formed. Is the resulting sequence geometri 
b. Use the pattern in the third differences (that is, the differences of the 
differences of the differences between terms) to guess the value of 1. 


Mixed Review Exercises 
Graph each equation. 


3. 42 + = 16 
6. (e-1P + +2P=9 


Solve each system. 


7. &w+y=1 
a—yed x+y=2 
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11-2 Arithmetic Sequences 


Objective To find a formula for the mh term of an arithmetic sequence and 


to 


nd specified terms of arithmetic sequences 


How would you find the hundredth term (¢,90) of the arithmetic sequence 


One way is to consider the number of terms in the sequence and the number of 


differences between the terms 
sequence 3 7 Wl 15 to 


differences 4 4 4 4 4 


As you can see from the diagram, the number of differences is always one less 
than the number of terms. Therefore, to find f\o9, start with the first term 3 and 
add the common difference 4 ninety-nine times. 


too = 3+ 99-4 


309 


Example 1 Find a formula for the nth term of the sequence 5, 8, 11, 14 


Solution The first term is ¢; = 5. The common difference is d = 8 =3 
Since there are n terms, start with 5 and add the difference n — | times. 


S+(n—1)8 


243n Answer 


The method used in Example 1 can be generalized to any arithmetic sequence 


In an arithmetic sequence with first term f, and common difference d, the nth 
(or general) term is given by 
t= + (n= Wd. 


arithmetic sequence 


Example 2 Find 1,7 for the followin 


Solution —_ Use the formula ¢,, = 2 + 3n from Example | 
Ay = 24307 


53 Answer 
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Example 2 Find 1, for the arithmetic sequence in which 1, = 4 and t; = 22. 


Solution — Substitute 4 for r and 22 for fs; in the formula 1, = 1 + (n — Nd 
to obtain a system of linear equations in f, and d. 
= +(2-1d > 4=4+ d 
ts=t +5 — Vd =1+4d 


Solve the first equation for 4: = 4 ~ d. 
Substitute 4 —d for nin the second equation and solve for d: 


22 = (4-d)+4d 


2=4+3d 
d=6 
Then 1, = 4 — d= —2. Now using 1, = —2 and d = 6 in the formula 


1, = 1) + (n= Dd, find ty 
ty = + (23 — Id 

-24+22°6 

= 130 Answer 


The terms between two given terms of an arithmetic sequence are called 
arithmetic means of the given terms 


10, 13, 16, 22 10 22 
Three arithmetic means ‘Two arithmetic means The arithmetic mean 
between 10 and 22 between 10 and 22 of 10 and 22 


A single arithmetic mean between two numbers is called the arithmetic 
mean of the numbers, The arithmetic mean, or average, of two numbers a 


and b is 244 


Example 4 a. Find the arithmetic mean of 4 and 9. 


b, Insert four arithmetic means between 15 and 50. 


Solution a. The arithmetic mean is the average of 4 and 9. 


449 : 
see ey aaa Po 


b, Outline the sequence: 15, 


In this sequence, 15 is the first term and 50 is the sixth term 
So to find d substitute 15 for 1, and 50 for f in the formula 
n= ht (n= Wd. 

50 = 15 + (6 — Id 
Sd 
d=7 


The four means are obtained by adding 7 to successive terms 
15, » 40, 43,50. Answer 
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BREE 5 eee 
Oral Exercises 


For each arithme! 


4. 4.7, 10, 13 


Written Exercises 


Find a for 


ula for the nth term of each arithmetic sequence. 


A 1. 24, 32, 40, 48, 2. 30, 20, 10, 0. 
-3, -10, -17, -24 4. -6, -1.4,9. 
Ty May toy, PS 6. 13,4 5, 14 
Find the specified term of each arithmetic sequence. 
7.4.9, 14, 19. ty 8.3, 11, 19. hi 
9. 100, 98, 96, bs 10. 3, 3.5, 4, 4.5 fii 
11. -2, —11, —20 toi 12. 17, 7, -3 tooo 
13. 4 =5, 5 = 20; 2 14. 2 =7, 16 = 831 


1 
7. & 


ts = 24, fo = 40; 4 16. 


19, to = —28; tr 18. 


d the arithmetic mean of each pair of numbers. 


19, -3,.7 20. 2.3, 9.1 


Insert (a) two, (b) three, and (c) four arithmetic means between each pair. 


B 23. -27, 33 24. 15, 45 $55°91;35 26. 0, 20 
27. How many terms are in the sequence 18, 24, 30. 618? 
28. How many terms are in the sequence 44, 36, 28 380 


nd 10007 


29. How many multiples of 3 are there between 100 


30. How many numbers between 50 and 500 are div 


3M. 25, 33, 41, , 32. 


C 33. Show that the sequence a, “5—. 6 is arithmeti 
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a 
11-3 Geometric Sequences 


Objective — To find a formula for the nth term of a geometric sequence and 
to find specified terms of geometric sequences. 


The method for finding the nth term of a geometric sequence is similar to the 
method used for arithmetic sequences, For example, to find the tenth term of 


the geometric sequences 5, 10, 20, 40, . . . , look at the number of times the 
first term 5 is multiplied by the common ratio 2 to produce to. 
sequence 5 10 20 40 cr to 
ratios 2 2 z 2 2 


As the diagram shows, the number of ratios is always one less than the number 
of terms. Therefore, the tenth (erm is the product of 5 and the ninth power 
of 2 

toi = 5-2? 


= 2560 


Example 1 Find a formula for the mth term of the sequence 3, —12, 48, —192, 


Solution — The first term is 1, = 3. The common ratio is r = -4. 


3 
Since there are n terms, start with 3 and multiply by the ration — 1 times 


= 3(—4y""' Answer 


The method used in Example 1 can be generalized to any geometric sequence 


SE SS RAR SS 


In @ geometric sequence with first term r, and common ratio r, the nth 
(or general) term is given by 


Sten 


Exemple 2 Find t for the following geometric sequence: 
3. =12, 48. 


Solution Use the formula 1, 


3(—4)"! from Example 1. 
3(-4)°"! 

-4)* 

3(= 1024) = ~3072 Answer 


i) 
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Example 2 Find 1, for the geometric sequence in which 4) = 24 and 15 
Solution Substitute 24 for 4: and 3 for ts in the formula f 


yor "to obtain a 
system of equations inf) and r 
la =ner 
ts=ter 3-14-74 
sive 24 
Solve the first equation for 4: 1, = 4. Substitute this expression for 1, 
in the second equation and solve for r 
m4 8 
3 , 
1 
Substitute } for r in the first equation 
M=H-4 
48 =1 
Using 4 = 48 and r= 4 in the formula f, = 1-9", find 6 
r = 48+ (4) 
Het = 3 Answ 
7 ea o 
Geometric means are the terms between two given terms of a 
geometric sequence 
re 16 1 16 1,4. 16 
Three geometric means Three geometric means The geometric mean 
between | and 16 between I and 16 of | and 16 
Because 1, 4, 16 and 1. —4, 16 are both geometric sequences. you might 
think that 4 or —4 is the geometric mean of | and 16, However, so that the 


geometric mean of two numbers will be unique, it is a common practice t 


consider she geometric mean of a and h to be Vab if a and b are positive 


and —Vab if a and b are negative 


Example @ a. Find the geometric mean of 4 and 9 


». Insert three geometric means between 


Solition a. The geometric mean of 4 and 9 is V4-9 = V36, or 6. Answer 


I \ 
b. Outline the sequence: 5 aE 


(Solution continues on the next page 


Sequences and Series 511 


1 
162 


To find r, substitute for ts and > for 4, in the formula 


If =, then the geometric sequence is + 


18° 34° Tez 
If r= —4, then the geometric sequence ist, 1, 1 1 
Pinkie) ‘a 2° 6° 18" S4° 162 
Answer 


Example § George has taken a job with a starting salary of $20,000. Find his salary 


during his fourth year on the job if he receives annual raises of 
a. S1100 b. 5% 


a. With annual raises of $1100, George's yearly salaries form an 
arithmetic sequence with 1, = 20,000 and d = 1100. 
The fourth term in the sequence is: 


ty = 20,000 + (4 — 1)1100 
= 20,000 + 3300 
= 23,300 
s fourth-year sakiry will be $23,300. Answer 


George’ 
b. With annual raises of 5%, George’s yearly salaries form a geometric 
sequence with 1, = 20,000 and r = 1,05, (Notice that the common ra- 
tio is 1.05 and not 0.05, because a 5% raise means that for a salary § 
one year, the salary will be S + 0.055, or 1.058, the next year.) 
‘The fourth term in the sequence is 
t4 = 20,000(1,05)*! 
= 20,000(1 157625) 
= 23,152.50 


*. George's fourth-year salary will be $23,152.50. Answer 


Give a formula for the nth term of each geometric sequence. 


1, 1000, 200, 40, 8, 2. 


3. 4, 


36, ~ 108, 4 


$12 
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For 


h geometric sequence, find the value of ¢,, (in exponential for 


5. 1, 4, 16, 64. 6. 


8. Give the geometric mean of each pair of numbers. 
a l4 b. 


10, 20, 40, 7. 18, —6. 


he nth term of each geometric sequ 


2. 500, 100, 20, 4 


18, 27 


6. —1, 0.1, —0.01, 0.001, 


Find the specified term of each geometric sequ 


CO 0 Ded eae 10, 20, 40. t 
9. 320, 80, 20, 5 Is 3,9, -27 te 
11. 40, -20, 10 2. —10, 50, ty 
13. = 18, 15 = 14. = -1 
te ones 16, = 8,1 
Wey. yey a 18, ab, ab 
Find the geometric mean of each pair of m 
wo t.4 21. V3,3V3 22, —18, -36 
Insert the given number of geometric means between the pairs of numbers. 
Ls 


26, Three: 


23. Three; 5,80 24. Two: —4, 108 


Then find a formula 


Tell whether each sequence is arithmetic or ge 
for the nth term. 


28, The sequence of odd integers 


B 27. The sequence of positive 
eater than two 


even integers 
25, 33, 41, 49, 30. -17, —11, -5, 1, 


31. 200, —100, 50 


33. 2a + 1, 3a +3, 4a+5, ) Fak 


35. The sequence of negative even 36. The sequence of positive 


integers that are multiples of 5 integers that give a remainder 
gs P 


of | when divided by 4 
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Find a formula for the ath term of each sequence. The sequences are neither 
arithmetic nor geometric. (Hint: Analyze the patterns in the numerators and 
denominators separate 


L 
38.5. ees: 


C 39. Show that the sequence a, Vab, b (a, b positive) is geometric. 
40. The first three numbers of the sequence 8, .r, y, 36 form an arithmetic se- 
quence, but the last three numbers form a geometric sequence. Find all 


possible values of x and y. 


Problems 


‘The following problems involve arithmetic and geometric sequences. 
A calculator may be helpful in solving these problems. 
A 1. Allysa has taken a job with a starting salary of $17,600 and annual raises 

of $850, What will be her salary during her fifth year on the job? 

2. Frank has taken a job with a starting salary of $15,000 and annual raises of 
4%, What will be his salary during his third year on the job? 

3. The cost of an annual subscription to a magazine is $20 this year. The 
cost is expected to rise by 10% each year. What will be the cost 6 years 
from now? 


4. A new pair of running shoes costs $70 now, Assuming an annual 8% price 
increase, find the price 4 years from now 


wn 


A carpenter is building a staircase from the first floor to the second floor 
of a house. The distance between floors is 3.3 m. Each step rises 22 cm. 
Not counting either floor itself, how many steps will there be? 

6, The width of a pyramid decreases by 
1.57 m for each successive 1 m of 
height. If the width at a height of 
1m is 229.22 m, what is the width 
at a height of 86 m? 


7. A culture of yeast doubles in size every 
4 hours. If the yeast population is esti: 
mated to be 3 million now, what will it 
be one day from now? 

8. An advertisement for a mutual fund 
claims that people who invested in the 
fund 5 years ago have doubled their 
money, If the fund’s future performance 
is similar to its past performance, how 
much would a $2000 investment be 
worth in 40 years? 
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9. A pile of bricks has 85 bricks in the bottom row, 79 bricks in the 
second row, 73 in the third row. and so on until there is only 1 brick 
in the top row 


a. How many bricks are in the 12th row 
b. How many rows are there in all? 


10. A projectile fired vertically upward rises 15,840 ft the first second 
15,808 ft the following second, and 15,776 ft the third second 
a. How many feet does it rise the 45th second? 
b. How many feet and in what direction does it move during the first sec 
ond of the tenth minute after it has been fired? 
11. A new $1 


its value 7 years from now 


2,000 automobile decreases in value by 25% each year, What is 


12. A house purchased last year for $80,000 is now worth $96,000. Assuming 
that the value of the house continues to appreciate (increase) at the same 


rate each year, find the value 2 years from now 


13. Job A has a starting salary of $12,000 with annual increases of $800. 
Job B has a starting sala 
Which job will pay more after 3 years? after 5 years? 


'y of $11,000 with annual increases of 10% 


14. There are 12 steps in the chromatic scale from the 
A below middle C to the next higher A. This scale 
can be played by playing the white and black keys 

of a piano in order from left to right. The frequency 

of a note is given in hertz (Hz). For example 

the A below middle C has a frequency of 220 Hz 

‘0 times 


which means the piano string vibrates 
per second, Notice that the frequency of the A 
eat, 440 Hz. If the frequencies of the 


above middle C is twice as g 
in the chromatic scale form a geometric sequence, show that the com 


mon ratio is 2'* and then find the frequency of middle C 


Mixed Review Exercises 


Solve each inequ: 


y and graph the solution set. 


n for each figure described 


Find an equatic 
7. The line containing (2, 3) and (1, 0) 
8. The parabola with focus (0, —1) and directrix y 


9. The ellipse 


with c-intercepts +2 and y-intercepts 
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Re ee | 
Self-Test 1 


Vocabulary sequence (p. 501) the arithmetic mean (p. 508) 
terms of a sequence (p. 501) average (p. 508) 
finite sequence (p. 501) geometric sequence (p. 502) 
infinite sequence (p. 501) geometric progression (p. 502) 
arithmetic sequence (p. 501) common ratio (p. 502) 
arithmetic progression (p. 501) geometric means (p. 511) 
common difference (p. 501) the geometric mean (p, 511) 


arithmetic means (p. 508) 


1. Tell whether each sequence is arithmetic, geometric, or Obj. L-1, p. 501 
neither. Then supply the missing terms of the sequence. 


21,713,048, 09,22, 7 
For the arithmetic sequence 36, 29, 22 
(a) a formula for the mth term and (b) ft: 


3. Insert (a) one and (b) two arithmetic means between 
—2 and 10. 


4. For the geometric sequence 48, —24, 12, —6, + find Obj. 11-3, p. S10 
(a) a formula for the nth term and (b) ty). 


nv 


15,... , find Obj. 11-2, p. 507 


5, Insert (a) one and (b) two geometric means between 
2 and 16 

6. During a week-long sale, a store reduced its prices on sale 
items by 10% each day. A coat that was priced $80 on the 
first day of the sale was sold on the fourth day, At what 
price was the coat sold? 


Check your answers with those at the back of the book. 


LG LE LD AF AD APA AFF AD, 
Challenge 


‘The two arithmetic sequences given below have infinitely many terms in com- 
mon. Find three of these common terms. 


2, 14, 26, 
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Graphing Se 


UENCE 


The table and graphs below show that the arithmetic sequence 1, 
elated to the linear function f(x) = 2x — 1 


2n Lis 
a The only difference is that /(x) is 
defined for all real numbers x, while 1,, is defined only for positive integers 


Olt i ial i 


In general, the 


ithmetic sequence 1, = 1, + (n — Id can be rewritten as 
ty = dn + (ty — d). In this form you can see that the slope of the graph is the 
common difference of the sequence 


f 


= dn + (t - a) 
\ net bf Sommon difference d 


f lope me 


Just as arithmetic sequences and linear functions are related, geometric 
sequences and exponential functions are also related. A comparison of the 


sequence 4, = 16(+)" and the function fix) = 16(1)" is shown below 


i fix) 


Exercises 


Give the slope of the graph of each arithmetic se¢ 


B20)5; Ns, Be 7-2 4. th=3 +51 — 1) 


Give the domain of the function f(x) and of the sequence 4, Sketch the 
graph of each. 


5. fx) = 3x45 6. fix) =8 7. fa) = 2" 8. fix) = 9(2) 


an + 1 
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11-4 Series and Sigma Notation 


Objective To identify series and to use sigma notation. 


When the terms of a sequence are added together, the resulting expression is 
called a series. Here are some examples 


Finite sequence 3,7, 1, 18,19 

Related finite series 3+74+ 11415 +19 
° scquenc: Wis aes | 

Infinite sequence ig tpt tee 

Related infinite series - * + 


Many of the words used to describe sequences are also used to describe 
series. For example, the finite series above is an arithmetic series with first 
term fy = 3, last term fs = 19, and general term f, = 4n~ |. An arithmetic 
series is a series whose related sequence is arithmetic. Similarly. the infi- 


nite series above is a geometric series because its related sequence is 
omettic. 


A series can be written in an abbreviated form by using the Greek letter 2 
(sigma), called the Summation sign. For instance, (0 abbreviate the writing of 
the series 


2HAFO+ BH + 100 


first notice that the general term of the series is 2n. The series begins with the 
term for = | and ends with the term for n = 50. Using sigma notation you 


can write this series as S) 2n, which is read “the sum of 2 for values of 


from 1 to 50, 


SE w=2-14+2+2+2- 


24+4+648 +--+ 100 


Similarly, the sigma expression below represents “the sum of 7° for values, 
of n from 1 to 10 


Sw 


2427 4+ 3? 40+ 107 


In si 


mia notation the general term, 1°, is called the summand, and the letter 1 
is called the index. 
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Any letter can be used as the index. For example, replacing the index 1 by 


k in the series just given does not change the 


> k 243 10 
(— 1G + 2) in expanded form 
(-1G +2) = (HD + 2) + (12 +2) + (1B +.) 17%(20 + 2) 
344-54 22 Answ 


The first and last values of the index are called the limits of sumn 


ion. In 
Example 1, the lower limit is 1 and the upper limit is 20. If a series is infinite 


hen the symbol * is used for the upper limit to indicate that the summation 


Joes not end. For example 


1 
is read “‘the sum of =; for values of & from 1 y 
Dee 
1 ' 


nmation from I to O, this infinite geometric 


By changing the lower limit of 


series can be rewritten with a simpler summand 


As you will sce in Lesson 11-6, this infinite series has a finite sum of 2 


Example 2 Use sigma notation to write the series 10 + 15 + 2 100. 
Solution 1 By inspectior 


0 20 10 =5+245 5 5 


the series is S Answer 
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Since the series is arithmetic with common difference 5, the nth term is: 
ty = 10 + (n — 1S 


= Sn +5, or S(n + 1) 
Now find n such that the last term is 100. 
= In +5 
100 = Sn + 5 
a= 


9 
othe series is S S(n + 1). Answer 


In the two solutions of Example 2, notice that the expressions >) Sk and 


1 
D s(n + 1) represent the same series. 
= 


“Example 3 Use sigma notation to write the series 5 — 


Solution Since the infinite series is neither arithmetic nor geometric, you need to 
look for patterns 
(1) The numerators are all equal to 5 


(2) Since the denominators are consecutive even integers, a general 
expression for the denominators is 2 


(3) To make the terms of a series alternate in sign, choose n = 1 for 
the lower limit of the summand and include in the expression for 
the summand one of the following factor 


(-1)" makes odd-numbered terms negative; 
(= 1"! makes even-numbered terms negative. 
5 


So the expression for the summand is (~1)" 


2n 


+ the series is Y (—1y""'(5). Answer 


Oral Exercises 


Exercises 1-4 refer to the series S (4m 


2 -3). 
1, What is the index? 2. What is the summand? 
3. What are the limits of summation? 4, What are the first and last tern 
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For each series, read each symbol aloud and give the expanded form. 


Zit 6 3 6-/) ry, Seay, 
2 4 x24 10. © (1) 


1 yi = 4 
ne r dF 2. > (-pn+ ye 3-1) 
j =o 1 
y ut ky 
3 Koa Sy S k+l a 
1S. 2 eb 2 T+ 14. 3 


Written Exercises 


Write each series in expanded form. 


Ax 


1. Y (n+ 10) iB a 2" 4 
e vec 3, & 4 
5. 6. y 4 7. 3S (S—al 8. 3 (ay 
j¥1 ‘ = f 
ch series using sigma notation, 
9.24446 +--+ 1000 10. 5 + 10+ 15 + 250 
Pe Pt + 20° 12. 3-44+3-4 4 3-44 
1 2 3 99 I 1 4 
ae pp | o * F00 14. 5 5 5 5 
15. 1 +3 199 16.3 +74 11+ 15 +--+ 399 
1+ + 64 18. V7 + V 
fii i aed 
19. (+t 4 ty Ly 2. 1+44 7 
5 tig ato TF 
i, 043-142 + 22.8-44+2-1 
23. 6— 12 + 24-48 24. 2454 1041742643 
2 Plage 2% De ted 
seme oS el 3° 5 
27. The series consisting of positive three-digit integers divisible by 5 


28. The series consisting of positive two-digit integers ending in 2 
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An infinite 


1 
ometric series with first term | and common ratio = 


30. An arithmetic series consisting of eleven terms with first term 8 and last 
term 508 


See See a See oy 
5 ey wer aaah i a 


4 
C 33. Show that S & log 5 = log (S!"). 


4. Write Ic 


+2+3-4-5-6) using sigma notation 


35. Find the 1) 


SS 


Career Not Marine Biologist 


Although nearly seventy percent of the 
earth’s surface is cove 
know much less about what life exists 

and how it exists in the sea than we do 
about life on land. Scientists who study 
the variety and activity of life in the sea 


ed by water, we 


are called marine biologists 
Some marine biologists engage in 
basic research, They seek and describe 


new species of plants and animals living 
in the sea, and they study the relation: 

ships between the sealife and its environ- 
ment. Other marine biologists undertake 
applied research, They investig 
sealife can mect human needs, especially 


ate how 


in providing new sources of food and 
pharmaceuticals 


Marine biologists are as committed 


to conservir 
as to ulilizin 
quires knowing a species” population 
and this is done through random samp- to the size of the second sample should 
ling. A sample of the 
caught, tagged, and then re! 


the resources of the sea 


them. Conservation re 


an is approximately equal the ratio of the size 
sed. Later of the original sample to the entire pop- 
on when a second sample is taken, some u 
of those caught will already be tag 
The ratio of those that are found t: 


jon. From this proportion marine 
ed biologists can estimate the population 


ed of the species 
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ll el a TE 
Extra / Induction 


How could you prove that 


pau n 1 
37 3a nia +t ont 


is true for all positive integers »? Since the series is neither arithmetic nor 
geometric, there is no formula that can be used to find the sum. Instead, you 
can think of the general statement as a sequence of siatements. 


(a) L 
2 1 
Q) ' = 

1-2 
3 1+ 2 
©) i 3 4 

n fn 

®) ee 


It is easy to verify that statements (1), (2), and (3) above are true. However, 


this does not prove that statement (ni) is true for all positive integers 1, One 


way to prove statement (1) is to use a method called the principle of mathe 
matical induction 


errr SS 
Principle of Mathematical Induction 


‘atements is true for all positive integers 1 


To show that a sequence of st 
1. Show that statement (1) is true 
2. Show that if statcment (k) is true, then statement (k + 1) is also true. 


Using mathematical induction to prove a sequence of statements can be 
compared to knocking down an infinite row of dominoes. The first part of such 
4 proof shows that the first domino falls. The second part shows that if any one 
domino falls, then the next in line also falls. Taken together, the two parts of 
the proof guarantee that all the dominoes fall. 


Example — Show that statement (n) above is true for all positive intex 
Solution 1 


This is obviously true 


(Solution continues on next page.) 
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Prove that statement (k + 1) is true: 


, : \ 1 ea 
Tat t+ Tee Tks RTD KH? 
Proof 
‘Assuming that 
1 1 jae oe 
tog t + ie Fr 


is tue, add [gpa © doth sides and then simplify the right side of 


the equation 


1 1 1 k 1 
ot + =~ + 

bat ss Ret) | + HRFD E+ KF RFD 
Kk +241 
KF ETD 
e+2k+1 
K+ DED 
&t1 


Dik +2 


Exercises 


n to prove that each statement is 


lL 


Garth Wet 


pee ene acasity ! =e 
“Ta 4-7" 7-10 Gi— HBr FY 


2 n+ DQn+ D 


6 


nin + 1yun + 2) 


ae 


34 te taint l= 


, in a room of 1 people, every person shakes hands once with every other 
person. there will be 7" handshakes. 


" 
6. A convex polygon with m sides has 


4 diagonals, (Nore: The first step 


in the proof is to show that the statement is true for 1 
must have at least three sides,) 


3. since a polygon 


7. n° + 2n is a multiple of 3. (This means n° + 2n = 3m where m is some 
integer.) 


Pte HIP RL 2h t+ a 
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11-5 Sums of Arithmetic and 
Geometric Series 


Objective To find sums of finite arithmetic and geometric series 


In the preceding lesson you worked with series such as 


2+A+OH+BH + 100 
but did not compute the sums. If a series consists of just a few terms, then the 
sum is easy to compute. For example. the sum of the first three terms of the 
series above, which we denote by Sy, is 

53 =2+4+6 


The sum of the first 1 terms of a series is denoted by 5, If a series is 


arithmetic or geometric, there are ways to find its sum without actually addi 


all of the terms. Theorems | and 2 state methods of finding such sums 


Theorem 1 The sum of the first n terms of an arithmetic series is 


mt + ty) 
sae 
Proof Write the series for S, twice, the second time with the order reversed 
Then add the two equations, term by term: 
5) ty + (y +d) + (ty) + 2d) + (t,—d) +t, 
Sa ty + (yp —) + (ty — 2d) Hiytdy ty 
=U tty) th thd + (bt) Heeb tt) th +) 
= at, + tp) 
nt, * ty) 


Example 1 Find the sum of the first 40 terms of the arithmetic series 


2+5+8+114 


Solution First find the 40th term: ty =f) + (n ~ Tid 


2 + (30)3 = 119 


Then use Theorem |: Sy L 


40(2 + 119) 


5, us 2420 Answer 
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Example 2 Evaluate S (5k + 2) 


Solution Evaluating & (Sk + 2) means finding S29 for this arithmetic series: 


THIDhIDA=- + 108 


= 1090 Answer 


Theorem 2 The sum of the first n terms of a geometric series with common ratio r 


_Ad-r) 


Sn 


Proof Multiply the series for S,, by the common ratio r, Then subtract the new 
series from the original one, as shown below 


Hy + gr 


Sy = + grt 4 


De = rt nee tye + oe + ar 


Se— 1S = +0 +0 Hert +o =< 


Sa -A=H-7) 


Since r# 1, divide both sides by 1 = r: 


Note that the formula just given is not defined for r= 1. (If r= 1, the geomet- 
rie series () + yr + tyr? oo + tyr"! consists of n terms equal tof), and the 
sum is nt.) 


Example 3 Evaluate 5 3(-2)""' 


Solution You are findin 


2 


vo for the series 3— 6 + 12 — 24 +=", whose commen 


31 — 1024) 


—1023 Answer 
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Oral Exercises 


Find Ss for each series 


1, 8+ 12+ 16+ 20+ 


Written Exercises 


ind the sum of each arithmetic series. 


A 1.2=20,4= 62 2. m= 100, 4 = 17, toy = 215 
n= fy = 183 4. n= 50, 1) = 187 40 
oy 1) 
7. > (3+ 8. YS GBO-m 
9. The first 100 terms of the serie 10. The first 100 terms of the seri 
7+10+134 100 + 98 +96 + 94 
I. 11+ 15+ 19 83 12. 50 + 48 + 46 +10 


13. n=8,r=2, 4 =!1 14. n= 10,5 1 
5. n= 10, 7 t= 2 16. 0 n= 
i7. > 2+ it 

19. Find Sq if the series 24 + 12 + --- is (a) arithmetic: (b) geometric 

20. Find Sy if the series | + 1.1 is (a) arithmetic: (b) geometri 


Find the sum of each of the following. 


B 21. The first 20 positive integers ending in 3 
22. The positive wo-d ending in 4 
23. The positive three-digit odd integers 
24. The positive three-digit integers divisible by 6 


a. The first twenty multiples of 2. starting with 2 


b. ‘The first tventy powers of 2, starting with 2 


26. a. The first ten powers of 5 


b. The first ten powers of 5 that are perfect square 
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Find the sum of each of the following. 


27. The positive two-digit integers that are nol divisible by 3 
28. The positive two-digit integers that are nol divisible by 5 


29, a. Show that >) 24" =2"-1 
1 
b. How many terms are needed before the sum exceeds one million? 
30. If 7 is an even number, show that the sum of series (A) is three times the 
sum of series (B) 
1 


c@yittet 


deg (4) (py 1-44 toes (1) 


31. The sum of a series is given by S, = 8(3" ~ 1), Find the first three terms 
of the related sequence, Then identify the series as arithmetic, geometric, 
or neither. (Hint: S; = ty.) 

32. If S, = 2n? + Sn, find ty, 

33. Guess the approximate value of the following expressions. Check your 
guess with a calculator. 


a. (4° b. (0.9)'° ec. (0.8) 


Use the results of Exercise 33 to estimate the answers for Exercise 34, 


C34. If | <1 and nis a very large integer, find the approximate value of: 


ar” b. 5, where =< 


The following series are neither arithmetic nor geometric, but by analyzing 
their patterns, you can find their sums, Find the sum of each series. 


35. 2-4+6-8+ 10-+*-— 100 
31+ 2Z+AHSHTH+B +6 +954 07+ 98 


37. F +h 38. Y "= 1) 


r= P= 


Solve. A calculator may be helpful. 


A 1. The front row of a theater has ‘h of the other rows has two 
more seats than the row before it, How many seats are there altogether in 
the first 20 rows? 


2. Kristen is given a test consisting of 15 questions. The first question is 
worth five points, and cach question after the first is worth three points 
more than the question before it, What is the maximum score that Kristen 
can obtain? 
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3. Every hour a clock chimes as many times 
as the hour. How many times does it chime 
from 1 A.M. through midnight, inclusive? 

4. A ship's clock strikes every half hour of a 
4-hour period. After the first half hour it 
strikes “one bell," after the second half 
hour it strikes “two bells,”* and so on un- 
til it strikes “eight bells’* at the end of the 
4-hour period. It then begins a new 4-hour 
period. How many strikes of the bell oc- 
cur in one day”? 

5. Kurt can trace his ancestors back through 
10 generations. He counts his parents as 
the first generation hack, his four grand- 
parents as the second generation back, and 
so on. How many ancestors does he have 
in these 10 generations? 

6. The Kemps have rented a house for the past six years, During their first 
year of renting, they paid $600 per month. If their rent was inereased by 

% for each year after that, what is the total amount of money they have 

paid in rent over the past six years? 


7. You have won a contest sponsored by a local radio station. If you are 
given the choice of the two payment plans listed below, which plan will 
pay you more? How much more? 

Plan A: $1 on the first day, $2 on the second day. $3 on the third day, 
and so on for two weeks, 

Plan B: 1¢ on the first day, 2¢ on the second day. 4¢ on the third day 
and so on for two weeks. 


8. Refer to Problem 7 and find how much each plan would pay you if the 
payments extended over three weeks instead of two. 

9. Which of the two jobs described below will pay you the higher salary dur 
ing the fifth year of employment? Which will pay you the greater total 
amount for all five years? 

Job A: Make $20,000 the first year with annual raises of $1500. 
Job B: Make $18,000 the first year with annual raises of 10% 

10. Refer to the two jobs described in Problem 9. Which job will pay you the 

greater total amount over a 10-year period? How much more? 


11. On the first day of each year, the Ortegas invest $1000 at 6% interest com- 
pounded annually, Find the value of their investment after 10 years: 
12. The 1560 members of the Western Environmental Society have a method of 


quickly notifying members. The president and treasurer each call 3 mem- 
of whom then calls 3 other members (round 2), each of 


bers (round 1), cach 
whom then calls 3 more members (round 3), and so on. How many rounds 


of calls are needed before everyone is contacted? 
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13, The number 7 
because it is possible to represent the number by dots arranged as an equi- 
lateral iangle. 


1424344 +04 nis called a triangular number 


° 
. ee 
. ee o 8 
. vo. 8 8 © je nets 
+2 T=14243 T= 1424344 


a, Find a formula for 7,, in terms of 1 
b. Write your formula using sigma notation. 


C 14. Add any two consecutive triangular numbers. What special kind of number 
is obtained? Make a conjecture and then prove it 


15. Almost 2000 years ago, Plutarch observed that | more than eight times a 
triangular number always gives a special kind of number. What is this kind 
of number? Give a convincing argument to support your answer. 


ee eS at bh od Se 
Mixed Review Exercises 


Evaluate if x = -2 and y = 8. 


7. Iay| 8. log, ( 


10. Find the slope of the line 3x — 


6. 


11. Find the radius of the circle x? + y? — 4v + 6y~ 3 = 0. 
Find the x-intercepts of the hyperbola 417 ~ 9y? = 36, 


Computer Exercises For students with some programming experience: 


1. Write a program that will find the sum of a series when the user enters the 
limits of summation and the general term of the series. (Hint; You can 
have the user enter the general term by retyping a numbered program line 
before each run.) 

2. Use the program in Exercise I to find the sum of each series. 


D Gkt+ 1) b. = (2) 


a0 
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eT 
11-6 Infinite Geometric Series 


Objective To find sums of infinite 


absolute value less than one 


meric series having ratios with 


Consider the infinite geometric series 


(ees Were Bre 
bot + 


Re eT an ITs 


and several of the following partial sums for this series 


1 
Ss =5 
! 
5 
274-4 
te 
Saeed. 
Deak 
tee es AY 
a atte Tag) te 
1 Wy I 1023 
) \ 
SoH ztatat 16 1024 ~ 1024 
You can see that as more terms are added, the sum gets closer and closer to 
the value 1. In fact, this can be proved as follows: 


|. First, find a formula for S,, the sum of the first m terms 


This formula tells you that 5, is always less than | for any 1 


Next, notice that as 7 becomes increasingly large. (4)" gets closer and 


closer to 0, This means, gets closer and closer to 1 


Sy 1 1 = 
If enough terms are added (making n sufficiently large), the sum will 
approximate | as closely as you may require. Therefore, we say that 
h ries b+ 4 + 4 
the sum of the infinite geometric series 4+ 4 L 
is 1 
Some infinite geometric series do not have a sum, For example, the 
partial sums of the series 
14 10 + 100 + 1000 
continue to become larger and larger. The sums do not approach, or “hoi 


in” on, a fixed value 
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In order for an infinite geometric series to have a sum, the common ratio 
+ must be between —1 and I. Then as n increases, r” gets closer and closer to 
0. The fact that 7” approximates 0) for large n is used to prove the following 


theorem 
LL TY 
Theorem 
An infinite geometric series with common ratio r has a sum S if |r| <1. 
This sum is 
Proof 1, The sum of the first n terms is 5, = 


tr 


As n becomes larger and larger, r" gets closer and closer to 0 
since |r| < |. Then 
nar") 


(1 — 0) 
5, =a = 


T-r I-r 


‘Therefore, the sum 5 is given by 


Example 1 Find the sum of each infinite geometric series, If the series has no sum, 


say 50. 
a. 8-44+2-14+> b. 8+ 12+ 18+ 27+ 
| "Solution™ a. since r = - |r| <1 and the series has a sum. 
s- Sa Answer 
b. Since r ir| 1. +. the series has no sum, Answer 


The next example shows that any infinite repeating decimal can be ex- 
pressed as an infinite geometric series. 


Example 2 write 0.121212 . . . as a common fraction 


Solution The infinite repeating decimal can be written as the infinite series 
0.12 + 0.0012 + 0.000012 ++ 


Since r = 0.01, \r| <1 and the series has a sum. 


4 012 Ort Ae 4 
T-r 1-001 099 33 “"swer 
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Oral Exercises 


Give the common ratio of each geometric series and tell whether the series 
has a sum. 


1, 2749434 3 3,24 
3.4 
a desert 34 6. 8-24.93 
4\" : : ~ 3 
I. B35) aD way 9. > (-0.35)" 10. ¥ i 
n=0 2 n=l n= ot a" 


A 


Written Exercises 


For each geometric series, find the sum. If the series has no sum, say so. 


1 244124643 +>" 2. 24-1246-34 
3. 27-18 + 12-8 + 4.27418 + 12484 
5. 256 + 320 + 400 + 500 + 6. 500 + 400 + 320 + 256 + 
7.3+44+514+71 142 1 
9. 3V3-34+V3-1+- 10. 4°"? +4 Wht gee 
11D : 
n=O y 
For each geomet s find S,, S2, | and Ss. Use these sums to 
approximate S. Then use the formula to find 5, Compare your 
approximation with the value obtained from the formula. 
9+— oe Jer 
Best 10 i 100, 1000 
\ en 
16. 3 u Z BI ‘i 
Write each repeating decimal as a common fraction. Use the method of 
Example 2. 
17. 0.3333 18, 0.4444 19. 3.12312312 
20, 0.363636 21. 0.49999 22. 1.045045045 
Write the first three terms of the infinite geometric series satisfying the 
given condition. 
1 5 =30 26. r=2, S=125 


23, ) = 8, 9 = 12 24, 4 = 40, $= 200 28. r= 
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27. Explain why there is no infinite geometric series with first term 10 and 
sum 4. 
28. There are two infinite geometric series with 1, = 100 and 1; = 1. Find the 
sum of each. 
C 29, a, Find the sum of the series | + $49 +a to, 
b. How many terms of this series must be added before their sum is. 
within 0.00001 of the sum found in part (a)? (Hint: Consider 
5=5,) 
30, If |x] <1. find the sum S of the series I+ 2x + 3:2 +40 bo 
(Hint: Consider § ~ x5.) 


QR SE 
Problems 


Solve. A calculator may be helpful. 


A 1. A child on a swing is given a big push. She travels 12 ft on the first back- 


and-forth swing but only 2 as far on each successive back-and-forth swing 
How far does she travel before the swing stops? 
2. Suppose an indecisive man starts out from home and walks | mi east, then 


1 Lure 
mi west, then mi ca 


home, approximately where would he end up? 


, then — mi west, and so on. Relative to his 


A side of a square is 12 em, The midpoints of its sides 
are joined to form an inscribed square, and this process 
is continued as shown in the diagram. Find the sum of 

the perimeters of the squares if this process is continued 
without end 


4. A side of an equilateral triangle is 10 em, The midpoints \ 
of its sides are joined to form an inscribed equilateral tri- 
angle, and this process is continued. Find the sum of the perimeters 
of the triangles if the process is continued without end 


5. Find the sum of the areas of the squares in Problem 3. 


6. Find the sum of the areas of the triangles in Problem 4. 


B 7. The diagram shows a superball that rebounds 95% of the 
distance it falls. This ball is thrown 12 m in the air (so 


that the initial up-and-down distance traveled is 24 m) 
What is the total vertical distance traveled by the ball be- 
fore it stops bouncing? 


8. Refer to Problem 7 und suppose that the ball is dropped 
from a height of 10 m. Make a diagram of the bouncing 
ball’s path and note that it differs from the diagram above because the 
ball does not begin at ground level. What is the total vertical distance 
traveled by the ball before it stops bouncing? 
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9. A morning glory vin: 


ws more slowly us it 
pose that its growth during the week after it 
soil is 50 in, and that dur each succeeding week it grows 
as much as it did the previous weck 


s long 


Sur 
emerges from the 


a. How much does the vine grow dut 


ng its 26th week 

b. What is its total growth for a 26-week growing period 

¢. Assumin 
the vine's total growth? 


that the vine could grow forever, what would be 


(Nore: Since the answer to part (c) is easier to calculate than 
the answer to part (b) and since the two answers are nearly th 


same, the sum of a finite geometric series with many terms 


be estimated by the sum of the corresponding infinite series.) 


10. A piledriver pounds a steel column into the earth, On its first 


drive, the column penetrates 1.5 m into the earth and on each 

succeeding drive it moves 92% as far as it did on its previous 

drive 

a. How far is the column driven on the 60th drive’ 

b. What is the approximate (otal distance that the column 
moves in 60 drives? (See the note a 


Problem 9(c).) 


The Koch curve is constructed as follows: Start with a sq 
ure 1). Construct a square on the middle third of each side of 


(see Figure 2). Then construct a square on the middle third of each side 


of Figure 2 (see Figure 3). Continue forming new figures by construct 


al | = 


Figure | Figure 2 Figure 3 


a. Complete the table below 


|-__— t 


Number of new squares 1 | (ee | 


Area of each 


ew square | | 


Total new area 


b. Find the total area bounded by the Koch curve Add the entries in 
the last row of the table. Notice that the entries after the first one form 
geometric series.) 

12. Show that the Koch curve described in Problem 11 has no perimeter 


(that is, the perimeter is of unbounded length 
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A snowflake curve is constructed as follows: Start with an equilateral tri- 
angle (see Figure 1), Construct an equilateral triangle on the middle third 
of each side of Figure 1 (see Figure 2). Then construct an equilateral tri- 
angle on the middle third of each side of Figure 2 (see Figure 3), Continue 
forming new figures by constructing an equilateral triangle on the middle 
third of each side of the previcus figure. If the first equilateral triangle has 
sides of length 1, what is the total area bounded by the snowflake curve? 


Figure 1 Figure 2 Figure 3 


14. Show that the snowflake curve described in Problem 13 has no perimeter 
(that is, the perimeter is of unbounded length) 


Self-Test 2 


Vocabulary series (p. 518) summation sign (p. 518) 
arithmetic series (p. 518) summand (p, 518) 
geometric series (p. 518) index (p. 518) 
na (p. 518) limits of summation (p. 519) 
1. Identify each series as arithmetic, geometric, or neither. Then Obj. 11-4, p, 518 


rewrite the series using sigma notation 
a. 27-18 +12-8 


ce 217+ +42 


2. Find the sum of each arithmetic ser Obj. 11-5, p. 525 


a. n= 30, 4 =7, ty = 65 


3. Find the sum of each geometric series. 


a.n=6,r=2,t,=5 b. 


4. Find the sum of cach infinite geometric series. If the series has Obj. 11-6, p. 531 
no sum, say so. 


+ be 11.04 1.21 — 1.331 + 


Check your answers with those at the back of the book. 
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Binomial Expansions 


SS ee ee 
11-7 Powers of Binomials 
Objective To expand powers of binomials 


When you multiply out a power of a binomial, the resulting sum of terms is 
called a binomial expansion. An interesting pattern is formed by the coeffi- 
cients of the expansion of (a + by" where n is a nonnegative integer 


(a+ by = 
(a + by = 
(a+ bP = la? + 2ab + 1b? 
(a + bP ab? + \b* 
(a + by = lat + 4a%b + 0a7b? + dab’ + 1b* 
(a + by? = la? + Sat + Wu? + 10023 + Sab* + 1b 

tern of coefficients sug: 
the triangular array of numbers 
shown at the right, called Pase: 
triangle. The triangle has 1's at 
the beginning and end of each row 
Each of the other numbers is the 
sum of the two numbers above it 


For example 


Because the top row of the triangle corresponds to (a + b)°, it is conven- 
ient to call it row 0. The next row is row 1, followed by row 2, and so on 
‘Then for any positive integer , the coefficients of the expansion of (a + by’ 


are the clements of row 1 of Pas 


Example 1 Expand (a + 
Solution From row 6 of Pascal’s tria 


The powers of @ are 
The powers of b are 


Combining this information, you get 


(a + by? = a + barb + 1Sa*h* + 200° a Gab 4 BF 
Answer 
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Notice that the exponents of a in Example | decrease from 6 to 0 and the 
exponents of b increase from 0 to 6. There are seven terms, and the sum of 
the exponents in each term is equal to 6, When the binomial contains a nega- 
tive term, the signs in the expansion will alternate, as Example 2 shows. 


Example 2 Find the first four terms in the expansion of (x — 2y)7 


Solution First find row 7 of Pascal's uiangle: 
i RSMo eset a Row 6 


Now expand (a + 5)’ 
(a + b)’ =a? + Ta%b + 2larb? + 35a + 
Then replace a by x and b by (—2y). 


(x — 2y)7 = a7 + Ix(—2y) + QLa(—2yy? + 35x4(—2) 


‘The first four terms are: x7 — 14x%y + B4a5y? — 28004". Answer 


The pattern of coefficients given in Puscal’s triangle is symmetric. For 
example, in the expansion of (a + 6)° the coefficients of the last three terms 
are the same as the coefficients of the first three in reverse order. And in the 
expansion of (a + b)® the coefficients to the right of the middle term, 20a°b°, 
are the same as those to the left. This symmetry is useful in writing expan- 


sions and finding particular terms. as shown in Example 3. 


Example 2 The first three terms in the expansion of (a + 6)" are 
@" + 20a"b + 190a"b*. Write the last three terms 


Solution —190a7b'* + 20ab"* + °° Answer 


Oral Exercises 


Row 8 of Pascal’s triangle is 1, 8, 28, 56, 70, 56, 28, 8, 1. Use this row to 
complete Exercises 1 and 2, 


1. Give the first four terms in the expansion of (a + b)* 
2. What is row 9 of Pascal's triangle? 
3. Give the number of terms in the expansion of each of the following 
a. (m—n)! b. (2x + yy & (3p —1)* 
4. Give the first term in the expansion of each of the following 
a. (a + by b. Gm + ny® Ge et — yA 


$. Give the last term in the expansion of each of the following 
a. (a — by! b. (p? — 2)* ce (im + 07)8 


w 
ze 
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Written Exercises 


Expand and simplify ¢: 


ch expression, 


A Lixty) 2. (r+ yy 3. (ea) (p-@ 
(a+ 1% 6. (x -2 7. (3r + 4) 8. (2y 3)* 
9. (2 = 1)° 10. (Ve + 3) We (pe +) 12. (a++) 


In Exercises 13-16, use the symmetry of the coef 


13. The first three terms of (x + y)'? are x!? + 17x!*y + 136x'5)7, Write the 


last three terms. 


14, The first three terms of (p ~ 4)? 


ep 231p%q". Write the 


last three terms. 


15. The tenth term of (x + 1)” is 167,960x!'. Write the twelfth term 
Hint: The eleventh term is the middle term.) 


16. The eighth term of (p — 4)!? is ~6435p 


Write the ninth term. 


d and simp 


each expres 
B 17. (a +b)’ + (a-b) 18. (a + by 


19, (a? + 2ab +b?) 2 


21, Use the first three terms of a binomial expansion to approximate (2.1) 
(Hit: (2.1) = +007) 


. Use the first four terms of a binomial expansion to approximate (9.8) 
[Hint: (9.8)' = (10 = 0.2)*.1 


. a. Find the sum of the entries in each of the first 7 rows of Pascal's triangle 
b. Guess a formula for the sum of the entries in the mh row 


24, Find a formula for the sum of all entries in rows 0 through 1 of Pascal's 
triangle 


Mixed Review Exer 


ses 


‘Tell whether 


ach sequence is arithmetic, geometric, or neither. Then find 


a form the nth term of the sequence. 

1.2 4,8 22.3.1 7.3 4, -24, 12, -6 
Find the sum of each series, 

5.5494 134 45 6 6+ 3+ 24 7230 
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SS 
11-8 The General Binomial 
Expansion 


Objective To use the binomial theorem to find a particular term of a 
binomial expansion 


If you used Pascal's triangle to find the coefficients in the expansion of 
(a + 6)", you would need to compute all the rows up through row 20, Fortu- 
nately, there is another way to find these coefficients. The following example 
shows how each coefficient depends on the power of the binomial and the posi- 
tion of the term in the expansion 


Example 1 The first four terms in the expansion of (a + 6) are given below. Find 
the next two terms. 


20+ 19 18,2 4 20+ 19-18 
ap alh? + . 


=e ieee te ta 


20 = gi? 4 20919; 
(a+ by? = a + “Ta! + 


Solution — The coefficient of the term containing b has k factors in the numerator 
beginning with the power 20 and decreasing, and & factors in the denomi- 
nator beginning with 1 and increasing. So the next two terms are 


+ 19+ 18-17 Joy 


20-19-18 +17+16 4 
T+23-4 4 


and Answer 


Find the first five terms in the expansion of (a — b)!*. Simplify each 
coefficient. 


The terms containing odd powers of b will have a minus sign. The 
expansion begins 
1 > 


2, 12- i 
at? — A git 4 12M gigs — 


When the fractions are simplified, each coefficient is an inte; 
five terms are 


er. The first 


al? — 12a" + 66a! ~ 220a°b + 495a%b*. Answer 


The coefficients in the expansions of (a + by" can be written more simply 
using factorial notation, The symbol r! (read ‘*r factorial") is defined as fol- 
lows: 


r=rr~ Ir — 2)+-++ 32+ 1 if ris a positive integer 
or= I 


For example, 4! = 4+3+2+1 = 24 und 5!=5+4-3+2+) = 120. 
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Notice what happens when factorialy are divided 


12-11 10-9 1 
12-11- 10-9 
Therefore, you can write the fifth term of the expansion in Example 2 as 
follows: 
8! 6,4 — 12t 
ad wart 


The terms found in Examples | and 2 illustrate the general formula for the 


expansion of (a + by” given by the binomial theorem, which is proved in more 


advanced courses by using the principle of mathematical induction. (See the 


Extra on pi 


The Binomial Theorem 


If 2 is a positive integer, then 


n(n = An 


(a+ by! =a" +a’ ab b 


Example 2 Find and simplify the seventh term in the expansion of (2x ~ y) 
Solution First find the seventh term in the expansion of (a + 5)". This is the 


term containing 


10! 0-9-8 RAVAGE 
¢ a'b? = 210a°H' 
Hor v3 
Now replace a by 2x and b by ~y 
2102 —y)" = 210+ Lox* + y 
= 3360x4) Answer 
Because 0! is defined as 1, the formula for the (k + I)st term in the ex 


pansion of (a + 6)!" remains valid for the first and last 


First term (k = 0) 


n— ONO! f 


Last term (k = 1) 7 ; 
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This means you can write the binomial theorem in a compact form using sigma 
notation 


Oral Exercises 


Evaluate. 
f 4! 
1.3! 2.2 4 


9. Give the coefficient of the third term in the expansion of each of the 
following 
a. (a + 6)? b. (c — ays ce. (x + 2y)* 


10. Give (a) the power of a and (b) the power of b for the given term in the 
expansion of (a + by. 


a. The fifth term b. The eleventh term 


See SS Sa ee eee 
Written Exercises 


Evaluate. 
A 1.6! 2.7! 4,2 
100! 10! 
cal 6 1. ann 8. 10 
(n+ Dt il (itt 
ait 0. Gm * (= DEE 


Write the first four terms in the expansion of each of the following. 


1s (a + by" 14, a. (a + by"? 15. a. (a +b)” 16. a. (a +b)" 
b. (a— 4 b. (a — 6)? b. (x — 2y)"" b. (¢ — a?" 


Find and simplify the specified term in each expansion. 


17. The term containing 4° in (a + bP? 18. The term containing b'* in (a — 6)! 

19, The nth term of (s — r)!* 20. The eighteenth term of (y + n'* 
B21. The term containing a* in (a + 2b)’ 22. The term containing in (Qe — 

23. The middle term of (¢? — 2d)" 24. The term containing 6” in (@ + 3b5)5 
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Decide whether each statement is true or false. If the statement is false, 
give a counterexample. 


25. (a- b)! = alb! 26. (n°)! = (nl) 27. Qn)! 


n!) 


C 28. Find the term in the expansion of (y — y~*)'? that does not contain y 
29. Assume that the binomial theorem continues hold when 1 is a positive 
rational number that is not an integer 
expansion will not be inte; 
will be 


general, the coefficients in the 
ers, and instead of terminating, the expansion 


n infinite ser 


(a +b)" =a’ ab + 


a. Write the first four terms in the expansion of (1+ x) 
b. Use your answer in (a) with « = 1 to find a numerical estimate of V2 


VA Calculator Key-In 


id 10! 
2. What is the largest positive integer » for which n! can be displayed exactly 
(that is, every digit is shown) on your calculator? 


1. Use the factorial key on your calculator to f 


If your calculator displays numbers in scientific notation, you will be able 
to find approximate values of ! when the exact integer value of n! is too 
long to be displayed. 

Find 20! to four significant digits. 

b. Find the coefficient of the middle term of (a + 6)" to four si 


nifi 
cant digits. 


ern for which 7! ca 


4, What is the largest positive inte 
entific notation on your calculator? 


be displayed in sci 


Pe ca hr a ane ee) 
Self-Test 3 


Vocabulary binomial expansion (p. 5 factorial notation (p. 540) 
le (p. 537) binomial theorem (p, S41) 


Pascal's trian 


Expand and simplify each expression. 
1. @—2) 2. (4a + 3)" Obj. 11-7, p. $37 
3, Write the first three terms in the expansion of (2x + 3)!" Obj. 11-8, p. $40 


m in each exp: 


Find and simplify the specified t 


4. The fourth term in (a” ~ b 


5. The term containing 4° in (x ~ 29) 


Check your answers with those at the back of the book 
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/ Alice Hamilton 


jogr: 


Alice Hamilton (1869-1970), Harvard's 
| first female professor, thought factory 

workers should have a safe environment 
| in which to work, As a physician and 
specialist in industrial toxicology, she 
was dismayed by the high death 
American industry in the early part of 
this century. Before laws protect 


workers could be passed, someone had 
to gather data about the number of deaths 
t for better working conditions 


and f 
Hamilton performed this service for the 
pottery, lead, and munitions industries. 

In her zeal to find poisonous dusts 
1 mine shafts and climbed 


she explore 
dangerous catwalks. Her commitment to 
preventing lead and benzene poisoning 


ie of the first industrial disease 
| laws in the United States 


Chapter Summary 


1. Sequeni 
difference d between any two successive terms, then the sequence is arith 


can be arithmetic, geometric, or neither. Uf there is a common 


metic. If the ratio of successive terms is constant, then the sequence is 


metric 


2. In any arithmetic sequence with first term 7, and common difference d, the 
ith term is given by 4, =f + (n— Dd 


In any geometric sequence with first term f, and common ratio r. the nth 


term is given by f, =f 


3. The arithmetic mean of two numbers a and b is geometric: mean 


is Vab (if a, b > 0) or —Vab (if a. b <0) 


4. A series is an expression in which the terms of a sequence are added to- 


gether. If the related sequence is arithmetic or geometric, then the series is 
classified respectively as arithmetic or geometric 


The Greek letter & (sigma) can be used to represent the sum of a series in 
an abbreviated form. The upper and lo 


er limits of summation are the first 
and last values of the index. If a series is infinite, then the symbol * is used 
for the upper limit 
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The sum of the first 1 terms of an arithmetic series is given by 


6. The sum of the first m terms of a geometric series with common ratio ris 
given by 


An infinite geometric series with common ratio r has a sum if | Thi 
sum is 


8. When (a + 6)" is multiplied out, the resulting sum of terms is a binomi 


expansion. For any positive integer n, the coefficients of the expansion of 
(a + by" are the elements of row n of Pascal's tri 


The binomial theo: 


rem can be used to expand (a + 6 


Chapter Review 


Write the letter of the c 


rect answer, 


The sequence 56, 28, 14, is 

a. arithmetic b. c. neither 
2. Find the next term in the sequence 8, 5, 2, ~1 

a, —2 b. 3 4 a. 5 
3. For the arithmetic sequence 4 1 3.5. find 

a. 43.5 b. 46 c. 48.5 d. SI 
4. Insert two arithmetic means between 

1,10 b. ) e. 3, d. 4 


find 


For the geometric sequence 


8 2 a. 
9 7 3 2 
6. Find the geometric mean of 10 and 40. 
a, 15 b. 20 d. 30 
7. Write the series 5) 2 ' in expanded for 
at+1+24+4 be bt2+448 
=2 O+24+4 4.042 4+6 
8. Write the series 47 + 41 + 35 5 using sigma notation 
S55 b. & (53 —6n 
X 3 —6n x 
co EY 47 —6n ad, ¥ 47 —6n 


Sequences an 


Series 


545 


9, Find the sum of the arithmetic series 5) (3n + 2) 1S 
a, 984 b. 1000 ¢, 102 a. 2050 

10. Find the sum of the geometric series with m= 7. r= — 
a. —105 b. 215 ©. 315 d. 635 

11. Find the sum of the infinite geometric series 64 + 48 + 36 + 27 +++ if it 11-6 
has one 

= 2 ¢. 256 d. no sum 
12. Expand and simplify (x — 2)4 11-7 


xs + 8x9 + 24x + 3207 + 16 
c, x* — 8x6 + 2axt 2+ 16 
13. Find the fourth term in the expansion of (31 — y")*. 11-8 
a. —540x°y° b. 540x'y" ec. —S40x'y* a, —27x°y6 


Chapter Test 


2345 
1. Tell whether the sequence >. 3.4.3... . is arithmetic Wt 
geometric, or neither. Then find the next term in the sequence 
Find a formula for the mh term of the arithmetic sequence 1-2 
=, 3. 1,5, 
3. Insert three arithmetic means between | and 47. 
4. Find the eighth term of the geometric sequence 11-3 
11, =22, 44, —88 
ee 
5. Find the geometric mean of 3 and § 
; et Sy 
6. Write the series 5 — [+ fusing sigma notation re) 
2 G8 : 
7. Find the sum of the first 20 terms of the arithmetid series 11-5 


53 +46 + 39 432+ 


8. Find the sum of the geometric series ) 2-3"! 


9. Find the sum of the infinite geometric series 11-6 
250 + 150 + 90 + 54 ++ iF it has one. 

10. Expand and simplify (a? + by* 11-7 

HL. Find the 12th term in the expansion of Qv — yy! 11-8 
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RSG SSS: 
Cumulative Review (Chapters & 


1. Suppose = varies directly as x and inversely as the square of y. If 


z = 2 when x = 36 and y = 3, find > when x = 24 and y = 2 

2. Divide 89 — 12x + 11 by 3 

3. Solve xt — 2x" + 4x7 + 30x — 13 = 0 completely given that 2 + 4 
root 

4. Find the center and radius of the circle x? + y? — 6x + 8y 0 


Find and graph an equation of the parabola with vertex (4, 0) and 
directrix x = 0 


6 4 


= | and find the coordinates of its foci 


6. Graph the hyperbo 


Solve cach system of equations. 


8 y=] 
yr-x= 
10. 5x —3y +2=—6 
3 xt3y-2=0 
4 av+y+2=7 


> +2 and gix) find the following: 


b. (fl) 


14. 4° . 
16. | 2 
17. Give the solution of 5* = 40 to three significant digits 
18. Evaluate e? '"* 
19. Tell whether the sequence 108. —72, 48. ~32 is arithmetic 
geometric, or neither Then find a formula for the nth term 
20. Tell whether the series > (35 — 3”) is arithmetic, geometric, or neithe 
Then find its sum 
21. Expand and simplify (x ~ °) 


22. Find and simplify the twelfth term in the expansion of ( 
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Trigonometric Functions 


LS «enn R SS ose TL 
12-1 Angles and Degree Measure 


Objective To use degrees to measure angles 


Trigonometry, which means “triangle measurement,”* is a branch of mathemat 
ics that was originally used for surveying. Today trigonometry is used in astron 
omy, navigation, architecture, and many other fields where measurement is 
important. 

In this chapter angle measurements will be given in degrees. Recall that 
cone degree (1°) is aby of a complete revolution. In geometry most angles you 
work with have measures between 0° and 180°, In trigonometry you will also 
use angles with measures greater than 180° and less than 0 

You can generate any angle by using a rotation that moves one of the rays 
forming the angle, called the initial side, onto the other ray, called the 
terminal side. As shown in the figure below, counterclockwise rotations pro 
duce positive angles and clockwise rotations produce ve angles. An angle 
generated in this manner is called a directed angle. 


initial side 


initial side 


‘An angle is in standard position when its initial side coincides with the 
positive -t-axis. As shown in the diagrams below, angles in standard position 

be classified according to the quadrant in which their terminal side lies. If 
the terminal side lies on a coordinate axis, the angle is called a quadrantal 
angle. 


Second-quadrant angle First-quadrant angle Quadrantal angle 
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wal if their terminal sides coin- 
ns below show several angles coterminal with a 150° angle. 


Two angles in standard position are cotermi 
cide, The diagra 


360" 150° + (1) = 360" 


150° +0» 360! 150° + |» 360! 180° + 


‘The measures of all angles coterminal with a 150° angle are given by the ex 
pression 


150° + n+ 360°, where 1 is an integer 


In the diagrams above, n has the values 0, 1, 2, and —1, respectively 


Example 1 a. Write a formula for the measures of all angles coterminal with a 30° angle. 


b. Use the formula to find wo positive angles and two negative angles that 
are coterminal with a 30° angle 


30° + n> 300°, where n is an integer, 


b. To find the measures of the angles, let » equal |, 2 2, 


30° + (1)360? = 390° 
30° + (2)360° = 750° 
30° + (—1)300° = —330' 
30° + (-2)360° = — 690° 


<1. and 


To measure angles more precisely than to the nearest degree, you can use 
either decimal degrees or degrees. minutes, and seconds. One minute (1') is 
of 1°, and one second (1") is go of 1” 


Many calculators will convert decimal degrees to degrees, minutes, and 
seconds, and vice versa. (See the Calculator Key-In on page 554.) If you do 
not use a calculator, you can use the methods shown in Example 2 


Example 2 a. Express 14°36'54" in decimal degrees 


b. Express 


568" in degrees, minutes, and seconds to the nearest second 
Solution a. Use these tacts: 1! =()’ ana 1” = (1 ’ 
(a) nd I (a) ( ¥600 ) 


14°36'54" = 14° + (28)"+( 4 
ni 30000 


= 14° +0,6" + 0.015 


= 14.615" Answer 


550° = Chapter 12 


b. 72.568° = 72° + (0.561 


72 34 nt 
72 34 
7234'S 
Answer 
We often use capital letters, as in ZA, or Greek letters such as @ (theta) 


é (phi), and a (alpha) to name angles. (A list of Greek letters used in this 
of an an, 


book appears on page xvi.) To denote the measur we may write 


for example, @ = 20°, 2A = 20°, mZA = 20°, or 2A = 20. In this book we 


will use @ = 20° or ZA = 20° to denote an angle with a measure of 20°. Also. 


when we say that 120° is a second-quadrant angle, we mean that a 120° an 


in standard position has its terminal side in the second quadrant 


Oral Exercises 

1, The measure of an angle in quadrant I is between 0° and 90°. What can 
you say about the measure of an angle in quadrant IT) in quadrant IL? in 
quadrant IV? 


Give the measures of the quadrantal angles from 0° t 360°, inclusive 


Estimate the measure of angle 0. 
s 4 5 6. 
Aa f 
‘ 
/ 
é 
a 8 9 10 
‘ or 8 7) 


13. —45 14. — 150 


17. 400 18. 500) 


omelry 551 


Give two angles, one positive and one negative, that are coterminal with 


19. 50) 20. 100° 21. 120° 22. 40° 
23. —45 24, —210' 25. 390" 26, 480! 


Written Exercises 


Sketch each angle in standard position. Indicate its rotation by a curved 
arrow. Classify each angle by its quadrant, If the angle is a quadrantal 
angle, say so. (See the diagrams at the bottom of page $49.) 


A 1a. 135° b. —135° 2. a. 40° b, —40° 
3. a. 300° bd, 300° 4. a. 240° 240° 
5, -270° 6. 315 7. 290° 8. -90° 
9. 495° 10. |080° 1. —810° 12. 750° 


Sketch in standard position the angle described and then find its measure. 


‘Sample 1 


‘of a clockwise rotation 


< (360) = —144 


2. the measure is — 144” 


13, = of a counterclockwise revolution 


3 
4. g of a counterclockwise revolution 
ae i 
15, goa clockwise revolution 16. + of a clockwise revolution 

3 
17, 1 counterclockwise revolutions 18, 24 counterclockwise revolutions 


Sketch each angle 


standard position when n = 0, 1 = 1, = 2, and n = —1, 


19. 45° + 1+ 360° 20. ~30° + 1+ 360° 21, 60" + 2 180° 30° + n= 180° 


22. 


For Exercises 23-30; 

a. Write a formula for the measures of all angles coterminal with the given 
angle. 

b. Use the formula to find wo angles, one positive and one negative, that 
are coterminal with the given angle. 

23. 35 24. 140° 25. 100° 26. —210° 

27, 520) 28. 355 29. 1000 30, — 3605 
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Express in decimal degrees to the 


32. 4 


warest tenth of a degree. 


31. 


15°30 36 33. 72 


37. 45°18'20 


Express in degrees and minutes to the nearest minute 


39. 25.4 40. 63.6 41. 44.9 42. 27.1 
Express in degrees, minutes, and seconds to the nearest second. 
43. 34.41 44. 18.27 45. 23.67 46. 58.83 


The terminal side of an angle in standard position passes through the given 
point. Draw the angle and use a protractor (o estimate its measure. 


(V3 = 1.73) 


Solution 
ure is about 120° Answer 
47, (4 4) 48. (3, 4) 49. (4, 3) 50. (—4, 4) 
2 (V3.D §2,.(=1,,V3) 53, (-1, -V3) 54. (V3. -1 


angle @, 0° < @ < 90°, for which an angle four times 


ind a first-quadrant 


as large as @ will be in the given quadrant. 


Sample 2 Find a first-quadrant angle 6, 0° < @-< 96", for which an angle four times as 
large will be in the second quadrant 

Solution — You want 46 to be in quadrant I; 90" <4@-< 180 

Ws< < 45 
Since any angle @ between 22.5° and 45° is in quadrant 1, and 40 is in quad 
rant II, you can choose, for example, 30°, Answer 
the first quadrant 56. the third quadrant 57. the fourth quadrant 
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Find a first-quadrant angle @, 0? < 6 < 90°, for which an angle six times as 
large as @ will be in the given quadrant, 


58. the second quadrant 59, the third quadrant 60, the fourth quadrant 


dan angle @ for which an angle half as large as will be in the given 
quadrant. 


61. the first quadrant 62. the second quadrant 63. the third quadrant 


Find an angle @ for which an angle one fifth as large as @ will be in the 


given quadrant. 


64. the first quadrant 65. the second quadrant 


RSS wits 
Mixed Review Exercise: 


. the third quadrant 


id the third term in the expansion of each binomi 


1. x + 2598 2. (a — 30)" 3. (m2 + my! 
Simplify. 
4. V-3-V—12 5. logy 14 — logy 7 6. (24 = 24pe 
7. in Ve 8-24 +) 

~613 - 5) 
i oe 
x i+ OF 


7 Calculator Key-In 


Many scientific calculators have keys that convert between degrees, minutes, 
and seconds and decimal degrees. On some calculators there is a conversion 
key (usually labeled ° ' ") that allows you to convert, say, 32°45" 10" to decimal 
degrees as follows: enter 32, press the key; enter 45, press the key again; enter 
10, press the key a third time. The result is 32.7527778°. 

To convert from decimal degrees to degrees, minutes. and seconds, you 
just enter the decimal degrees and press the inverse conversion key. (If there is 
no such key, press the inverse key and then the conversion key.) 

On other calculators you may be required to enter 32°45'10" differently 
and the keys may be labeled with “DMS"” for degrees-minutes-seconds. T 
your calculator using 32°45'10" and its decimal equivalent 32.7527778° be! 
doing the following exercises. 


Conyert each mea: 
degrees, 


ure to degrees, minutes, and seconds or to decimal 


2. 29.7' 3, 86,43° 4, 108.20° 
6. 45°1119" 7. 73 8. 119°42'51" 
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12-2 Trigonometric Functions 
of Acute Angles 


Objective To define trigonometric functions of acute angles 


To define the trigonometric functions of an acute angle @, first place @ in stan 
dard position as shown in the diagram below. Next, choose any point P(x, y) 


other than the origin, on the terminal side of @ and let r be the distance OP 


Then the following definitions can be made 


The sine of 6, written sin 8, is equal to ~ 
The cosine of 9, written cos 0, is equal to * 


The tangent of @, written tan 6, is equal to ~ 


The ratios >, ~, and > depend only on @ and not on the choice of P. (Se 
Exercise 32.) Therefore, the sine, cosine, and tangent are functions of 8. Notice 


ths of the legs and hypotenuse, respectively, of 


that x, y, and rare the ler 
right triangle OMP. The definitions above can be restated in terms of these 
lengths, for any right triangle containing the acute angle 0. 


length of side opposite @ 
Te 


h of the hypotenuse 


length of side adjacent to 0 
Tength of the hypotenuse 
length of side opposite @ 

th of side adjacent 10 @ 


Example 1 An acute angle 0 is in standard position and its terminal side passes throug 
P(4, 5). Find sin @, cos @. and tan 0. 


Solution Here x and y To find y, use the Pythagorean theorem (page 401) 


r + 16+ 25=41, so val 


y 5 sval q 4V4l 5 
sé tan 0 


r Val 4 1 41 4 


uw 
a 
on 


Triangle Trigonometry 


The three remaining trigonometric functions are reciprocal functions of 


those functions already defined 


‘The cotangent of 0, written cot @, is equal to, or og 


4 ; 1 
The secant of @, written sec @, is equal to, or = 


The cosecant of 0, written ese @, is equal to =. or 


Example 2 Find the values of the six trigonometic functions of an angle @ in standard 
position whose terminal side passes through (5, 12). 


Solution — Sketch @ in standard position. 


By the Pythagorean theorem: 


Pag ty =F + 12 
r=i3 
12 
sing =2= ese 
in 0 7 0 


An equation involving trigonometric functions of an angle @ that is true for 
all values of @ is a irigonomerric identity. Using the diagram aboye and the def- 
initions of this lesson, notice that 


) x 

sind Fy PPR le 

core py tne and Sat = co 8. 
7 r 


Therefore, the following equations are identities 


sin cos 0 
an 0 cot g= £88 
an 0 os 0 LO in 8 


The next identity is called a Pythagorean idemtity. Notice that we write 
sin’ @ for (sin AY and cos? 4 for (cos 6)? 


sin? @ + cos? @ 


rean relationship x2 + y? =r 


To prove this identity, you use the Pyth: 


sin? @+ cos? 0 = ( 
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Example 3 Find cos 0 and tan 0 if @ is an acute angle and sin 6 = 
Solution 1 Usc the identity sin’ @ + cos’ = | 


1) 29= 
(Z) + cos? a= 1 
cos? = 1 — (+) 1638 
cos 0= VR = 7X2 Ans 
_ sin 8 v2 
(aes atee 5 = AF Answer 
a diagram showing 
sind =5 
Then find x P=3-1P?=8 
Then cos 0 = = Answer 


The sine and cosine are called cofunctions, Other pairs of cofunctions are 
the tangent and cotangent and the secant and cos 


nt. There are six cofunetion 


identities that can be derived from right triangle ABC 
sind =4=cosB cos A= 2 = sin R 
s cok col 2 B 
tan A n MB tA * tan 
sec A b csc B esc A see B 
Notice that £A and 2B are complementary; that is, m2A + mZB = 90) 


Notice also that 


(SESE OL SSS ESS 


sin 8 = cos (90° — 8) cos = sin (90° — 4) 
tan @ = cot (90° ~ 4) cot @ = tan (90° — @) 
see @ = ese (90" ~ 0) ese @ = sec (90° = 0) 


Thus, any trigonometric function of an acute an 


Je is equal to the cofunction of 


the complement of the angle. Since 30° angles and 60° angles are complemen 


tary, they illustrate the cofunction relationship. For example, tan 60° = cot 30) 


Triangle Trigonometry 


You can read the trigonometric functions of 30°, 45°, and 60° from the tri- 
angles shown below. To recall these values, you may find it easier to draw the 
triangles rather than to memorize the tab! 


Vw 1 0 
V2 al 
= 60° 


Example 4 Use the di: the right, Find the B 


lengths of side BC and side AB. 


sce Re ne 
cos 30° = 46 
A cry c 
V3 _ 12 
V30 = 24 
c= ttaaya 
V3 
Example § Use the diagram at the right to find the R 
measure of 
‘Solution §— cos A= =1 6 
1 
cos 60° = 4 
1. ZA = 60°. Answer 
Cae 


Oral Exercises 


ive the values of the six trigonometric functions of @. 


2 3. 


7) 5 
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Use the cofune: 


n identities to fi 


sure of the acute angle 0. 


5. sin @ = cos 25 %: tan @ = cot 70' 


7. sec 8 = ese 15 8. cos @ = sin 45 


The length of one side of a right tri: 
other two sides. 


ngle is given. Give the lengths of the 


10. WL 


12. If sin @ for an acute angle 9, state two ways to find cos @ and tan 0. 


Written Exercises 


Find the values of the six trigonometric functions of angle 0. 


Khlk le 


metric functions of an angle @ in standard 


Find the values of the six trigo 
position whose terminal side passes through point 2. 


5, P(8, 15) 6. PGR, AD 7. PG, 1) 8. POS, 5) 


Complete the table. In each case, @ is an acute angle. 


9 10. M12. 13. M4. 


sing | 3 
in 4 3 15 


the measure of the acute angle ¢. 


Use the cofunction ident 
16, sin & = cos 50 17. cos & = sin 40 18. tan = cot 17 19, see ib = ese 80! 


Triangle Trigonometry 


1 : use the diagram at the 
right. Find the lengths of the sides and the 
measures of the angles that are not given. a 
Leave your answers in simplest radical form. 


20. a =6, ZA = 30 21. b=2, 2A=4! 
22. c=10, 2A =45° 23. ¢ = 20, 60° 


24,a=3,c=6 25.a=4,b=4 


In Exercises 26-29, find the length of x. Leave your answers in simplest 
radical form. 


26. 27. 


cos # 


30. Prove that cot @ 
sin @ 


31. The three Pythagorean identities in trigonometry are as follows 
1 tan @+1=sec?@ | + cot? A=csc? a 


sin? @ + cos? @ 


We have shown the first of these to be true for every acute angle 0. Use 
this first Pythagorean identity to prove that the other two identities are true 
for every acute an 


8 


P(x, y) and Q(x’, y') are two points on the terminal side of an acute 
angle @ in standard position. Let OP = r and OQ = s. Use similar triangles 


y_y x_x y_y 
to show that | = “>. > = “-. and “= >. (This shows that using point 0 


to define the trigonometric functions 4 will yield the same values as u 
point P.) 


33. Angle @ is acute and sin @ = uw. Express the other five trigonometric func- 
tions of 4 in terms of u. (Hint: Recall that sin? @ + cos? @= 1.) 


34. Angle ¢ is acute and cos = v. Express the other five trigonometric fune- 
tions of @ in terms of ¥ 
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12-3 Trigonometric Functions 
of General Angles 


Objective 


To define trigonometric functions of general angles 


In Lesson 12 


you learned the definitions for the six trigonometric functions 
for acute angles. Now you'll extend these definitions to angles of any measure 

As you did with acute angles, place the angle @ in standard position, as 
shown in each diagram below. Choose a point P(x, y) on the terminal side of @ 
in each quadrant and let r be the distance OP. 


POLY) $Y 


7) r 


For any angle @ and any point (x, y) on the terminal side: 


a= cos 0= = tan =>, if x #0 
sec ==, ifx#0 cot 0=+, ify #0 


Example 1 Find the values of the six trigonometric functions of an angle @ in standard 


position whose terminal side passes through (8. —15) 


Solution — First make 


Here += 8 and y= —15. Since r is the distance between (0, 0) and (8, —15), 
you can find r by usin 


sketch similar to the third one above. 


the distance formula (page 402) 


r= V8" + (—15) = V64 + 2 V 289 
si cos 0 = tan @ 
in , 7 r i) x 8 
t 7 t 1 8 


In the definitions above, r is always positive. Therefore, the signs of the 


functions of @ are determined by the signs of « and y, and these signs depend 


only on the quadrant of the terminal side of @, as shown on the next page 
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Function | Quadrant of @ 


value | Eom ml IV 
sin 6 
+| + 
csc 0 
cos 0 | 
' =| 3: 
sec @ 
tan 0 
4)=|+]- 
cot @ 


The sine and cosine functions are defined for all angles, but the other four 


ns are undefined for certain quadrantal angles 


‘Example 2 Determine which functions are defined for a 180° ai 


Solution Place the angle in standard position. Choose a point on the terminal side, such 


gle and find their values 


as P(—1, 0). Then x= —1, y=0, and r= 1 
atk 
sin 180"==7=0 
‘ 1 
cos 180° = = 
08 1 ss 1 
0 
tan 180) = iO 
x T 
ese 180° =~ is undefined since y = 0. 
sec 1g? =£ = = 
180° = 7 i 1 


cot 180° = * is undefined since y = 0. 


If @ is not a quadrantal angle, there is a unique acute angle @, 
corresponding to @, formed by the terminal side of @ and the positive or 
negative axis, When @ is in standard position, we call « the reference 
angle of @. Diagrams like those below are helpful in finding reference 


angles. 


8 = 300) 0 


@= 420 


Example 2 Find the measure of the reference angle a for each given angle # 
@=140?  b. @=30010 ow 35 
Solution a. Since 0 is in quadrant Il: @ = 180° — 0 = 180° — 140° = 40 
b. Since @ is in quadrant [V: a = 360° — 6 
360" — 30°10 
359°60' ~ 300°10' = 59°50 
¢. Find the positive angle that is coterminal with —135 
135 360" 225' 
Since 225° is in quadrant III: @ = 0 — 180" 180° = 45 


You ¢ © to draw a 
reference triangl 
use the reference triangle to find values for the 
t 


n use the reference an; 
e for any angle @ and then 


nometric functions of @. For example, from 
it triangle OMP shown ut the right, you see 
x| 


that cos a = 


Since cos @= ~, you have (Se 
7 Ley) 


cos 0 ‘ tos a 
Similar results hold for the other trigonometric funetions and for angles in 
cach trigonometric function of @ is either equal to 


other quadrants, ‘Therefore 


the same function of a or equal to its opr sin ¢ 


te, That is, sin @ 


cos @ = cos a, and so forth, where a is the reference angle of @. The correct 


sign is determined by the quadrant of 0. 


Example 4 Write cos 200° as a function of an acute an 


© angle of 200° is 200" — 180° 


Solution — The referen 
Since 200° is a third-quadrant ang! 
20". Answer 


zative 


cos 200 ce 


Example § Find the exact value of the following 


a. tan 330 b. ese (= 225") 


Solution a. The reference angle of 330° is 3¢ 


Since 330° is a fourth-quadrant a is newativ 
tan 330) an 30 ~ 
b. The reference 225° is 45 
Since —225° is a second-quadrant angle, ity cosecant is posit 
ese (—225°) = ese 45°= V2. Answer 


3 - Triangle Trigonometry — 563 


acute angles in Lesson 12-2 are true for general 


angles @ as well, If cos @=0, you have 


The identities proved for 


sin é cos@ 


in 


y 
“~=*=wne and 
cos 0 x x 7 vi 


And, if Pla, y) is at a distan 
distance formu 


gives 


r=Vrx 
Therefore, for any angle 


sin? @ + cos? 0 =1 


Example 6 Find the five other trigonometric functions of @ if cos @ = — 
180° < @< 360 


Solution 1 Use sin? 9 + cos? = | 


and 


Since cos @ is negative and 180° < @< 360°, @ is a third-quadrant angle and 
sin @ is negative 


V2 
sin 0 rs 

mae S00. aS 
cos 0 2 2 


The three re 


ining functions are reciprocals of those already known: 
SV21 
21 
Solution 2 \¢ 180° < ¢ < 360° and cos @ is negative, 


6 must be a third-quadrant angle 


see 0= = 2V21 


cot 6 = 


Make a sketch as shown. 


theorem gives: 
21 or y V2i 


v21 


Thus, sin @ = 


and tan 6 = 


‘The remaining functions are obtained as i 


Solution | 
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Oral Exercises 


State the measure of the reference angle a for each angle @. 


3 4 
Ly o=4IS] X 
0 
For each angle 0, name its q and its reference angle. 
5. 6 = 170 6. 0 = 250° 7. 6= 210 8.0 70° 
9. 6 = —305' 10. 0 200 Ll. 6 = 460% 12. @= 400! 


Give the values of the six tri 
undefined, say so. 


onometric fur 


tions of @. If any value is 


13. 14. 15. 16, 
ow é 

0 C 

17. 18. 20. 
PON) 

0 ' 
In Exercises 21-28, name the quadrant of @. (Use age 562.) 
21. sin 9<0, cos @>0 22. sin @< 0, cos 8<0 
23. sin 9 > 0, cos d> 0 24. sin 0> 0, cox OO 
25. sec @> 0, an d@<0 26. csc 0< 0, cos <0 
27. cos 0 <0, 180° < 9 < 360) 28. tan 0> 0, 00 < 0< 270 
29. If eos @ =F, sec @= 30. If sin @=—2. ese # 
31. If cot @ = —3, tan O= 32. If sec #= 1.5, cos O 
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Beet ee eee 
Written Exercises 


Find the values of the six trigonometric functions of an angle @ in standard 
position whose terminal side passes through point P. 
A 1. PG. -4) z; 12) 3. P(-7. 24) 4. P(-8, -15) 

Complete the table. If any value is undefined, say so. 

sin @ | cos @ | tan @} sec @ | csc @ | cote 
el? 2 ? 7 ? 2 
6. 90° ? ? ? ? ? ? 
7. | 180° | 2 2 ? ? 2 ? 
8.| 270°} 2 2 ” ? q ? 


Find the measure of the reference angle a of the given angle 0. 


9. @= 233° 10. @ = 126" 1. # = —205 
13. @= S12 14. @ = 659° 

17. = 96.4° 18. @ = 134.7° 

21. 6 = 156°20' 22, @ = 213°40' 


Write each of the following as a function of an acute angle. 


25. cos 216° 26. tan 334 27, sin (—17°) 
28, see (—106°) 29. cot 287.1° 30. csc 117.8° 
31. cos (—221.9%) 32. sin (~46,6°) 33. tan 265°20° 


34, cot 137°10" sin 212°40' 36. sin 324°30 


Find the exact value of the 


38. 240° 39. 135° 40. —60 
42. 300° 43. —150° 44. 480° 


trigonometric functions of each angle. 


First give the quadrant of angle @. Then find the five other trigonometric 
functions of @. Give answers involving radicals in simplest radical form. 


B 45, cos @= — 8, 0° << 180° 46. sin d= — 4, 90° <9 < 210° 
5 3 
47. sin 0 =~ cos 0>0 48. cos @= — 3, sin a> 0 
49. cos 0= 2, 0° <0< 270 $0. sin = — 2, —90° < @< 180° 
SI. tan 0= ~3. cos <0 52. wee d= 13, sino <0 
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Name all angles 6, 0° = @ < 360°, that make the staten 


sin 0=0 54. cos @=0 55. tan @=0 

. sin O=1 87. tan = 1 58. cos @=-1 

. sin 0=—1 60. sin @ = 4 61. cos 0 a} 
62. sin @ = sin 300 63. tan @ = tan 15 64. sin = sin 40 
65. cos 8 = cos 70 66. cos 8 = cos |00' 67. tan @ = tan 20° 


Write each of the following in terms only of sin @ and cos 0. (Hint: A 
sketch will be useful.) 


C 68. sin (-0) 69. cos (—6) 70. tan (—6) 
TL. sin (180° + 8) 72. sin (180 0) 73. cos (180° + 4) 
74. cos (180 4a) 75. tan (180° + #) 76. tan (180 a 


(RRR Ee BATE OE EES 
Mixed Review Exercises 


Evaluate. 


a(x) = log (x — 1) 


8 Gaxy=- 4 +5 


raft are operated with the aid of 


Flight Engineer 


Modern 
many instruments. A flight engineer assists 
the pilot in checking the plane before take 
y of the instruments in 


off, checks 1 
ht, and records pet 
fuel usage, Flight eng 
mechanical problems to the pilot and 


prmance levels and 


neers report any 


sometimes make repairs. Flight engineers 
are licensed by the Federal Aviation Admin 
istration. | 

Most airlines look for candidates with | 
a high school education and at least twe 
years of college. Courses in mathematics 


and science are important. 
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12-4 Values of Trigonometric 
Functions 


Objective — To use a calculator or trigonometric tables to find values of 
trigonometric functions. 


It is not possible to give exact trigonometric function values for most angles. 

You can, however, get good approximations using a scientific calculator. For 

caample, to find cos 52°, enter 52 and press the cos key to obtain 0,6156615. 

If a calculator is not available, you can use Table 4 or Table 5 on pages 

814-826 to approximate the functions of an acute angle @ as follows: 

1. If 0° = 8 = 45°, find the function name in the tep row and look down to the 
entry opposite the degree measure of # at the extreme left. 

2. If 45° = @ = 90°, find the function name in the betiom row and look up to 
the entry opposite the degree measure of @ at the extreme right 


Example 1 Find each function value to four significant digits 


a. sec 34,7° cos 84°20" 


Using a Calculator 
Many scientific calculators have keys labeled sin, cos, and ian, but not 
sec, ese, and cot, So to find values for secant, cosecant, and cotangent, 
| you may need to use reciprocal functions (page 556) 

ie oe ay! 
- 0. 


sec 34,7° = 


pray = 1-2163319 


| ©. to four significant digits, sec 34.7° = 1 


16. Answer 


| b. Some calculators operate only with decimal degrees. First you may need to 
change 84°20' to decimal degrees by dividing 20" by 60. (60' = 1°) 
cos 84°20" = 0,0987408 
*. to four significant digits, cos $4°20' = 0.0987. Answer 


Solution B vsins 10 


a. In Table 4 look down the column under “see 0” until you see the entry 
opposite 34.7° at the left, You should find **1.216.° 


2. see 34.7° = 1.216 Answer 


b. In Table 5 look up the column over “*Cos”” until you see the entry oppo- 
site 84°20' at the right, You should find **0.0987."" 


+. cos $4°20' = 0.0987 Answer 


Even though the values given by Table 4 and Table 5 are approximate, it’s 
4 common practice to use =, as in Example 1. rather than 
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Using a calculator you can easily find function values for angles with mea. 
sures like 64.72° and 26° 


However, these measures 


II between consecutive 
entries in the tables. To use the tables. you may either use the table entry near 
est the § 


ven measure oF use linear interpolation (Lesson 8-9) 


Example 2 Find cos 26°27 
Solution 1 \ 1 


You may need to chang 


cos 26°2 


Solution 2 i 


Notice that cos 26°20 > cos 26°27! > cos 


ment for the linear interpolation, you can write 


26°27' to decimal degrees by dividing 27’ by 60 


s 26.45° = 0.8953234. Answer 


6°30', Using a vertical arrange 


cos 0 
0.8962 [A negative number 
26 1.0013 } because the function 
0.8949 value decreases. 

a 4. ¢= 7 (0,013) = —0.0009 

10 ~ —0.0013° “= 10 i 


= 0.8962 + (—0.0009) = 0.8953 Answer 


Example 3 Find the measure of the acute angle @ to the nearest tenth of a degree when 


8700 


sin 0 = 


To find an acute angle when given one of its function values, you use the im 


verse function keys (sin~', cos~', tan~', or inv sin, inv cos, iny tan) 
If sin 6 = 0.8700, then 

@ = sin”! 0.8700 = 60,458639 
_ to the nearest tenth of a degree, 0 = 60.5°. Answer 


Caution: sin™! x is a number whose sine is x. The 


notation sin”! . is not exponential notation. 
It does not mean =~ 
Reverse the process described in Example 1. Look in the sine columns of 


nd it is 


Table 4 until you find the entry nearest 0.8700, This entry is 0.8704 
opposite 60.5° on the right 
to the nearest tenth of a degree, @ = 60.5%. Answer 
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570 


Sometimes you may be asked to find solutions to the nearest minute in- 
stead of to the nearest tenth of a degree. You can use a calculator or tables to 
do this. To use the tables, you again use linear interpolation, 


Find the measure of the acute angle @ to the nearest minute when 


cot @ = 0.0782. 


Since cot @ = 0.0782, tan 6 


ilator 


1 
0.0782 


12.787724. Therefore, 


= tan™! 12.187724 = 85,52857°. 
multiply by 60 to obtain 31.714191" 


2! Answer 


To convert 0.52857° to minutes. 


rest minute, 6 = 8: 


to the new 


First locate in Table 5 the nearest values for cot @ that are above and below 
0.0782 


hen arrange the values as follows. 


85°40' | 0.075! A negative number 
10 0.0782] _ 6) gqq5 {0.0029 4 because 
85°30" | 0.0787 | cor 85°40’ < cot 85°30' 


d__ —0.0005 5 
= S =2 
10 =0.0029 4 29 (10) =2 


to the nearest minute, @ = 85°30’ + 2’, or $5°32', Answer 


The trigonometric functions of any angle can be found with the help of a 


calculator or with reference angles 


nd cos 147.8 


‘Example § Find sin 1478 
Solution 1 sine 9 Calcul 


You can obtain the values directly 
sin 147.8° = 0.5 
cos 147.8" = —0.8462 


e for 147 8° is 180° — 147.8° = 


- Since 147.8? is a 


second-quadrant angle, its sine is positive and its cosine is negative. There- 
fore 

sin 147.8) sin 32.2 0.5329 

cos 14 cos 32,2° = —0.8462 


Chapter 12 


Example 6 Find to the nearest tenth of a degree the measures of two angles satisfyir 


cos @ = —0.7455 and 0° < 8 < 360 


Solution 1 \. f 
You can follow the method of Solution 2 of Example S and first find the ref 


erence angle a of 8. Or you can work with @ directly 
@= cos! (—0.7455) = 138.20206. 


Therefore, one angle is 138.2°. (This is a second-quadrant a 


Since cos @ <0, @ is a second- or third-quadrant angle. To find the othe 
an 


le, first subtract 138.2° from 180° to obtain a reference angle of 41.8 
Then the third-quadrant angle is @ = 180° + 41.8° = 221.8 


the angles are 138,2° and 221.8". Answer 


Solution 2 \ 
First find the reference angle a of @ 
Since cos @ = 0.7455, a = 41.8 
Because cos @< 0, @ is a second- or third-quadrant angle 
Therefore, 
a 180' a 180° 41.8 138.2° and 
Oy 180° + @ 180° + 41.8 1.8 Answer 


BREGUET SESE FSS 4 HPA Oe HT 
Oral Exercises 


lator, Table 4, or Table 5 to find each function value to four 


digits. 


1. sin 15 2. cos 42 

4, cot 34.7 5. cos 85.9 
7. ese 27°40! 8. sec 49°20 
10. tan 56°10! 11. see 12°30’ 


13. cos = 0.8960) 14. sin @ = 0.6160 15. cot 0 = 7.596 
16. tan @ = 1.632 17. see 0 = 2.089 18. ese 0 = 1,095 
Use a calculator or Table 5 to find the measure of acute angle @ to the 


arest ten minutes. 
19. sin 6 = 0.5324 20. cos 0 = 0.8511 21. tan = 1.455 
22. cot 6 = 0.4950 23. ese 0 = 1.046 24. sec 0= 5.164 
25, Explain how you would find the measures of two angles @ between 0" andl 
360° such that sin & 0.5000, 
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ee Se SS a ae 
Written Exercises 


ind each function value to four significant dij 


A 1. tan 15.2° 2. cos 38.7° 3. sin 65,2 4, cot 811° 
5. cos 31°10" sin 46°30" 7. sec 54°40) 8, csc 23°20' 
9. ese 7.44! 10, sec 13,22 11. cos 32.43° 12. sin 26.57° 
13. cos 52°43" 14. tan 29°36" 15. cot 78” 16. sin 87°53" 
17. see 113 18, csc 163.4° 19. sin 268.5 20. cos 328.1° 
21. cot 143°30" 22, tan 173°20' 23. cos 231°30" 24, sin 312°40' 


Find the measure of the acute angle 0 to the nearest tenth of a degree. 
25. sin @ = 0.3400 26. cos 6 = 0.8400 27. cot @= 1.700 


28. tan @ = 1,325 29. sec 0 = 3.555 30. csc 0 = 3.000 


Find the measure of the acute angle @ to the nearest minute. 
31, cos # = 0.8621 32. sin @ = 0.2654 33. lan @= 0.1482 
34, cos @ = 0.2715 35, sin @= 0.7321 36. tan # = 2.550 


Find the measures of two angles between 0° and 360° with the given 
function value. Give answers to the nearest tenth of a degree. 

B 37. sin 6 = 0.4875 38. cos @ = 0.7851 39. tan @= ~1.752 
40. sin 6 = —0.8300 41. cos @ = 0.2524 42. tan @= 0.6182 


Find the measure of an angle @ between 0° and 360° that satisfies the stated 
conditions. Give answers (o the nearest tenth of a degree. 


43. cos # = 0.4275, 180° < 0 < 360° 44. sin @= —0.5212, 90° < @ < 270' 
45. sin 6 = —0.6118, cos 6> 0 46. cos 0 = 0.71 


15, tan 0<0 


Self-Test 1 


Vocabulary degree (p. 549) sine (p. 555) 
initial side (p. 549) cosine (p. 3 
terminal side (p. 549) tangent (p. 


positive angle (p. 549) reciprocal functions (p. $56) 
le (p. 549) cotan 56) 


ted angle (p. 549) secant (p, 556) 
standard position (p, 549) coseeant (p. 5: 
quadrantal angle (p. 549) identity (p. 556) 


coterminal angles (p. 


cofunction (p. 557) 
minute, second (p. 550) reference angle (p, 562) 
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1. Name two angles, one positive and one negative, that are Obj. 12-1, p. 549 
coterminal with the given a1 


a. 300 
2. Express in decimal degrees to the nearest hundredth of & 
degree. 


3. Express 74,26’ in degrees, minutes, and seconds to the nearest 
second 
4. When angle @ is in standard position, its terminal side passes Obj. 12-2, p. 555 


through (V7, 3). Find the values of the six trigonometric 
functions of @. 


. In the right triangle shown at 
the right, find a, b, and the 
measure of 2B 


6. Find the reference angle a for an angle with a measure of 300 Obj. 12-3, p. 561 
Find the exact values of the six trigonometric functions of 
300°, using radicals when necessary 

7. Find the following to four significant dig Obj. 12-4, p. 568 
a. cos 36°42! b. se 64.33 


8. Find the measure of angle @ to the nearest minute if @ is 
le and sin @ = 0.8760. 


an acute an; 


Check your answers with those at the back of the boc 


Among the first historical appearances of tr 
chords,” recognizable as sine tables, Values for these early tables, such as the 


/ Tables of Si 


YG 


bles of 


onometry were 
‘one devised by the Greek astronomer Hipparchus around 140 8.c., were found 
cometric methods to measure lengths of chords of a circle 

tables (and also the values found by a calculator or 


by using 
Modem trigonom 
4 computer) are computed by using terms of an infinite series, One such serie 


dian measure Lesson 


is the Taylor series for sin x, Where x is given in 
13-1) 


sinx=x-S + - 7 


By adding up the terms of this series you can approximate the sine of a given 
le to any desired accuracy. For example, using the four terms shown, you 


find that 


sin) = 1-47 +a — 5, = 0.84147 


a value that is correet to five decimal places 
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Triangle Trigonometry 


12-5 Solving Right Triangles 


Objective 


‘To find the sides and ar 


es of a right t 


le 


Any triangle ABC has six measurements associated with it 
the lengths of the three sides, denoted by a, b, and ¢, and the 
measures of the three angles, denoted by ZA, 2B, and £C. 
(Note that the lower-case letters denote the lengths of sides 
opposite angles labeled by the corresponding capital letters.) 
If any three of these measurements (other than the three ang! 
measures) are given, then the other three can be found. 

Finding measurements for all the sides and angles of a 
triangle is called solving the triangle. 

In the case of a right triangle ABC, one angle is 90°. You 
can solve the triangle if the lengths of two sides. or the length 
of one side and the measurement of one acute angle, are known 


b c 
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Example 1 Soive the right triangle shown above if 2A = 36° and b = 50 


Solution 1 Since 2A + 2B = 90°, 2B = 90° — ZA = 90° — 36° = 54° 
cot A= cosa = 4 
cot 36° = cos 36° = 52 
a 2530, 
a ot 36° € cos 36 
S50 50 
1.376 08090 
= 36.3 61.8 
2B = 54°, a = 36.3, and ¢ = 61.8 Answer 
ov 36° = 54 
= 7 sec A= 3 
= sec 36° = £ 
tan 36 50 ec 36° = 
= 50(tan 36°) b= S0(sec 36°) 
50(0.7265) = 50(1.236) 
= 36.3 618 
2B = 54°, a= 36.3, and ¢ = 61.8 Answer 


Chapter 


In Example 1, Solution 1 or Solution 2 are both well suited for caleu- 
lator use. However, if tables are used, Solution 2 would be 
livision is avoided 


a better choice be- 
cause lon 

Measurements of lengths and angles are approximations, as are the values 
iven by tables and calculators, The followir 


is a guide to the corresponding 
accuracies of length and angle measurements 


An angle measured 10 A length measured 10 


nificant digits. 
0.1° or 10’? corresponds to 4 3 significant digits. 


0.01° or 1 4 significant digits 


The figui 


at the right shows a heli 
copter and a pickup truck. To see the 


helicopter, the driver's line of sight must 


be raised, or elevated, at an angle @ above 
gle is called the 
angle of elevation of the helicopter 
Similarly, the angle @ is called the angle 
of depression of the truck from the 


the horizontal. This 


helicopter. The angle of elevation and the 
correspond 


angle of depression always 


have the same m 


ample 2 A tesearch ship finds that the 


angle of clevation of a volcanic 
island peak is 25.6°. After the 
ship has moved 1050 m closer 
to the island, the angle of cle 
vation is 31.2°. What is the 
height of the peak above sea 
level? (Note that the sketch 
shown at the right is not 


drawn to scale.) 


1050 


Solution = cot 31.2 = + and cot 25.6 O44 


r= ycot3 y cot 25,6" = 1050 + x 
x= 1.65ly 2.087y = 1050 + x 
Substituie 1,651y for x in the second equation. 
2.087y = 1050 + 1.651y 
0.436y = 1050 
L050. 


= 2410 (to three significant digits) 


the volcanic peak is 2410 m above sea le Answer 


7 


n 
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‘The altitude drawn in the diagram at the right below divides isosceles tri 
angle ABC into two congruent right triangles. Constructing such an altitude will 
help you to solve any isosceles triang 


Example 3 Solve isosceles triangle ABC if a = 31.0 and 
c= 425. 


Solution — Make a sketch as shown. 


In the right triangle on the left in the diagram, the : 
side adjacent to 2B has length 4a, or 15,5. So 
| ).3647 and 2B = 68.6°. is 
Since AABC is isosceles, 
2B = 68.6° and b = ¢ = 42.5 
2A = 180° — (2B + £0) 2 2 e 
= 180° — 137.2" = 42.8° 


2B = 68.6, 2 


68.6°, 2A = 42.8°, and b= 42.5 Answer 


Oral Exercises 
Give an equation that can be used to find the value of x. 
L 2. 3. 


65 
10 


£38 ‘ 


7. The angle of depression of Q from P measures 
elevation of P from Q measure: 


‘Therefore, the angle of 


8. What fact from geometry did you use in answering the question in Exer- 
cise 7? 


9. Give each ang 


. 42°13'21" . 140°0' e. OP11'S9" 
10. Give each number to three significant digits, 
a. 6.758 b. 1284.56 e. 0.39975 
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Written Exercises 


lengths to three significant 


its and angle measures to the nearest 
tenth of a degree or nearest ten minutes. You may wish to use a calculator. 


Solve each right triangle ABC 8 
A 1. 4A= c= 68 
2. £B= ¢= 12.2 
B a= 2.35 A t 
A b = 246 
2B = 48.3°, b = 74.7 6 2A =24.0°,4 
7. a = 230, ¢ = 320 8 a= 52.5, b= 28.0 
9. a = 0.123, b = 0.315 10. b 3.90, ¢ 42.5 
2B = 58°10', ¢ 420 12. A = 38°40", 42.5 
2A = 15°30", a= 4.50 14. 2B = 67°20’, a = 450 
LA = 30°50", b = 53.5 16. 2B = 85°10", b = 0.620 


B 17. The radius of circle O is 13 cm and the length of AB is 10 cm. Find 
the measure of ZAOB 


D. € or 
bane: 


A B A B 
Ex.17 Ex. 18 Ex. 19 


18. The height of an isosceles trapezoid is 6 units and the bases h 
4 units and 20 units. Find the measures of the angles. 


19. A rhombus has sides 5 units long and its height is 4 units. Find its angles. 


20. a. Find the perimeter of a regular pentagon inscribed in a unit circle 
b. Find the perimeter of a regular pentagon circumscribed about a unit circle 


(Hint: Use the shaded right triangles in the figures below.) 


gos 
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21. Repeat Exercise 20 for a regular polygon having 10 sides 
22. Repeat Exercise 20 for a regular polygon having 20 sides 
23. Explain why the number 277 lies between the answers to the (a) and (b) 


parts of Exercises 20, 21, and 


Exercise 20 for a polygon having n sides, 
part (a) to tell what number is approached by 


b. Use the results 
(180 
n 


nsin as nt gets larger and la 


. What_number is approached by 


180 ; 
nian tee } as n gets larger and larger’ 


Problems 


/¢ lengths to three significant digits and angle measures to the nearest 
tenth of a degree. You may wish to use a calculator. 


A 1. What is the angl 
tree 6,25 m tall casts a shadow 10,1 m long? 


of elevation of the sun when a 


2. A boy flying a kite is standing 30 {t from a point 
directly under the kite. If the string to the kite is 
50 ft long, find the angle of elevation of the kite 

3. A cable 4 m long is attached to a pole, The cable 

is staked to the ground 1.75 m from the base of 

the pole. Find the angle that the cable makes 
with the ground 


4. How far from the base of a building is the bottom 
of a 30 ft ladder that makes an angle of 75° with 
the ground? 


5. The angle of elevation of the summit of a mountain from the bottom of a 
ski lift is 33°, A skier rides 1000 ft on this ski lift to get to the summit 
Find the vertical distance between the botiom of the ski lift and the 
summit 


6. The approach pattern to an airport requires pilots to set an L1° angle of 
descent toward the runway. If a pline is flying at an altitude of 9500 m 
what distance (measured along the ground) from the airport must the pilot 
start the descent? 


7. The distance from the point directly under @ hot air balloon to the point 
where the balloon is staked to the ground with a rope is 2 


fi. The angle 
of elevation up the rope to the balloon is 48°. Find the height of the 
balloon 


8. Opposite cor 


» of a small rectangular park are joined by diagonal paths, 
each 360 m long, What are the dimensions of the park if the paths intersect 
at a 65° angle? 
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9. A pendulum in a grandfather clock is 160 cm long. The horizontal distance 
between the farthest points in a complete swing is 65 cm. Through what 
angle does the pendulum swing? 


eamping ten! is supported by a rope stretched between two trees at a 


tof 210 cm. If the sides of the tent make an angle of 55” with the 


level ground, how wide is the tent at the bottom? 


IL, From the top of a 135 ft observation tower, a park ranger 
sights two forest fires on opposite sides of the tower. If 
their angles of depression are 42,5° and 32.6°, how far 2 
apart are the fires? 


12. From a point 250 m from the base of a vertical cliff, the 
angles of elevation to the top and bottom of a radio tower 


on top of the cliff are 62,2° and 59.5°. How tall is the x 


tower) 


13. The side of the beach shelter shown at the right is made up of 
four 30°-60°-90" triangles. Find the dimension marked x 
14. A pendulum 50 cm lor 


much is the lower end of the pendulum raised? 


is moved 26° from the vertical. How 


50 om 
15. Two observers 1600 m apart on a straight, flat road measure the 


angles of elevation of a helicopter hovering over the road be 
5°, how high is 


les are 32.0" and 5 


tween them. If these ang 
the helicopter? 


16. The pilot of a hot air balloon sees a field straight ahead that he 
knows is 1000 ft long. The angles of depression to the ends of 
the field are 25.4° and 34.7°, What is the height of the balloon in IN 
and its horizontal distance from the nearer end of the field? 


17. In a molecule of carbon tetrachloride, the four chlorine atoms 


are at the vertices of a regular tetrahedron, with the carbon 
atom in the center, What is the angle between two of the 


carbon-chlorine bonds (shown in red in the figure)? 


Mixed Review Exercises 


Give the exact yalues of the six trigonomet ch angle. If 


any function is not defined for the angle, say 
1. 450 2. -135 3, 330 240 
Write in simplest form without negative exponents, 
1 : 1 ‘ 
peal 507 te 
5. s-x e : yr2 y 4 
9. (4 10. (2u — 3)ue + w= 2) 


8. (—Sa'b)*(2a°by 
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(OG US a Re via 
12-6 The Law of Cosines 


Objective To use the law of cosines to find sides and angles of triangles. 


If you solve the equations 


sin@== and cos @= = 


for x and y you obtain the following useful fact 


SSS SS 
‘1 


Pir cos 8. sin 8) 


If @ is an angle in standard position and P is a point on 
its terminal side, then the coordinates of P are 
(r-c08 8, r sin 8), where r = OP. 


This fact is used to prove the law of cosines 


The Law of Cosines eX 

In any triangle ABC, 

? — 2ab cos C b c 
— 2ae cos B 

* + c — 2be cos A 


(3 a B 


To prove the first form of the law of cosines, draw a coordinate system with 
4C in standard position. (The diagrams below show an acute 2C and an ob- 
tuse £C on such a coordinate system.) Then apply the distance formula to AB. 


the equation becomes 


+ b? — 2ab cos C 


, N 


Aib cos C, h sin) Alb cos €, b sin C) 


C ‘ Bla, 0) é Cc ~ Bla, 0) x 
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The other two forms of the law of cosines can be proved by repeating the pro- 
cess just shown with 2A and 2B in turn put into standard position. Notice that 
if 2C is a right angle, cos C = 0, and the law of cosines reduces to the Py 
thagorean theorem 


Example 1 1n AABC, a = 10, b = 13, and ZC = 70 


Find c to three significant digits A 
Solution =a +P — 2ab cos ¢ /\ 
+ 137 = 2(10)(13) cos 70° / \ 
= 100 + 169 — 260(0.3420) Ane \ 
= 269 — 88.92 ee 
= 180.08 3 Ne B 


c = V180.08 = 13.42 


to three significant digits, © = 13.4. Answer 


By rewriting the equation 


c= a? + b* — 2ab cos ¢ 
in the form 
cos C = #7 
lab 
you can use the law of cosines to find the measure of an angle of a triangle 


when you know the lengths of the sides 


Example 2 A triangular-shaped lot has sides of length SO m, 120 m, and 150 m. Find the 


est angle of the lot to the nearest tenth of a degree. 


Solution — The largest angle of a tri is opposite the longest side. Make a sketch. Let 
a= 50, b = 120, and « 150, Substitute in this formula: 
_@+h-e 
cos ¢ oA 
_ 50! 4 120" — 150! 
core == 2(50)( 120) 
2500 + 14.400 ~ 22,500 
a ~ 12,000 
5600 
12.000 
= ~0.4667 B r 
¢ 117.8 Answer 


You may find it helpful to use calculator to solve problems like the ones 


illustrated in Examples I and 2 
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Oral Exercises 


Use the law of cosines to give an equation involving the 
labeled x. 


je or angle 


Written Exercises 


Find lengths to three significant digits and the measures of the angles to 
the nearest tenth of a degree. You may wish to use a calculator. 


In Exercises 1-12, find the indicated part of AABC. 

A=78a=—2 
c= 40° 
a= 100, ¢ = 200, 2B = 150°, b= 
. a = 9, b= 10, ¢= 15, 


by 


7. a=$%, b= 10, c= 12, 
9. a= 13, b= 30, ¢ = 40, 
10, a = 30, b = 20, © = 40, 


IL, a= 1.6, 6 =0.9, c= 1.8, 2 
12, a= 1.2, b= 2.4, ¢ = 2.0, smallest angle = _? 
B 13. Given a cirele O, chord AB = 10.1, chord BC = 15.5 
and ABC = 26°10’. Find the lengih of chord AC 
14. A parallelogram has sides 6 em and 8 em and a 65° 
angle. Find the lengths of the diagonals. (Recall that N/ 
adjacent angles of a parallelogram are supplementary.) 
15, Three circles with radii 25 in., 36 in., and 30 in. are 
externally tangent to each other, Find the angle: 
triangle formed by joining their centers. 


wa 
a 
8 
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16. Find the lengi 
at a 35 


hs of the sides of w parallelogram whose diagonals intersect 
gle and have lengths 6 and 10. (Recall that the diagonals of a 
parallelogram bisect each other.) 


17. In a parallelc 


am having sides of lengths @ and b, 


let the diagonals have lengths d, and d> that 
dj + d3 = 2X(a* + b*), (Hint: Apply the law of co: 
Sines twice and use the fact that cos (180! 0) 
cos 6.) >» 
C 18. In AABC, a = 2, b= 4, and c= 3, Find the length of the median from A 


to BC 

19. Prove that cos 24 = 1 — 2 sin? 0 for 0° <0 < 90" as 
follows. First, using the triangle shown, express b 
in two ways: (1) by using the law of cosines and 


(2) by first finding 2 from the shaded right triangle. 


Then set the two expressions equal 


ES ST ALA IEA 
Problems 


nea 


nd lengths to three significant digits and measures of a 


. You may wish to us 


gles to the 


est tenth of a degre 


a calcula 


A 1. A ranger in an observation tower can sight the north end of a lake 15 km 
away and the south end of the same lake 19 km away, The ar 


le between 


these two lines of sight is 104°. How long is the lake? 

2. Two planes leave an airport at the same time, one flying due west at 
500 km/h and the other flying due southeast at 300 km/h, What is the dis- 
tance between the planes (wo hours later? 


A ttiangular-shaped lot of land has sides of length 130 m, 150 m, and 
80m. What are the measures of the at 


4. Two streets meet at an angle of 52°. Ifa triangular lot has frontages of 


60 m and 65 m on the two streets. what is the perimeter of the lot? 


5. Newtown is 8 mi cast of Oldtown and Littleton is 10 mi northwest of 


Oldtown, How far is Newtown from Littleton? 


6. An oil tanker and a cruise ship leave port at the same time and-travel 


straight-line courses at 10 mi/h and 25 mi/h, respectively. Two hours tater 


they are 40 mi apart. What is the angle between their courses 


A baseball diamond is a square 90 ft on a side. The pitche mound i: 
60.5 feet from home plate. How far is it from the mound to first base” 

8. A water molecule consists of two hydrogen atoms and one oxy- Hy 
gen atom joined as in the diagram The distance from the nur \ 
Cleus of each hydrogen atom to the nucleus of the oxygen atom « 
is 9.58 « 107" cm, and the bond angle # is 104.8 How far 


are the nuclei of the hydrogen atoms from each other 


B 9. A large park in the shape of a parallelogram has diagonal paths that meet 
at a 60° angle. If the diagonal paths are 12 km and 20 km long, find the 
perimeter and the area of the park 

10. A flagpole 4 m tall stands on a sloping roof, A support wire 5 m long 
joins the top of the pole to a point on the roof 6 m up from the botiom of 
the pole. At what angle is the roof inclined to the horizontal? 

11. A vertical pole 20 m tall standing on a 15° slope is braced by two cables 
extending from the top of the pole to two points on the ground, 30 m up 
the slope and 30 m down the slope. How long are the cables? 


C 12. The measures of two sides of a parallelogram are 50 cm and 80 cm, and 
‘one diagonal is 90 cm long. How long is the other diagonal” 


Computer Exercises For students with some programming experience. 


1, Given a right triangle ABC with 2C = 90° and the lengths of two sides, 
write a program that will find the length of the other side and the degree 
measures of the two acute angles. (Hint: You can find the measure of the 
acute angles by using a ratio of the lengths of the legs as the argument for 
the computer's built-in inverse tangent function ATN. This function gives 
an angle measure in radians (see Lesson 13-1). ‘To convert radian measure 
R to degree measure D you can use the formula D = R*180/3.14159.) 


2, Run the program in Exercise | to find the length of the remaining side and 
the measures of the remaining angles in each right triangle 


a, a=52,b=38 b. a= 29.6,¢=47.4  ¢, b=5.93, ¢=9.07 


y 


Given a right triangle ABC with 2C = 90° and the length of one side and 
the measure of one acute angle, write a program that will find the lengths 
of the other two sides and the measure of the third angle. (Hint: Remember 
that the computer's functions SIN(X), COS(X), and TAN(X) require an 
argument X in radians, To convert degree measure D to radian measure R 
you can use the formula R = D*3,14159/180.) 


4. Run the program in Exercise 3 to find the lengths of the remaining sides 
and the measure of the remaining angle in each triangle 


a, ZA = 32,a=37 b. 2B "b= 17.6 c £B= 19.8", ¢ = 9.89 


5. Given the degree measure of two angles and the lengths of two sides of a 
triangle, write a program that will find the degree measure of the third 
angle and the length of the other side. 


6, Run the program in Exercise 5 to find the measures of the remaining sides 
B= 72, ¢= 13.91, a= 20.06 


, 2B = 102.8", ¢ = 27.05, b = 60.39 
= 12.4", a = 7.385, ¢ = 2,012 
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en | 
Reading Algebra / Making a Sketct 


Read the following problem and try to visualize how the points, angles, and 
distances are related 


Two points, X and Y’, are separated by a swamp. To find the 
distance between them, Kelly walks 150 m from X to another 
point, Z. She estimates /ZXY to be 45° and ZXZY to be 60' 
Find the approximate distance from X to Y 


Can you picture the relative positions of X, Y, and Z? Many problems dealing 
with distance, angles, and geometric shapes are difficult to think about if you 
have only words to look at. Making a sketch as you read can help you under 
stand the given information and sce what is being asked for. For example, a 
sketch like the one below shows all the essential information in the problem 
stated above. 


AS 


Notice that your sketch for a problem can be useful even if it is not 10 
scale. For example, in the sketch above, there is no need to draw the ai 


exactly to scale, though we have shown them both as acute, with the Ia 


at Z. 


Most dia 


drawn for your book, the artist begins with comple 


ams in your textbook are drawn to scale. When a diagram is 
information about dimen- 


sions. But you usually won't know the exact proportions of the shapes in your 
sketch until you have solved the problem. So don’t wait until your solution is 
complete to make a drawing. Start right away with a rough sketch; you can 


improve it later as you discover more information 


Exercises 


ow, draw a sketch showing the esse 
‘asures, 


For each problem listed be 
information, labeling segments and angles with their given 
nowns. 


using variables of your choice to represent unl 


1. Problem 5. page 5! 2. Problem 10, page 590 


3. Problem 1, pag 4. Problem 12, page 596 
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12-7 The Law of Sines 


Objective To use the law of sines to find sides and angles of triangles 


The law of sines, like the law of cosines, allows you to use given information 
about three measurements of a triangle to determine the other measurements 
For example, if you know the lengths of two sides and the measure of the in- 
cluded angle, you can find the length of the third side by using the law of co- 
es. But if the given angle is not the included angle, the law of cosines can- 
not be used and you need to use the law of sines. 


The Law of Sines BR 
In any triangle ABC, 
sin A _ sinB _ sin C c “ 
a b ¢ 
A b Cc 


To prove the law of sines, you first find a formula for the area, K. of 
ABC, Draw a coordinate system with A in standard position. (<A may 
be acute or obtuse.) Let 4 be the height of the triangle measured from B, 
An 
Bic cos A, ein A) Bic cos A, ¢ sin A) 
‘ ~ 


nce K = 1 (basey(height), you can write 


K=tbh 
Since the y-coordinate of B equals h, you know f= c sin A. Therefore, 


K 


| he sin A 


You can find two other formulus for the area K of AABC by replacing 2A in 
turn with 2B and /C: 


K = tac sin B K =+ab sin € 


Therefore, by substitution, 
i 1 : 
{he sin A = Lae sin B = ‘ab sin C 


By dividing cach expression by babe, you obtain the law of sines shown above. 


“Y 


586 Chapter 12 


Example 1 1n AaBC, 2A = 40° and 


a. Find 2B if b = 20 b. 


. Find ZR if b=8 


Solution Use the formula *"2 = sin 


sin B _ sin 40 sin B _ sin 40 
20 15 Pam) crim 
sin B sing = Ssnao 
1 
= _ 810.6428 
15 
= 0.8571 1.3428 
B= 59° or 2B = 121 B = 20° or ZB = 160 
Since 40° + 59° = 99 160° is not a solution because 


and 40% 


161’, A B 40° + 160° 20K 
and both 99° and 161 which is greater than | 80' 
are less than 180°, there : 
B= 20°. Answer 
are two solutions. 


B= 121°. Answer 


If you ai 


given two sides of a trian 


and the angle opposite one of the 


I learn 


sides, there may be two solutions, one solution, or no solution. Ye 
why in Lesson 12-8 


Example 2 A 123 {1 support wire for a transmitting tower makes an angle of 61° with the 


ground. This wire is to be replaced by a new wire whose angle with the 
ground is 46°. How long will the new wire be? 


Solution Let 2A = 46°, and let ¢ = the length of the new wire 


ACB = 180° — 61° = 119°, and a = 123 (fv) 


sin A _ sin ACB 


123 sia HI 
in 46 


123(0.8746) 


149.6 


the new wire will be 149.6 ft long. Answer 
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9) 4) 2 Si St SS 
Oral Exercises 


Given triangle ABC with sides a, b, and c, use the law of sines to find an 
expression equivalent to the given one. 


'‘ sin A 

‘a ae 3. in B 
asin B asin B cos A 

S bsinA b 6. Sina 


[SST 
Written Exercises 


Find the indicated part of AABC to three significant digits or to the 
nearest tenth of a degree. If there are two solutions, give both. You may 
wish to use a calculator. 


a= 4b 
8. a=45,b=6.0, 2 
9. a=40,¢=64, 2 
10. a= 18, b= 12, 2 
ik 


12. 


In Exercises 13-18, find the exact value of $ in SABC without using tables 


or calculators. (Recall that + cos? = 1.) 
Sample sin = 3. cos B= 2 
5 
Solution The law of sines can be writen in the form @ = SBA 
You need to find sin B. Since sin? B + cos” B = 1, you have 
2 coil aeieap aot DY we 
sin? B= 1~cos* B=1—(3) =% 
By substitution, 4 = Si8A _ _4__ _9_ _ 9V5 
b sin B ANS 20 
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A 


4 


13. sin A = =. cos B= 4 14. cos A=, sin p= 4 
18. cos. A = 7, cosB = 2 16. cos A=, cos B = 18 
17. cos A =, cos B ee 18. cos A=+, tanB 
Show that the following formulas are true for any triangle ABC, 
9, sinA+sinB _ a+b in A —sinB _ a—b 
19. sin B b 20. sin 8 b 
21. Prove the formula sin 20 = 2 sin cos 0 ss 

for 0 < @ < 90°. Use the law of sines and A 


the fact that sin (90° — 6) = cos @. ah Se 


22. Use the law of sines to show that the bi- 


sector of an angle of a triangle divides the 
opposite side in the same ratio as the two 
adjacent sides; that is. 


(Hint: Use the law of sines in ABNC and 
ANC and the fact that sin (180° ~ B) = sin B.) 


Problems 


s. You may wish to use a 


Give answers to three si 


measure 32° and 53°, The longest side is 55 cm: 


1, Two angles of a triang 
Find the length of the shoriest side 


2. Two angles of a triangle measure 75° and 51°. The side opposite the 75 
gle is 25 in. How long is the shortest side? 
3, How long is the base of an isosceles triangle if each leg is 27 em and each 


base angle measures 23°? 


4. A colles 


is 16 in, long. The sides meet at an an; 


is in the shape of an isosceles triangle The base 
of 35°. How lo! are the sides 


football pennat 


A fire is sighted from two ranger stations that are 5000 m apart. The an 
gles of observation to the fire measure 52° from one station and 41° from 
the other station. Find the distance along the line of sight to the fire from 


the closer of the two stations. 
6. Two surveyors are on opposite sides of a swamp. To find the distance be 
a point T that is 180 m from her location 


(from T ( the other surveyor's position, R 


tween them, one surveyor Ic 
at point P. The angles of sig 
for ZRPT and 63° for PTI 


measure How far apart are the 


surveyors 
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7. Two markers are located at points A and B on opposite sides of a lake. To 
find the distance between the markers, a surveyor laid off a base line, AC, 
25 m long and found that 2BAC = 85° and ZBCA = 66°. Find AB- 

8, From a hang glider approaching a 5000 ft clearing the angles of depression 
of the opposite ends of the field measure 24° and 30°. How far is the hang 
glider from the nearer end of the field? 


B_ 9. A loading ramp 5 m long makes a 25° angle with the level ground beneath 
it. The ramp is replaced by another ramp 15 m long. Find the angle that 
the new ramp makes with the ground 

10. From the top of an office building 72 ft high, the angle of elevation to the 
top of an apartment building across the street is 31°, From the base of the 
office building, the angle of elevation is 46°, How tall is the apartment 
building? 

11. The captain of a freighter 6 km from the nearer of two unloading docks on 
the shore finds that the angle between the lines of sight to the two docks is 
35°. If the docks are 10 km apart, how far is the tanker from the farther 
dock? 

12. Two wires bracing a transmission tower are attached to the same location 
on the ground, One wire is attached to the tower 10 m above the other 
‘The longer wire is 30 m long and the angle of 
inclination of the shorter wire is 53°, To 
the nearest tenth of a degree, what angle 
does the longer wire make with the 
ground? 


C 13. To find the height of a wee across a river. 
Carlos laid off a base line 70 m long and 
measured the angles shown, He found the 
angle of elevation of the top of the tree 
from A to be 10°, How tall is the tree? 


Mixed Review Exercises 


Give the following function values to four significant digits. 


1. cos 78.2 2. tan (—43°10') 3, sin 213.7° 
4. csc 305°45" 5. cot (—101,9°) 6. sec 488°34" 
Write an equation for each figure described. 


7. The circle with center (—1, 4) and radius 3, 
8. The line through (—3, 5) and (2, 0) 


9. The parabola with focus (0, —2) and directrix y 
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12-8 Solving General Triangles 


Objective To solve any given triangle. 


The problem of solving triangles can be divided into four cases 
ss! 
SA’ 


Given three sides. 


Given two sides and the included angle 


SSA: Given two sides and the ang! 


opposite one of them. 


ASA and AAS: Given two angles and one side. 


You may remember that SSS. SAS, ASA. and AAS are used in 
to prove trang 


metry 


congruent. However, knowing two sides and a nonincluded 
angle (the SSA case) is not enough to prove two trial 


uent, You will 
see later in this lesson that when you try to solve a triangle given these mea 
surements, they may not determine a triangle 

In the examples that follow, len 
its and ai 


ths will be found to three 


ificant dig- 
e measures to the nearest tenth of a d 


Example 1 (sss Solve AABC if a= 4, b = 6, and ¢=5. 
Solution Use the law of cosines to find one of the ai 


say 2A 
oo 
cos A= © £ a A 
36 + 25 — 16 ee 
60 
: A te 
45 — 9.7500 
60 
I A=414 


To find another angle. it is usually easier to use the law of sines 


| sin € _ sin A 
sin A 
sin € B 
5 sin 41.4” _ 510.6613) _ 9 gy 
).8260 
sin 3 n 82 


Since ZC is not the largest angle, it must be acute 


C= 55.8 
Since 2A + 2B + ZC = 180°, you know 2B = 180! A= Ze 
So by substitution, 2B = 180" ~ 41 4° — 55.8° = 82.8 


A= 414°, 2B = 82.89, and £C = 55.8". Answer 
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Example 2 Solve AABC if a 


Solution Use the law of cosines to find the third side, b. — C 


b= a? + ¢ ~ 2ac cos B 
82 + 72 — 2(8)(7) cos 31.8 . 
64+ 49 — 112(0.8499) 
17.8 A B 


b= VI7.8=4.2 


Use the law of sines to find the measure of £C, the smaller of the two re- 
maining angles 
sin€ _ sin B 


¢ o 
n= €sinB 
sin C i 
sin 31.8' 
42 
(0.5270) 
0.8783 
re 8783 


Since ZC is not the largest angle, it must be acute 


7 C= 61.4 


180° — 31,8" ~ 61.4 
806.8) 


ZA = 86.8", b= 4.2, and ZC = 61.4. Answer 


‘The SSA case is often called the ambiguous case because there are six 


possible outcomes, four if 2A is acute and two if 2A is right or obtuse. These 


possibilities are illustrated below and on the opposite page 
<0 
c 
t 
b 
nA a 
4 B 
bsinA a=hsinA 
No solution ‘One solution 
c 
b 
< 
A B, B, 
in A , b 
Two solutions One solution 
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No solution 


Example 3 \s Solve AABC if b = 22, e = 30, and 2B = 30 


Solution“ = sinB 1 
r b LN 
sin /\ 
sin € int o /, \ 
30 sin 30 Ke / \ 
30(0,5000) B 
= 0.6818 
c 43.0! € 180° 43.0 1337.0 
A 180' 30 43.0 107.0 A 180° 30° 137.0 13.0 
— bsin bsin A 
e sin B 4 in b 
22 sin 107.0% 22 sin 13.0° 
sin 30 sin 30 
2240.9563) 210.2250 
0.5000 0.5000 
a=42.1 a=9.90 
A= 10747 Cc 43.0°, and a = 42.1 
or 2A = 13.05 c 137.0", and a= 9.90 Answer 
Example 4 (\\ ) Solve AABC if a = 40, ZA = 45", and £C = 55 
Solution B= 180° A — £C = 180° — 45° — 55° = 80" 
sin B asin ¢ 
b SLE « 
sin A sin A 
40 sin 80' 40 sin 5S 
sin 45 sin 45 
40(0.9848) 490.8192) 
i 0.7071 ‘ r 
be s5.7 © = 463 
b = 55.7, ¢ = 46.3, and 4B = 80° Answer 
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Oral Exercises 


Given the following measurements, tell which law you would use first to 
solve the triangle. 


1, SSS 2. SAS 3. SSA 4, AAS 5. ASA 


Outline a strategy for solving each triangle. 


Sample a = 20, ¢ = 30, 2B = 40" 2 


Solution 1. Use the law of cosines 
to find b 
2. Use the law of sines 
to find 2A 
3. Use 2C = 180°- ZA- 2B OA B 
to find 2 


>= 60' 7. a =8, 6 = 13, 2B = 150° 
9. b= 15, 2B = 100°, 2c 
20 Il. a = 10, b= 25, ¢ = 30 


12. a= 30, b= 20, ZA = 130° 13. b = 20, ¢ = 18, 2B = 120° 
b= 10, 2B = 40° 15. a=12,b=11, is 
14, c= 18, 2B = 50° 17. = 14,5, 20 = 70° 


18. In ABC, if ZA is an obtuse angle, what can you conclude about 2C? 
19. In AABC, if b is the longest side, what can you conclude about 2A? 


20. Explain why the SSA case is called the ambiguous cave. 


Written Exercises 
Give lengths to three significant digits and angle measures to the nearest 
tenth of a degree. You may wish to use a calculator. 


A 1-12. Solve the triangles given in Oral Exercises 6-17. If there are two solutions, find 
both, If there are no solutions, say so 


In Exercises 13 and 14, recall ¢ 
to the midpoint of the opposite 
B 13. In AABC,a = 4, b 
the longest side 
14, In AARC, ¢ = 10 and 2A = 2B = 40°. Find the length of the median to 
AC, 


a median is the segment from a vertex 
e. 


and <C = 110°, Find the length of the median to 
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c 


A 


Solve Exercises 15 and 16 by using both the law of sines and the 
cosines. You may wish to use a calculator, 


15. In quadrilateral ABCD. ) a 
5. In quadrilateral 1 = 30°, 22 = 80°, 2B = 80 = | 
AD = 8, and AB = 10, Find the length of CD. is a \ 


16. In quadrilateral ABCD, 2B = 110°, 2D = 75 
AB = 5, and BC = 6, Find the length of CD 4 


17. Find the lengths of the diagonals 18. Find the lengths of the diagonals 
of the trapezoid shown below of the quadrilateral shown below 
2 
Ks on int 7 


19. The angles of a triangle measure 57°, 60°, and 63°, The longest side is 5 
F 


units longer than the shortest side. Find the lengths of the three sides 


20, One angle of a triangle has measure 65°. The side opposite this angle has 


length 10, If the area of the triangle is 20, find the perimeter 


Problems 


Give lengths to three significant digits and angle measures to the nearest 


tenth of a degree. You may wish to use a calculator 


1. Two planes leave an airport at the same time, one flying at 300 knvh and 


the other at 420 knv/h, The ang » their flight paths is 75°. After 


three hours, how far apart are they 


plane on a triangular course at 320 mi/h. She flies due east 
after 


2. Jan is flying 


for two hours and then tums right through a 65° angle. How lon 
turning will she be exactly southeast of where she started? 


3. Two cables of length 300 m and 270 m extend from the top of a televisior 
‘ound on opposite sides of the antenna, The longer 


antenna to the level 
cable makes an angle of 48° with the ground. Find the acute angle that the 
ble makes with the ground and the distance between the cables 


shorter c: 


along the ground 


4. A vertical television mast is mounted on the roof of a building. From a 
the angles of elevation to the 


point 750 ft from the base of the building 
bottom and top of the mast measure 34° and 50° respectively, How tall is 
the mast? 

§. Jim is flying a plane from Midville t Vista, a distance of 500 km. Be 


he had to fly 17.5° off course for 300 km. How 


and through what angle should he turn to fly di 


cause of a thunderstorm 
far is he now from Vista 
rectly there? 
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6. A monument consists of a flagpole 15 m tall standing on a mound in the 
shape of a cone with vertex angle 140°. How long a shadow does the pole 
cast on the cone when the angle of elevation of the sun is 62°? 


7. From the top of a building 10 m tall, the angle of elevation to the top of a 
flagpole is 11°, At the base of the building, the angle of elevation to the 
top of the flagpole is 39°. Find the height of the flagpole. 

8. A communication satellite is in orbit 
35,800 km above the equator. It 
completes one orbit every 24 hours 
so that from Earth it appears t0 be 
stationary above a point on the 
equator, If this point has the same 
longitude as Houston, find the mea- 
sure of @, the satellite’s angle of cle- 
vation from Houston. The latitude 
of Houston is 29.7°N. The radius 
of Earth is 6400 km. 

9. In Problem 8, what is the gre 
to the satellite in a straight line? 


latitude from which a signal can travel 


10. From the top of an observation post that is 90 m high, a ranger sights a 
campsite at an angle of depression of 10°, Turning in a different direction, 
the ranger sees another campsite at an angle of depression of 13°. The 
angle between these (wo lines of sight is 35°, How far apart are the 
campsites? 


IL. In quadrilateral ABCD, AB = 3, BC = 4, CD = 5, and DA 
of diagonal BD is 7, Find the length of the other diagonal. 


= 6, The length 


12. From Base Camp, located 2000 m above sea level, the angle of elevation 
of Camp A is 25° and the angle of elevation of the summit of Mount Snow 
is 41°, From Camp A the angle of elevation of the summit is 53°. If Camp 
A iy 3 km closer to the summit (air distance) than Base Camp is, how high 
is the summit above sea level? 


13. In quadrilateral ABCD shown at the left below, find the length of CD. 


D ®) 


A TOO ia, B 


14. Two balloons are moored directly over a straight, level road. The diagram 
on the right above shows the angle of elevation of the balloons from two 
observers on the road one kilometer apart. How far apart are the balloons? 
Which balloon is higher, and by how 


any meters? 


Chapter 12 


12-9 Areas of Triangles 


Objective —To apply tr 


angle area formulas. 


You know that the area of a triangle can be found by using the formula 


(base (height) 


Here are some other area formulas for trian; 


‘The area K of AABC is given by each of the formulas listed below 


é 
b 
A ‘ B 
K=1hbe sina K = ec sin B K =1ab sinc 
it B sin C 1,2 sin A sin C - = 1 asin A sin B 
“ 2 “ sin A fe 2 b sin B K Be sin € 


Os — bs — 0. where s=L(at b+ ce) 


are useful for finding areas of tri 


The first three formula gles in the SAS 
case. They were derived in Lesson 12-7. The formulas in the second row above 


are useful in the AAS case. You can prove them using the law of sines in the 


asin B 


form b in B. By substituting “574 for b in K sab sin C, the equation 
sin sin 2 

becomes K = La? 05. sin €. ‘The other formulas on the second row are proved 

similarly. The formula on the third row is called Hero's formula and is used to 

find areas in the SSS case. Its proof is outlined in Exercises 17-19 on pages 


599-600 


¢ and 2A = 108 


Example 1 Find the area of AABC if b 
Solution k =1be sina = 403: 


432 (0.9511) 


27) sin 108° 


411 


the area is 411 square units. Answer 
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Example 2) \8.\ case) Find the area of the tr 


Solution Lei 2A = 100° and 2B = 65° 

Then = 180° 100° — 65° 15 
19 sin A sin B 
Te sin € 


shown at the 


Use the formula K 


> sin_LOO? sin 65 
sin 15 

, (0.9848)(0.9063) 
“~~ (0.2588) 


35 
x 100° 


<. the area is 8.35 m*. Answer 


Example 3. (555 case) A wiangular city tot has sides of lengths 50 ft, 60 ft 
Find its area. 


Solution Use Hero's formula: K = Vis — ais — Ds — . where 
s=tiatb+ey 
1 (50 + 60 + 80) = 95. 


= 95 — 50 = 45 


= 95 — 60 = 35 
s—c=95—80=15 
Now substitute: K = Vs(y — ats — bs — &) 
= V95(45)(35)15) = 75399 = 1498 


+. to three significant digits, the area is 1500 ft. Answer 


In the ambiguous case (SSA), the triangle must be partially solved before 
the area. if any, can be found 


Example 4 (38 case) Find the area of AABC if b = 22, ¢ = 30 and 2B 
Solution 1 Example 3, pag 


ge 593, two triangles fit the 
£A = 107.0" and the other with A = 13.0°. Therefore: 


A = 107.0! or 2A = 13.0 


toe sina 


5 (22)(30) sin 107.0 = 5 (220130) sin 13.0 


| K=Abe sina K 


330(00.9563) 
316 


the area Is 316 square units or 74.3 square units. Answer 
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and 80 ft 


30° 


ven data, one with 


2 SAE 
Oral Exercises 


Three parts of AABC are given. Tell which formula you would use t 
the area of the triangle. 


1, £A = 25°, 2B = 50°, b = 30 2. a= 18, b= 10, 2C = 45 
3.4 c= 14, 2B = 62 4. 2A =70°, b= 15, ¢ = 36 
5.4 b=8,c= 12 6. 2B = 20%, £C = 115°, ¢ = 16 
7. c= 15, b= 22, 2A = 150 8. a=7,b=12,0=8 


9, Suppose a = 1 1, and 28 = 60°. Explain why this is an example 


of the ambiguous case 


eS ee eee 
Written Exercises 


Give lengths to three significant digits and angle measures to the nearest 
tenth of a degree. You may wish to use a calculator. 


A 1-8. Find the areas of each trian: 


je described in Oral Exercises 1-8 


9, Find the area of » parallelogram that has a 45° an 
10 and 18, 


and sides with lengths 


10. Find the area of a rhombus that has perimeter 48 and an angle of 35 


Boi. The area of AABC is 36 square units. If 2B = 30° and ¢ = 8, find the 
value of a 
12. The area of AABC is 20 square units. If 2A = 130° and b = 6, find the 


value of ¢ 


13. A triangle has area 48 cm? and jts shorter sides have lengths 9 em and 


cm, Find the largest angle of the triangle 
14. The angles of a triangle are 25°, 45°, and 110°, What is the length of the 


longest side if the area of the triangle is 7 


square uni 


15, Find the area of a regular octagon whose sides are 10 em long 


16, Find the area of a regular octagon inscribed in a unit circle 


Exercises 17-19 make up a proof of Hero's formu! 
Exercises 17 and 18 are used in Exercise 19 on the following page. 


17. Show that K? = Lah? sin® ¢ 


18. Recall that » = (a +b + ¢), so that 2s =a +b + 


Therefore. 2(¢ — a) = 2s — 2a= 
Show that 2(1 — b) =a 
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C 19. Justify each of the statements from (a)-(i) below. Use the results of Exer- 
cises 17 and 18 where necessary 


2ab cos C 
cos* € = 4a7b*(1 — sin? C) 
sin? C = 4a*b* — 16K? 


aoe hb 
(a + — CP = 4a" 


b. 

ce. (a +b 
d. 16K? = 4a Bre 

e. 16K? = [ab + (a? + b? — c7)][2ab — (a? + b? — c*)] 
f. 

g 

h 


» 16K? = [(a + bP — ee? — (a — bY] 

[(a + b) + ella + b) ~ elle + (a — b)]le — (a — 6) 
12s — QA — B)IAs ~ a) 

‘Sty — ais — bys — &) 


Mixed Review Exercises 


Find the indicated part of AABC to three significant digits or to the 
nearest tenth of a degree. 


8, b=5, £C = 62", 
3. a=6,b=4,c= 


3 <6< 270° 
Fp 180” < 6 < 270 


<< OP 


Self-Test 2 


Vocabulary solving a triangle (p. 574) law of cosines (p. 580) 
angle of elevation (p. 575) law of sines (p, 586) 
angle of depression (p. 575) ambiguous case (p. 592) 


Give lengths to three significant digits and angle measures to the nearest 
tenth of a degree. 


1, In AABC, 2C = 90°, 2B = 27.3°, and a = 30. Find 2A and Obj. 12-5, p. 574 
sides b and c, 

2. In ADEF, d = 18, e = 24 and ZF = 42°. Find side f. Obj. 

3. In AXYZ, x 23.5. Find 2Z. Obj. 

4. Solve AABC if a= 15, b and ¢ = 26, Obj. 

5. Find the area of ARST if r and 2T Obj. 


Check your answers with those at the back of the book 


600 = Chapter 12 


Y Biographical Note / Fdmund Halley 


| A comet usually is visible for only a few 
weeks or months on its path through the 
solar system. This fact makes its motion 
ly 
astronomers debated whether comets 
moved in straight paths or along some 


difficult to analyze and predict. B: 


regular curve. The Englishman Edmund 
Halley (1656-1742) solved this problem 
by describing comets” orbits as ellipses 
with predictable paths, He claimed that 
the comets of 1531, 1607, and 1682 
were in fact the same comet and that this 
comet could be scen from Earth approxi- 
mately every seventy-five years. Later 
Halley suggested that the comets reported 
in 1305, 1380, and 1456 were also sight 
ings of this single comet 
Halley predicted the comet's next 
return for December, 1758. Off schedule 
by just a few days, the comet appeared in 
the same part of the sky he had predicted 
Although Halley did not live to see this 
proof of his theory, the scientific world 
recognized his achievement by naming the 
comet after him. Halley’s comet was last 
| visible from Earth in 1986 and is not due 
| to be s in until 2061 
Mathematical problems, as well as the 
| positions of the planets, the size of the uni 


ag 


| verse, and stellar motion, also intrigued 


Halley. He published papers on topics 
rom higher geometry and the 
f equations to the computation 


rangin 


roots 
of logarithms and trigonometric fune- 
tions. One result of his interest in 
social statistics was the first explana 
tion of how mortality tubles could be 
used to calculate life insurance pre 
miums. Halley was appointed as 
astronomer royal in 1720, He contin- 
ued his work well into his old age 


LB LE IE IP LPI. ENE AS ELE EL 


Challenge 


One day a visitor to a distant Land stood at a fork in the road, The visitor knew 


that each path led to a different village. The inhabitants of one vill 


told the uth. The inhabitants of the other village always lied. Luckily, a local 
citizen happened to be along and agreed to answer one and only one question 


ht for awh 
guaranteed to indicate the + 
which village the person was from 


‘The visitor thou; 


je and finally asked 
ht path to the villag 


n that was 


simple quest 


of truth tellers, no matter 


What was the question? Explain the visitor's reasoning for asking that par 


ticular question 
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RE 
Chapter Summary 


1, Angles may be measured in degrees, where one degree is shy of a complete 
revolution. The measure is posi ive if the rotation of the angle’s initial side 
‘onto its rerminal side is counterclockwise. The measure is negative if the 
rotation is clockwise 


Let P(x, ») be a point other than the origin on the terminal side of an an- 
gle @ in standard position, and let r = OP, Then the trigonometric functions 
of @ are’ 


i y 
cos O= 4 tan 6 = + 


sec = cog=+ 


If @ is acute, the numbers xr, y, and r can be thought of as being the lengths 
Of the legs and hypotenuse, respectively, of a right triangle 


3. Scientific calculators give good approximations to the values of the trigono- 
meiric functions of any angle. Tables giving values of the functions of acute 
angles can also be used because each angle @ has an acute reference angle @ 
such that sin @ = +sin a, cos #= “cos @, and so forth 


4. To solve a triangle is to find the measures of all of its sides and angles 
when three of the measures (including at least one side) are known. Right 
triangles can be solved using the definitions of the trigonometric functions 
Any triangle ABC can be solved with the help of the law of cosines (se 

0) and the law of sines (page 586). Depending on the information 

given, there may be one solution, two solutions, or no solution, 


The area K of AABC can be found by using one of the formulas given on 
page 597. 


ME Eee 
Chapter Review 


Give the letter of the correct answer. 
1, Which of the following is coterminal with —210"? 12-1 
a. 30 b. 150° ce. ~ 150° |. 210 


2. Express 45°14'42" in decimal degrees 


a. 45.452’ b. 45,542° d. 45.45 

3. Find the product of all six trigonometric functions of an angle @ in 12-2 
standard position whose terminal side passes through (~V3, 1). 
a -1 bet ae V3 ae 
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4. In AABC, 


= 60°, b= 10, and 2B = 90°. Find ¢ 


a. 5V3 b. 5 10 d. 20 
5. Find « in the diagram at the right 

a. 16V2 b. 6V2 

e. 4V3 d, 8V6 : 
6. Express cos 230° as a function of an acute angle 

a. —cos 40! b. —sin 40° . —cos 50 d. cos 50° 
7. Find tan @ if cos = % and sin @> 0. 

= p -4 « a. — 3 


8. Give the exact value of sin 300 


1 3 i 
a -> b. 4 ce. -~ a 
9. Find sec 116.7° to four decimal places. 
a. 1.119 b. 2.226 e. 1.119 d. —2.226 
10. Find @ to the nearest ten minutes if cot @ = —0.7046 and 0° < 0-< 180" 
54°50! b. 125°10" . 144°50 d. 56°50’ 
IL. In ADEF, LE = 90°, e = 10, and d = 8. Find ZF to the nearest tenth 


degree 


36.9 SE c. 38.7 da. 44.2 
12. In AABC, 2B = 90°, 2C = 55°, and ¢ = 12. Find b to the nearest tenth 
a. 14.6 b. 6.9 c. 20.9 d. 9.8 


13, The base angles of an isosceles trapezoid are 45° and the bases have 


lengths 15 and 2: Find the height of the trapezoid. 
a5 5.2 e. 10.2 a. 5.3 
14. In AABC, a = 6, b = 10, and ¢ = 7. Find the measure of the largest angle 
to the nearest tenth of a degree 
a, 43.5 b. 100.3" - 36.2 d. 46.5 


st at 300 knv/h and 


Two planes leave the airport at noon, one traveling 
northwest at 450 knVv/h, How far apart are they at 


the other travelin 

2 pm? 

a. 637 km b. 821 km 
16. In AABC, find 4A to the nearest tenth of a degree if 2B = 95°, b= 15.4 


and a = 8.0 
a. 32.1 b. 56.8 e. 31.2 d. 92.3 


1390 km d. 1080 km 


20 m and 30 m extend from the top of a tower to the 


sround on the same side of the tower. The shorter wire makes an a 
vf 42° with the ground. What angle do the wires make with cach other 
a. 15.5 b. 63.5 ©. 26.5 d. 48.2 


(Chamter Review continues on the next page.) 
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18. In AABC, 2B = 30° and ¢ = 20. For what value(s) of b will the triangle 12-8 


have two solutions? 


a 0<b<10 b. 10<b< 20 ce. b<20 d. b= 10 
19. Find x in the diagram at the right ‘ 
a. 15.8 b. 18.4 
ce. 198 d. 207 s 8 
20. Find the area of AABC if a = 8, b= | 12-9 
a. 77.1 b, 60.0 ec. 45.9 d. 38.6 
Chapter Test 
1. Express 13.24° in degrees, minutes, and seconds. 12-1 
2. Find two angles, one positive and one negative, that are coterminal 
with 285' 
3. Find x in the diagram at the right 12-2 
3 12 em 
4. If cos @= a and sin @< 0. find tan @ 123 


5. Give the exact values of the six trigonometric functions of 240° 
6. a. Find sec 145.8°. 14 


b. If cos @ = 0.5606 and 90° < @< 360°, find @ to the nearest 
tenth of a degree 


7. The angle of elevation from an observer on the street to the top 
of a building is 55.6°, If the observer is 150 ft from the 
of the building, how tall is the building? 


8. A compass with legs 3 in. long is opened to measuce the diameter of 12-6 
acircle, If the diameter is 5 in., what is the angle between the 
of the compass? 


Give lengths to three significant digits and angle measures to the nearest 

tenth of a degree. 

9. Solve ADEF if 2D = 32°, ZE = 108°, and f= 12 12-7 
10. Solve ABC if 2A = 40°, a = 6, and b=8 12-8 


11. Find the area of a triangular plot of land if the sides have ler 
200 m, 150m, and 100 m 


12-9 


604 = Chapter 12 


(SERS Pee 
Preparing for College Entrance Exams 


Strategy for Success 


‘When solv jometry, area, or distance 
it helpful to draw a sketch that shows the given information, Do not make any 


you may find 


problems involving ti; 


assumptions in drawing the figure; use only the given information. Use any 
available space in your test booklet or scrap paper, but avoid making any stray 
marks on your answer sheet 


Decide which is the best of the choices given and write the correspondin 
letter on your answer sheet. 


1. Find the next term of this sequence: | 2 
(A) 27 (B) 37 (C) 31 (D) 33 (EF) 29 


2, Evaluate 64S 2- 
(A) 64 (B) 128 (C) 63 (D) 1 (gE) 24 
BS) as. 
3. The infinite series 1 — 3 + 45 — Gy 
(A) has the common difference + (8) has the sum 3 (C) has no sun 
D) has the sum (E) is neither arithmetic nor geometric 
4. Which function(s) is (are) not defined for & = —90°? 
I. cos b IL. see I. and 
(A) I only (B) 1 and I only (C) Hand I only 
(D) Land IH only (BE) 1, 1, and Hl 
5. If esc = 3 and 90° <  < 270”, find cot 
(a) - By) Ces (D) 8 (Ey -~ 
6, In AXYZ. X = 45°, £Z = 30' 8, Find x 
(ay 86 (B) 8V2 (C) 4v2 (D) 4V6 (E) 32V2 
7. Find the area of a triangle with sides of lengths 5, 6, and 7 
(A) 2V6 (B) 315 (C) 2V14 (D) 6V6 (E) 22 
8. In ARST, ZR = 137.4, 1= 15, and s = 12, Find r to the nearest 
integer 
(Ay 10 (B) 17 «c) 21 (D) 3 (E) 25 
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Circular Functions and 


Their Graphs 
MEE SS 
13-1 Radian Measure 


Objective To use radians to measure angles 


In advanced mathematics angles are usually measured in 
radians rather than degrees. To define the radian measure 
of an angle 0, let O be a circle of radius r centered at the 
vertex of @, as shown at the right. Let s be the length of 
the are of O intercepted by 6. The are length s is consid 
ered to be positive if @ is a positive angle and negative 
if @ is a negative angle 

The radian measure of @ is defined to be the ratio 
of are length 5 to radius r 


o=4 
The symbol @ here stands for the measure of angle @. When no unit of ang! 
measure is specified, you can assume that radian measure is being used. There: 
fore, “9 = 2"? means ‘the measure of 0 is 2 radians,"’ and the length of the 
are of O intercepted by @ is twice the length of the radius r of circle O 


If 0 is a complete revolution, » = 27r and 0 = In. If 0 is a com. 


plete revolution, the degree measure of @ is 360°. Likewise, an angle that is 
half a revolution has degree measure 180° and radian measure 7, The conver 
sion formula 


180° = 7 radians 


can be used to convert from one system of measure to the other: 


p= 180" _ 59 3 


= Fao Fdians 1 radian = 


Example 1 a. Express 85° in radians Express radians in degrees 


7 


radians . = radians 
180 3 


85° = 85 


Ur 


radians (or % radians = ++ a radians 


1. 180° = 60°) 
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Here are the degree and radian measures of some frequently used angles. 


Degree measure | 0° | 30° | 45° | 60° | 90° | 120° 150° | 180° 


7 


a\|a|a|\z 
alae 


An 
Radian measure | 0 | 2 | 7 5 


6 


Scientific calculators accept both degree and radian measurements in deci- 
mal form, You can convert between degrees and radians on a calculator by 
using the 7 key or a decimal approximation, such as 3.1416, for 7. 


(Example!2 a. Express 35° in radians to the nearest hundredth of a radian, 
| : 
b. Express 2 radians in degrees to the nearest tenth of a degree 


= 21a Sy. tee 
5 gp Fadians b, 2 radians = 2+ 
1416) 2+ 180° 


1510) radia a 
) > radians sats 


0,61 radians Answer = 114.6° Answer 


u 


Using radian measure you can write simple formulas for finding the length 
of an are and the area of a sector, as shown below. In the formulas, @ denotes 
radian measure 


e)s ’ 
Are length Area of a sector 
s=r0 A=17@ or A=1rs 


The formula y = r@ is equivalent to 9 = =i which was used to define radian 
measure. The area formulas follow from the fact that the areas of sectors are 
proportional to the measures of their central angles 


area of sector __ measure of central angle of sector 


area of circle “measure of ceniral angle of arcle 


A @ 
or ies 
ar ln 
Solving for A gives A= (ar)(2) =1 29. 
2m) = 2 
J " ™ 1a L 1 
Using » = r@ gives A= 510 =Srire) = tes, 
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A central an 


le of a circle of radius 3. cm measures 1.5 radians. Find 
(a) the length of the intercepted are and (b) the area of the related sector 


as=rl b. A=t 0 


= (31.5) = 4.5 (em) ins i 
= + (3°15) = 6.75 (em?) 


Suppose that a particle moves with a constant speed v around a circle of 
radius rem. If the particle travels » centimeters in ¢ seconds, its speed is 
v * (em/s) 
1 
Similarly, if the particle moves through an angle of @ radians in ¢ seconds, its 
angular speed, denoted by ©, is 


0 
w = + (radians/s) 


Since are length s and radian measure @ are related by the formula y = r0, the 
speed v and angular speed w of the particle are related by the formula 


Therefore, the particle’s speed is r times its angular speed 


Example 4 A Ferris wheel 60 ft in diam 


eter makes one revolution in 
3 min, Find (a) the speed of 
a seat on the rim and (b) the 
angular speed. 


Solution = inire 
the distance of the circumfer- 
ence of the wheel (y = 27r) and 
through 360°, or 27 radians, 


olution the seat travels 


5 _ 7-60 


= 207 ~ 62.8 (fUmin) 


2.1 (radians/min) 


Oral Exercises 


s. Leave your answers in terms of 7. 


Express each degree med 


3. 90) 4. = 720 


1. 180 2, 360 
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Express each radian measure in degrees. 


5.2 6. -2 1-2 
Give the radian measure of and 0. 
% 10. 


6 
fe 


Give the are length s and the area A of the sector. Angle measures are given 


in radians, 
| e 

5 
13. If a circle has radius r, how long is the are that is intereepted by an angle 


with radian measure 


Written Exercises 


Express each degree measure in radians. Leave your answer in terms of 7. 


A 1. 45° 2. 30° 3. 00) 4. 270 
5: 6. 135 7. 150) 8. — 180 
9% 10. 240 MW. -315° 12, 405° 


Express each radian measure in degrees. In Exerci 
answers in terms of 77. 


28, leave your 


2B, 2 4-2 
17, 4a = Ie 
; 6 
21 23, 
25. 4 26. 3 = 2x, -1 


Express each degree measure in radians. 


e answers to the nearest 
hundredth of a radian. 
29. 10' 30. —50/ 31. 80/ 32. 300) 
33. 48) 34. 265 35. —174 36, 255' 


Express each ra 
of a degree, 


in measure in degrees. answers to the 


37.3 38. -2:5 39. 0.4 40, ~ 1.6 
41, -1.5 42. 5.5 43.15 44.8 


In Exercises 45-56, r,s, @, and area A are as 
shown in the adjac ure. Angle @ is meas- 
ured in radians, missing measures. 


45. r=4.0=1,s=_2_.A=_2_ 

46.7 = 5,025, 5= 22, A= 2 

47. r=4,s= 12,0 A ——— 

48. r=5,8=30,0=_2 ,A=_2_ 

49. r=5,A=15,0= 2. 5= $0. r= 2,A=6,0= 2h 5= 
51. s= 10, 0=2.5, 7 A= $2. s= 1.2, 0=05, 7 4 
$3. r=2,A=3,9=_2_.0=_2 54. r= 38.A=6. a 
55, 4=8,0—4,7= 2,5 2 56. A=6, 0=3.r pes 


d, to the nearest hundredth of a 
al with @ 


The angle « has the given radian measure. F 
radian, the measure of the angle between 0 and 27 that is co 


57. w= 8.12 58. « = 6.55 59. @ 3 60. a= 20 


Problems 


Solve. Give answers to two significant digits. 


The latitude of point P shown in the drawing of Earth at the 
right is the measure of 2 EOP. The radius of Earth is about 
4000 miles. 


1. The latitude of Houston is 29.8°N. How far is it from 
the equator? 
2. The latitude of New York is 40.7°N. How far is it from 


the North Pole 


3. A phonograph record with diameter 12 in. rotates at 
distance that a point on the rim travels in one minute 


4. Ana 


es a point on the tread travel in one minute? 


45 rev./min, Find th 


tomobile tire with diameter 2 ft turns 10 times per second, How far 
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A Ferris wheel with diameter 50 ft makes one revolution every two min- 
utes, What is the speed of a seat on the rim of the wheel? 


6. A merry-go-round 40 ft in diameter makes four revolutions every minute, 
What is the speed of a seat on the rim? 

7. From an observation point on Earth, the angle 
subtended by the sun 150,000,000 km away is 
about 0,0093 radians, Approximate the diameter 
of the sun by finding the length of the red arc, 

8. The diameter af the moon is approximately 2200 mi, How far is the moon 
from the Earth if the angle it subtends from an observation point on Earth 
measures about 0.518%? (Use the diagram in Problem 7.) 


9. The angular speed of the larger pulley wheel 
shown at the right is 50 rey./min. Find the 
angular speed and rim speed of the smaller 
wheel 

10. A clock pendulum swings back and forth once 
every two seconds. If its length is one meter 
and the greatest angle that it makes with the 

ertical is 12°. how many kilometers does the 
bottom end of the pendulum travel in one day? 

11. What is the angular speed in radians per second of the hour hand of a 
clock? If the hand is 3 cm long, how fast is the tip moving in millimeters 
per second? 


12. Each point on Earth’s surface (except the poles) moves in a circle as Earth 
rotates on its axis. What is the angular speed in radians per second of the 
point where you are located? 


13. A cylindrical water tank 4 ft in diameter is lying 
on its side as shown. What percent of its capa- 
city is used when it contains water to a depth of 
one foot? 


bem 
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Mixed Review Exercises 


Solve each triangle. Give lengths to three significant digits and angle 
measures to the nearest tenth of a degree. 
1. a=8, b=5, 2C= 42 

3. B= 10,c= 7, £B= 104° 


7: 


°, LB = 30° 


5-8. Find the area of e 
significant digits 


h triangle in Exercises 1-4, Give answers to three 
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13-2 Circular Functions 


Objective To define the circular functions 


There are many nongeometric uses of the ti 
the first equation shown below describes the shape of an ocean wave (height y 


‘onometric functions. For example 


and horizontal distance x in meters), and the second equation gives the line 
voltage V of ordinary alternating current (time rin seconds). In 
angles play any part 


ither case do 


y = 2.5 sin (0.03x) V = 170 cos (12078) 


These examples suggest that sins and cos s can be defined with » representing 
a number rather than an angle 

To develop these definitions, let O be the unit circle y 
x? + y? = 1, and let A be the point (1, 0), as shown at the 


Pus) 
right, Given any real number s, start at A and measure | al Vise 

units around O in a counterclockwise direction if s = 0, and ACL, 0) 
in a clockwise direction if s <0, arriving at a point P(x, ») 7 ] 


The sine of and the cosine of y are then defined by the co 


ordinates of point P. The tangent, cotangent, secant, and 


cosecant functions are defined in terms of sine and cosine 
sins cos s = x 
tan 5 if cos s #0 cot s = "+ if sin s #0 
1 
~ if cos s #0 ese s=<h- if'sins #0 


These functions are sometimes called circular functions because a circle is used 


in their definition. 


Example 1 For some number s, the point P(=, —~*2) is » units from A(1, 0) along a 


unit circle, Find the exact values of the six circular functions of ¥ 
Solution ee oss=2 
sins cos s= 2 


cot s 


tan s 
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a close relationship between the circular 
nd the corresponding trigonometric fune- 
ram at the right shows a central angle Poy) 


4, in standard position, that intercepts AP. Notice 


functions 


tions. The d 
ACL, 0) 


nN Measure 


that sin @ => = y = sins. Also, the rad 


of 6 is, or s. Therefore, sin s equals the sine of 


any angle having radian measure s. Similarly, the 
other circular functions of the number s are equal to 
the corresponding trigonometric functions of any 
angle having radian measure 
You can use a calculator or a table to find values of circular functions. 
i¢ calculators can be set to work with radians, and Table 6 gives values 


of trigonometric functions for angles with radian measure between (0) and = 


| Example 2 Find sin 1.44 to four deci 
Solution 1 Using « Calculator 


Set the calculator 


nal places 


radian mode 


sin 1.44 = 0.9915 to four decimal places, Answer 


Solution 2 Using Table 


Use Table 6 to find the sine of an angle having radian measure | 4. 
sin 1.44 = 0.9915 Answer 


When multiples of = and 


are involved, use exact values of the trigonometric 


4 
functions unless you are asked for a decimal approximation 


Example 3 Find the exact values of the six trigonometric functions of 2 


Solution — Since = radians = 30°, 


a 30°-60°-90" triangle (page 558) 


sin 2 =1 cos 
(tear cos = tan 


ala 


cot 2 = V3 


If you are given the value of a trigonometric function of x, you © 
calculator or Table 6 to find the value of «to two decimal ph 


Ss When x is 


between 0 and 3 
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Example 4 Find x to wo decimal places if sec x = 1.975 and 0<x< 
: re 1 
Since sec x = 1.975, cos x = —j>= = 0.5063291. Set the calculator in radian 
mode and use the inverse function key cos”! (or inv cos): 
x = cos! 0,5063291 = 1.0398738 


«= 1.04 to two decimal places. Answer 


Solution 2 sine | 


Use Tuble 6 and read across from 1.975 in the see @ column. 
You should find that see 1.04 = 1.975 


v= 1,04 Answ 


‘or some given function values, you may be able to express + exactly in terms 


of 7. 


Example § Find the exact value of x if cos x = 0.5 and 0x 5% 
Solution — Recall from the geometry of a 30°-60°-90" triangle that cos 60° = 0.5. An 


angle with degree measure 60° has radian measure 7, and 0 z 


x Answer 


The equation of the unit circle centered at the origin is x* + y? = 1. By 
definition, x = cos s and y = sin s. Therefore, by substitution 
cos? s + sin? s = 1 


y that was proved on page $56 for functions of angle 
F P 


This is the same ide 
Fe of this book we will follow the usual practice of referring to 


the circular functions as trigonometric functions, It will be clear from th 


the res 


context whether we are (alking about functions of angles or functions of 


numbers. 


Oral Exercises 


Sketch a circle with equation 2° + 1. 


1. How many points on the circle have the property that cos.» = () 
2, How many points on the circle have the property that cos s = 1 
is always between 1 and |. inclusive 


Explain why the value of sin 
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a 


Give the exact values of the six trigonometric functions of the number s. 
Each cirele is a unit circle centered at the origin. 


‘Complete the table by using positive or negative for each entry. 


8. » 10. i. a 13. 


14. Complete the following statements showing that 
cos (8 + 7) = s sand sin (y + 7) = —sin » 
The length of APO of the unit circle shown at 
the right is 2. Therefore, in terms of s, the 
coordinates of Q are ( 


= —¥ = —e0s s, and 


‘Tell the value of each of the following functions, 
If the function is undefined for the given 
number, say so, 


; 3 
15. sin = 16. tan 3Z 17. cos (~7) 18. cot (~) 
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Written Exercises 


ne number s, the point P is s units from A(1, 0) along the unit circle 
1, Find the exact values of the six tri ic functi 


2. Ales 


Find the sine, cosine, and tangent of each number to four decimal places. 


55125) 6.14 7. 0.25 8.07 


Find the exact values of the six trigonometric functions of the given 
number. If a function is undefined for the number, say so. 


Find the number r if 0 < x < = and x has the given function 


B 19. cosx=0.7248 20, ese. x = 1.018 21, sinx= ¥3 22. tan x 


1 for the given value of s. 


ify the identity cos? s + sin? 


23, 32 24, 


27. Explain how to use Table 6 to find an approximate value for sin 7 


In Exercises 28-31, use the diagram at the ri 


28. Show that if 0<s <4, then tan s = AQ 
(Hint: AOAQ ~ AOMP.) 


29, Show that if 0 <s <7, then sec s = 02. 


(See the hint for Exercise 28.) 


C 30. Show that if 0<s <- then sin s 


31. Show that if 0 <s <7, then s <tan 5 


(Hint: Compare the areas of sector OAP and AOAQ.) 


e s 1 
32. Show that if 0<s<>, then I< Soo < 


(Hint: Start by combining the inequalities in Exercises 30 and 31.) 
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G Biographical Note / Maria Goeppert Mayer 


Maria Goeppert Mayer (1906-1972) was 
the first woman to receive the Nobel 

Prize for theoretical physics. She began 
her career at the University of Gottingen 
as a mathematics student, but she soon 
started working on quantum mechanics 

In the same year that she married the 
American chemist Joseph Mayer. she fin- 
ished her Ph.D. dissertation on the theory 
of light quanta. 

After the Mayers moved to Baltimore, 
Maria was unable to get a university ap- 
pointment, Instead, she decided to help 
other scientists without pay 

In early 1946 the Mayers accepted ap- 
pointments at the University of Chicago 
‘There Maria was surrounded by some of 


the greatest names in physics. and she set Along with the physicist Hans Jensen 
out to learn nuclear theory and study the she wrote the book Elementary Theory 
| origin of elements. of Nuclear Shell Structure 


Yj Historical Note / A Trigonometric Identity 


One of the most famous questions in the history of mathematics, asked by 

the Greeks about 300 B.c., was the following: Given an arbitrary angle, can 

this angle be triseeted (that is, subdivided into three equal angles) with only a 

straightedge and a compass? This question remained unanswered until the 

19th century, when the following apparently unrelated theorem was proved 
From a given unit Jength, a segment whose length is a root of a cubie 
equation with no rational root cannot be constructed. 


trigonometric identity: cos 30 = 4 cos’ 0 — 3 cos @. 

20°, then 30 = 60° and cos 30 = 4. Therefore, 

§ = 4 cos* 20° — 3 cos 20°. i) 

If you let x= cos 20°, this equation becomes ac 006 20 | 
0= 8 Gx 1 

But by applying the rational root theorem (page 382), you find that this 

equation has no tational root. Therefore, by the theorem above, a segment 

whose length is 2 root of this equation, such as cos 20°, cannot be con- 

structed. If you could trisect 60° angle, you could construct a 20° angle, 

and by dropping # perpendicular to one side of this angle from a point on 

the other side a unit distance from the vertex. you could construct a seg- 

ment of length cos 20°. It follows that a 60° angle cannot be trisected. 


if 
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EEE WET BES 9 SP} F227 HIS ES Sey 
13-3 Periodicity and Symmetry 


Objective — To use periodicity and symmetry in graphing functions. 


Because the circumference of the unit circle is 27, the 
numbers s and s + 2zr are associated with the same point 
P(x, y) on the unit circle, as shown in the diag 


right. Therefore, 


am at the 


sin (s + 27)= sin s and cos (s + 27) = cos 


These identities tell you that the sine and cosine functions 
have period 27 


In general, a function is periodic if for some posi 
tive constant p 


fie + p) = fix) 


for every x in the domain of f. The smallest such p is the period of / 


Example 1 Part of the graph of a function f 
having period 2 is shown. Graph 
f in the interval —S = x = 5, 


Solution Since the given part of the graph 
covers one period, repeat it to the 
right until you reach 5 and to the 
Jeft until you reach 


From the diagram at the right you can see that y 
sin (-s) = —y = sin 9 (oy 

and cos (—s) =x = cos» (1.0) 
These identities tell you that the sine is an edd function o Ss 
and that the cosine is an even function es eos 

In general, 

/ is an odd function if f(—1) = —f0) 

and fis an even function if (—x) = fo) 


for every x in the domain of f- Unlike an integer, a function does not have 


be even or odd; it can be neither 
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Example 2 determine whether each function is even, odd, or neither 
b. gin) 


AQ) = 


| (are +1 
| 2. fis even. Answer 
b. g( 1) = (—a)' - 4(=2) = —? + dx = —(8 — 4x) = — 92) 
gis odd, Answer 
ce. M4) = (ah + (=P 
Notice that x7 — x #2? + x and x? ~ x # —(x7 +x). 


h is neither even nor odd. Answer 


The diagrams below illustrate the effect of evenness or oddness on the 
graph of a function 


When f is even, the graph is symmetric When fis odd, the graph is symmetric 
with respect to the y-axis, That is, if with respect to the origin. That is, if 
the point (x,y) is on the graph of f, the point (x, y) is on the graph of /, 
then so is the point (—x, y) then so is the point (—x, —y) 


Example 3 Part of the graph of a function f is 


shown at the right, Graph fin the 
hat 


interval —3 <x <3 assumir 
fis (a) even and (b) odd 


Solution a. Reflect the given pant of the b. Reflect the given part of the 
graph in the y-axis. graph in the origin, 
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Oral Exercises 


Tell the period of the periodic function whose graph is shown. Is the 
function even, odd, or neither? 


1 
Ree aa ENO . t-te 
* 
eae nepesalod| Pa os a ee 
Tell whether each function is even, odd, or neither. 
4. gle) 3x h(x) = 2x ar +5 6. fix) = 4 2x 
T. ty) x 8. six) ® ry) =e lv x 2 


Written Exercises 


iz the given period p is shown. 


Part of the graph of a function / ha 
Graph f in the indicated interval and tell whether / is even, odd, or 


neither. 
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p=6-6S0S6 


Part of the graph of a function / is given. Graph f in the interval -3 <x <3 
assuming fis (a) even and (b) odd. 


i6 


Determine whether each function f is even, odd, or neither. 


I. fwar+x 12. fix) = 9 + Sx +3 

13. fay = at tot 4. fly = at t+ 2 +1 

15. fa) => 16, fix) = «Vie +1 
B17. fa) = «sins 18. f(x) = x cos 

19. f(x) = sin x cos x 20. fix) = sin x + cos x 


21. Show that the product of two odd functions is even 


22. Show that the product of an even function and an odd function is odd 
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23. Show that if wo functions have period p then the function that is their 
sum has a period that divides p, (Hint: Let h(x) = f(x) + g(x) where f and g 


have period p.) 


24, Show that the sum of an even function and an odd function is neither even 
nor odd. 


25. Show that sin 2x has period 7. (Hint: Find the smallest positive p such 
that sin 2(x + p) = sin 2x,) 


26. Show that cos 2x has period 7, (See the hint for Exercise 25.) 


27, Show that cos 1x has period 47, 28. Show that sin Lv has period 477 


€ 29. Show that if f(x) has period p, then fikx) has period for any k > 0 


30. For any function f(x), define two functions O(x) and E(x) as follows: 


iia) —fi-x fix) + fi-0 
aw and E(x) 


a. Show that O(x) is odd and E(x) is even. 


b. Show that O(x) + B(x) = f(x). (Any function can be written as the sum 
of an odd function and an even function in this way.) 


ce. Find O(x) and E(x) if fix) =P — 3x2 + Ie + 1 


d. Find O(x) and E(x) if fx) = ¢ 
bolic sine and cosine of x and are written sinh x and cosh x.) 


(These functions are called the hyper- 


MS Cs ee 
Mixed Review Exercises 


Graph each equation. 

Lys t+6r+ Il 2-1 4x —3y=1 

4. y = login x y+2y=8 6. 92 — y? =9 

Solve. 

7. Vix+4=x+2 7 1 x Se =F 2x 4=0 
10. +1 4 1. 0 12. + + : =~ 3 . 


FATE BP EEE EEE. SAE DIE PEE 
Challenge 


The function f(x) = sin 2x has period 4, and the function g(x) = cos J. has 


period 6, Is the function f(x) = flx) + g(x) periodic? If so, what is its period? 
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ee ea 
13-4 Graphs of the Sine and Cosine 


Objective To graph the sine, cosine, and related functions. 


To obtain the graphs of y = sin x and y = cos x, you can use a computer or a 


graphing calculator. Otherwise a table of values for 0 = x = 27 is needed. 


Oe a(e| ¥ | || F) FF 
0} 0.52/ 1.05] 1.57] 2.09] 2.62]3.14] 3.67] 4.19) 4.71 


0.50/0.87| 1 | 0.87] 0.50] 0 | —0.50|-0.87| —1 | -0.87| -0.50] 0 
—0.87|-0.50] 0 | 0.50] 0.87] 1 


up | le 


5.76 | 6.28 


sin.x 


0 
cos x] 1 0.87| 0.50] 0 | 0.50] —0.87 


‘The graphs shown below are obtained by plotting the ordered pairs 
(x, sin x) and (x, cos x) from the lable above and by joining the points with 
smooth curves. 


Since both the sine and cosine functions have period 277, their complete graphs 
consist of the above graphs repeated over and over, as shown below 


Notice that the sine curve is symmetric with respect to the origi 
sine is an odd function, ‘The cosine curve is symmetric with respect to the 
y-axis, since cosine is an even function, Notice also that if the cosine curve 


ince 


were shifted units to the right, it would coincide with the sine curve 
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If you have a computer or a a 
graphing calculator, you can inves- 
tigate the graphs of functions of the 
form y = ¢ + sin x, such as those 
shown at the right, Notice that the 
graph of the sine function is shifted 


upward c units if ¢ >0, and it is 
shifted downward |c| units if ¢ < 0. 
(This also applies to functions of 
the form y = ¢ + cos x.) 


The diagram at the right shows 
the graphs of three functions of the 
form y = a sin x(a > 0). In each 
case the value of the function var 
ies from a minimum value of ~a 
to a maximum value of a. (This 
also applies to functions with the 
form y = a cos x.) The positive 
number a is called the amplitude 


of a sin x (or a cos x). There 


the amplitude of 2 sin x is 2, of 


1 \ 
sin x is 1, and of 4 sin x is + 


Example 1 Graph y = 2 + 3 sinx 
Solution — The sine curve is shifted upward 2 units, and its amplitude is 3 


Notice in the solution of Example | that the function has a maximum valu 


of 5 and a minimum value of ~ 1. In general, any function of the form 


y=e+asin x (or y=¢ +a cos x) has maximum value M = c + a when 
sin.x = 1 (or cos ¢ = 1) and minimum value m a when sin 1 
(or cos x i) 
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Since 


M+m _(ct+a)+(e-a) 


the average of the extreme values is the vertical shift in the sine (or cosine) 
curve. Also, since 
M—m (¢ + a) — (c— a) 2a 


=> =a 


half the difference between the extreme values is the amplitude of the curve 
While the @ in y =a sin.x causes a vertical stretch or shrinking in the 
graph of y = sin x, the b in y = sin bx causes @ horizontal stretch or shrinking 
In other words, the coefficient b affects the period. 
For example, to find the period of fix) = sin 3x, look at flx + p) 
fie + p) = sin 3(x + p) = sin (3x + 3p). Then fix + p) = fla) if and only if 


sin (3x + 3p) = sin 3x. This equation holds if 3p = 277. Therefore, p = 


The graph of y = sin 3x is shown below with the graph of y = 


For positive real numbers @ and h, the functions f(x) = a sin br and 


fis) = a cos bx have amplitude @ and period 37 


Example 2 Graph y = 2 cos 7 
Solution — ‘The amplitude is 2, and the period is 
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"Example i Each graph shown below has an equation of the form y = c + a sin bx or 


¢ + a cos bx. Find an equation of each graph 


zraph is the same as the one in Example 2 except that it has been 


shifted upward | unit 


Answer 


the equation is y= 1 + 


s a function with period 7 z and b = 2. Since 


b. Since the gr 


the maximum value M is —1 and the minimum value m is ~2 


M +m 


and a > 
Finally, since the graph is halfway between the maximum and minimum 
values of the function atx 


the equation is y= —3 


0, the graph is a sine curve 


LY 
+ 4 sin Qv. Answer 


Oral Exercises 


ify each curve as sine or cosine. ude and period. 


Ide Then give its amp 
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9. Explain why the b in y = sin bx has no effect on the maximum and mini- 
mum values of the sine function, 


In Exercises 10-13, match each description with the letter of the func 


that fits the description. 
10. The amplitude is 3 a. 2m 
11. ‘The period is = b. 
E c 
12, The minimum value is 1 Aes 


13. The period is 2 


Written Exercises 

In Exercises 1-12: 

a, Find the amplitude of each funetion. 

b. Find the maximum and minimum values, 
c. Find the period. 


A 1. y=2cosx 2. y= 5 sin x 
4. y = cos 2 5. y=3 sin 3x 
7. y=fsin 2arv 8. y =2 cos mx 
10. y= 3 sin Fx IL, y= cos 2ax —1 12. y= 2sin we +3 


13-20. Find an equation of each curve pictured in Oral Exercises 1-8. 
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Find an equation of the form y = c + a sin by that satisfies the given 
conditions. (M is the maximum value of the function y, and m is the 
minimum value.) 


1, period 


Sample 
Solution 


y=3+2sin Answer 
21. M=3, m=—3, period 27 22. M = 1, m= —1, period 87 
23, M = 2, m= —2, period 2 24. M=2, m= 
25. M=7, m= 1, period 7 26. M=0, m= —6, period 4 


27-32. Graph each function in Exercises 1-6. Show at least t 
may wish to verify your 


) periods. You 
aphing calculator 


raphs on a computer oF a 


33-38. Graph each function in Exercises 7-12. Show at least two periods. You 
may wish to verify your graphs on a computer or a graphing calculator 


In a function of the form y = sin (x — d) or y = cos (x — d), the number d 


determines the phase shift of the graph. In general, for any function /, the 


graph of y — f(x — d) is obtained by shifting the graph of y = f(x) to the right 
d units if d > 0 or to the left {dj units if d <0, 
The graph of y = —f(x) is obtained by reflecting the graph of y = fix) in 


the x-axis. 


Use the information given in the preceding paragraphs to sketch the graph 
of each of the following equations. Show at least two pe 


39. y=cos(r-2)-1 40. y 2 sin 2x 4. y cos 2 | 


a 1 
42, y= —sin (2x— a) +1 43, y = —2 cos (4x + 7) +5 


45. Show that the graph of y = cos (x —-}) is a sine curve 


cand y = cos (vy +) are related 


46. Explain how the graphs of y 


47. Use the equation sin 2x = 2 sin x cos x to show that the graph of 


y = sin x cos x is a sine curve, Sketch the graph 


1 — 2 sin® x to show that the graph of sin? x 


48, Use the equation cos 
is a cosine curve. Sketch the graph. 


period 3 


44. -y = —2 cos (27x 
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13-5 Graphs of the Other Functions 


Objective To raph the tangent, cotangent, secant, cosecant, and related 
functions. 


the tangent function is odd, has period 7, and has asymptotes. These proper- 
ties are investigated below and will be useful in graphing the function 


“Example 1 determine whether the tangent function is even, odd, of neither 


“Solution since sine is an odd function and cosine is even, 


sin (=x) _ sin x 


fan (~x tan x 


+. tangent is an odd function, Answer 


In addition to being odd. tangent has period 7. To see why, use the fact that 
sin (x + 7) = —sin x and cos (x + 7) = ~cos x (see Oral Exercise 14, page 616): 
sin (xt m) _ —sin-x 


tan (s+ 7) => = 
cos (N+ 7) CONN 


tan x 
Another property of tangent comes from the fact that tan x 


kr 
Z where k is 


is undefined when cos x = 0 (that is, when x 


an odd integer} To see what happens to tan x as x approaches 


., for example, look at the diagram. For 0< 4 <%, you 


know tan x= AQ (see Exercise 28 on page 617). The nearer x 


e z A(L,0) 
is to Z, the closer P is to B, and the larger AQ is. Therefore, 


as x approaches 7, tan x increases without bound. 
A short table of values is used to start the graph of y = tan x in the figure 


below, The dashed line is an asymptote of the graph (recall Lesson 9-5) 


x tan x 
0 0 
7 ~0.52 | 0.58 


1 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 


Since tangent is odd, the graph on the previous page can be reflected in 


the origin to obtain the 


aph of one period of the function, as shown in Fig 
ure 1, The complete graph of the tangent function, shown in Figure 2, is ob: 
tained by using the fact that the period of the tangent function is 7 


Figure 1 


You can use a computer or @ graphing 


alculator to explore the graphs 

of functions of the form y ce +a tan bx, for various values of a, b, and ¢ 
Remember (see Lesson 13-4) that the number ¢ produces a vertical shift in the 
curve, a produces # vertical stretching or shrinking, and & produces a change 
in the period 


Example 2) Graph one period of the function y = 2 tan 5x 


Solution |. Since b = 4, the period of the function is ] = 27 


1 
es occur when 4.x 


= and 2 
Asympte T and 4x Solv 


ing these equations 


ves asymptotes at. x= and a= ~7 


2. Since a = 2, there is a yertic 
stretch of the tangent curve 
For example, since tans = | 


tae 
whe 2tan S40 = 
when x= 7, 2 ta 


loz 

when 1x (that is, when 
nx =F (th 

x ). Similarh, 

2 tan 4x when « 

The graph of one period of the 


function is shown at the right 
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To graph the cotangent, secant, and cosecant functions or variations of 
them, you can use methods similar to those discussed in this lesson for tangent. 
The graphs of y = cot x. y = sec .x, and y = ese x are shown below in red 


along with the graphs of their reciprocal functions in black 


=see x 


Notice from the graphs that cotangent has period 7 and that secant and cosecant 
have period 27. 


_— SSS re 
Oral Exercises 


Give the period of each function. 


ese A Solution — since b = 4, the period is 


5. y =2ese me 6. y=cot2xt 1 


For which numbers x, 0 Sx < 27, are the following functions not 
defined” 


9 tan x 10, sec x IL. cot x 12. csex 


For each description, gi 
that description, 


ve the letter of the function that has a graph fitting 


13. The graph has v= 2 as an asymptote and a y= cot 2r 


passes through the origin. b. y= tan 
14, The graph is symmetric in the y-axis and x 
passes through the point (0, 3) © y= 3seox 
15. The graph does not intersect either axis. d. y= 3 ese x 
16. The graph has the y-axis and the line x 


e y= 2tanx 
as asymptotes. e 


BS 
‘i 


cot mx 
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BRE See 
Written Exercises 


Use the fact that the cosine is even and the sine is odd to determine if the 
following are even, odd, or neither. 

A 1. cox 2, sec x 3. csc x 4. wan + sec x 
5. see x — ese x 6. xesex 7. x7 cotx 8. sec wlan x 


9-16. Sketch the graph of at least one period of the functions given in Oral 
Exercises 1-8 


17. Does the tangent function have 


an amplitude? Justify your answer 
18. Does the secant function have an amplitude? Justi 


your answer 


Graph each pair of functions in the same coordinate p 


You may wish to verify your graphs on a computer or a graph 


B 19. y=tanx; y= —tan x 20. y= see xs y see x 
21. Graph x = tan y for —2 <y <3 22, Graph x = cot y for 0-<y 
Graph each of the following over the interval 0 Sx S27. (Hint: S 
Exercises 39-44 on page 629.) 

23. y= tan (x- cot (x — = ese (x + 2 
26. y = sec (x- F 27. y =cot (x Ht 28. y = tan (x 
© 29, Graph y =sin.x, y =, and y = tan x(0<x in the same coor 


dinate plane. Explain why the resulting figure illustrates the inequality 


617.) 


sin <x <tam-x, (See also Exercises 30 and 31 on pa 


Mixed Review Exercises 


ons of each number. If 


Give the exact values of the six trigonometric func 
a function is not defined for the number, say so. 


1 2. 3. | Sarat 
Evaluate if @ 
reat Dh 8. 6 
low, (~a) a’ 
a+b 2 r 
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Self-Test 1 


Vocabulary radian measure (p. 607) periodic, period (p. 619) 
are length (p. 608) odd funetion (p. 619) 
area of a sector (p. 608) even function (p. 619) 
functions (p. 613) amplitude (p. 625) 
1, Express in radians. Obj. 13-1, p. 


165° (Leave your answer in terms of 7) 
256° (Give your answer to the nearest hundredth of 
a radian.) 


2, Express in degrees, Give your answers to the nearest tenth 
of ad 


es b. 2.5 


3 
3, Find the exact values of the six trigonometric functions of 37 


4. Find the sine, cosine, and tangent of 1.44 to four decimal places 
5 


. Determine whether each function is even, odd, or neither: Obj. 13-3, p. 
anf) =s° =r +5 b. ex) + 6x44 
6. Find the amplitude, the maximum and minimum values, and Obj. 13-4, p 


the period of y= 1+ 3 sin 2v. Then sketch the graph, showing 
at least two periods 
7. Sketch the graph of y = 3 cot 2x over the interval 0 < <2 Obj. 13-5, p. 


Check your answers with those at the back of the book 


607 


613 


619 


624 


630 
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Application / Frequencies in Music 


The musical tone produced by a vibrating 
string, a guitar string for example, can be 
represented mathematically by a graph. The 
y-coordinates of the graph represent the dis- 
placement of a fixed point in the middle of 
the string at time 1. If you ignore the com 


plicated secondary motions of the strit 


this graph will be a sinusoid, « graph re 
sembling a sine or cosine curve 
The fundamental period of the tone 


graphed at the top of the next page is sty s. 


and its frequency, defined as the reciprocal 
of the period, is therefore 440 Hz (hertz, or 
cycles per second), 
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The frequency 


1 vibratin; is determined by its tension, which the 
tuitarist changes when tuning the instrument, and by its length, which the gui 
larist controls while playing by pressing the string 4 
rid; 


inst one of the metal 


., or frets, on the neck of the guitar 


v4lin mm) 


Vibrating strin 


1 (in seconds) 


at middle C 
ends on C’, the note one octave above. As the 
graphs of C and C’ indicate, the fundamental 
period of C’ is exactly half that of C, and thus 
its frequency (528 Hz) is exactly (wice that of C 
(264 Hz). The table below shows other relation 
ships among the frequencies of the C major 


The C major seale beginni 


seale. On the left are listed the names of each 


pair of notes, or interval 


Name of note | ¢ | D | & | F e | 

Frequency (Hz) | 264 | 297 330 | 352 528 | frequencies 
Octave | (omy | 
| Fifth | | a5 
Fourth | | 4:3 

aie 

Major third tan ee 5:4 
Minor third | | 6:5 


Exercises 


1, Suppose a string tuned to F vibrates with an amplitude of 0.5 mm. Write 


an equation of the form y = 4 cos bt, where y is in millimeters and 1 is in 


seconds, for the motion of a point in the middle of the string 


2 with « given tension is inversely pro- 


2. The frequency of vibration of a stri 
portional to its length. For example. if you halve the len 


th of the string 


pitch goes up by one octave 


its frequency doubles and 
a. A guitar string tuned to G (396 Hz) is shortened to 

length, What will its frequency be? What note will it play? 
b. A guitar string 30 cm long is tuned to E (330 Hz). How long is the vi 
vhen the guitarist plays C 


on this string” 


g part of the string 
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Trigonometric Identities 


13-6 The Fundamental Identities 
Objective To simplify trigonometric expressions and to prove identities 
You learned earlier that a trigonometric identity is an equation such as 


sin? 
aw. \) 


that holds for all values of a, except those for which either side of the equation 


is undefined. This is true of all trigonometric identities. You are already famil- 
iar with most of the fundamental idenuities listed below 


em i, 
The Reciprocal Identities 


a+ costa =1 


4: 1 L 
sina = sina@csca=1 csc a = —— 
ee sina 
cos ¢ = —1 cos a seca=1 seca =— 
ecw Fr 
1 1 
ota tana 
fan a= tan @ cota = 1 cot a@ = 
sine 
con a 


The Cofunction Identities 
sin @ = cos (90° ~ @) cos @ = sin (90° ~ 6) 
tan 6 = cot (90° — @) 


cot = tan (90° ~ 8) 
see 0 = csc (90° ~ 0) 


ese @ = sec (90° — 0) 
The Pythagorean Identities 


sin? a + cos? @ = 1 


1+ tar 


1 + cot a= 


The reciprocal, cofunction, 


and Pythagorean identities can be used to sim 
Plify trigonometric expressions and to prove other identities, 


Example 1 simplify cos « 
Solution 


fan @ sin a 


Write the functions in terms of sines and cosines. Then simplify 


tan @ sina = cos a + MD@ 


sin @ = £082 + sin? a 1 


cos a cos a foc 
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Because tan a is not defined if cos e = 0, the trigonometric identity 
os a + tan @ sin @ = sec w is valid only if cos @ #0, that is, only if 


a = 90° + n> 180°, where n is an int 


1. In general, such restrictions are 
understood to apply even though they are not specifically mentioned 


Example 2. Write tan x in terms of sin x 


Solution You know tan x= =", You must now find cos x in terms of sin x. Use the 


eos 


first Pythagorean identity 
sin? x + cos? = 1 
cos? x = 1 ~ sin? x 


cos x V1 = sin? x 


tanx= == Answer 


The value of x determines which sign is used in the answer to Example 2 
If x is the measure of a first- or fourth-quadrant angle, sin x and tan.x have the 
nd the + is used. If.x is the measure of a second- or third-quadrant 


same sign 
angle, sin x and tan x have opposite signs and the — is used 
You can usually use one of two general strategies in proving identities 


ET TS 
General Strategies for Proving Identities 


1, Simplify the more complicated side of the identity until it is identical to 
the other side 
2. Transform both sides of the identity into the same expression, 


Caution: It is incorrect to “work across the = sign.” For example, do not 
cross multiply. To do so assumes that what is being proved is true: 


Here are some special strategies that can be helpful in proving identities. 
—EE_ 
Special Strategies for Proving Identities 


1. Express functions in terms of sines and cosines (see Example 1) 


2. Look for expressions to whieh the Pythagorean identities can be applied 


For example: tan? x + | (= sec* x), and 1 sin? x (= cos? 4), 


r= (1 + cos xy(l — cos x), 


Use factoring. For example: sin* x = 1 ~ cos 


Combine terms on each side of the identity into a single fraction 


we 


Multiply one side of the equation by an expression equal to | (see 
Example 4). 
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cot 


Example 2 Prove that tan? a + ese? @ 


Solution Use general strategy 1 
tan? a + esc? a ~ cor? @ 2 sec’ 
tan? @ + — S08, 
sin’ a 
tan? @ + eee | 
sin? a 
—— | 
tan? @ + 
tan? @ + 
sec? a = 


sins 
T+ cost 


Sint 


Prove that + 


Remember, you cannot cross multiply. Use special strategy 5 


1+ cos t 
left side by 1 in the form ++ £254 
= cos! 2 _sinr 
sin T+ cos? 
(= cos 1)(1 + cos 1) 
sin (1 + cos 1) 
1 = cos? 
Sin A + cos 
sin t_ 
sin (1 + cos 
sins sins 
T+ cost T+ cose 
Example § Prove that (ese x — 1(sin. x + 1) = cos x cot x 


neral strategy 2 


(ese x 


ese v sin + ese x — sinx = 1 


ese x — sin — 1 


a I 


sin x 
sinx 


isin x + 1) 2 


€08 x cot x 
cos x + SOS 
sin x 
six 
1 = sin? x 
in w 


sin x 
sin 


Use the reciprocal identities. 
Use special strategy 4 


Use special strategy 2. 


Simplify 


Use special strategy 


and multiply the 


Use special strategy 5 


Use FOIL 


Use special strateg 


Simplify 
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Since (csc x ~ 1)(sin x + 1) = 


sin x and cos x cot. x = ~~ sin x 
sin 


Sin 
you have proved the identity 


There are often several ways of proving an identity, For instance 
to the first step in Example 3 


k back 
i There you could use a Pytha 
and replace esc? a — col? @ by the number | 


ean identity 
since | + cot a= csc? a 


Then you would immediately obtain tan? @ + 1 = sec? a 


Oral Exercises 


sin? a — 1 
5. tan a cos a 6. cot @sin 6 
m2 9, cots 

sin x tan x 


press the first function in terms of the second. 


10. sin 4 cos 1 IL. sec @; tan 0 12. tan x; sec x 13. cos x; sin x 


14. Explain why it is incorrect to prove the following identity by dividing both 
sides of the equation by cos x 


Written Exercises 


Simplify. 
AL. sin w see a 2. cos fese # oe 
4, ot 5. (1 — sin 0)(1 + sin 0) 6. (see b — Iy(see db + 
at | 
7. cos @ ese @ tan a& 8. cot fsce f sins Usa 
1p, 4 — cote 11, 22-1 12, “€4 — see ¢ cos 
0. Sine wana cos @ cos 
1+ tan 1+ tan? @ 15. cos? 50° + sin? 50’ 
ee tar’ @ Lies I+ cor @ 
16. 1 + tan? 50° 17. csc? tr — core 18. see* 350° — tan® 350' 
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19, Sinacos a 


sin’ @ 
241, see x — sin x tan x 
1 sin? 


2 
3. sind 


Write the first func 


25. see x; sinx 


27. tan f; sin ¢ 


29. tan a@ sec a; sin a 


Prove each identity. 


31. sin? x(1 + cot? x) = 1 


33. cos? 6 — sin? @= 1 — 2 sin? 6 


35. cot @ + tan d 


- sint x = cos? x - 


sec r 


41. cot 6(cos @ tan @+ sin 4) 


L + sec @ 


47. (cos f+ sin 1)? + (cost 


rove each identity. 


49, Leos _ seoxt 
Tcosx seex—T 


$1. (cot @ + tan a)? 


53, six 
53, SPA = se x ~ cots 
coer 
T= sin’ ~ seer 


ese & sec h 


sin? x 


sin 1) 


ese? a sec a 


57, Sint d+ 2 cos b~ | 1 
~"* Sin? hb + 3c0s b—3 sec 
58. VPP SE = Jose x — cot 4} 


1 = cos? # 
sin @ cos 6 


cos* r(cot” t+ 1) 


sec w= 1 


+1 


SE; COS x 
tan r, cos ¢ 


tan a sec a; cos @ 


sin? a(ese? a + 


cos? ¢ — sin? 


sec? @ + ese? 


cos* # tan? @ + sin? @ tan? @+ 1 = sec? @ 


tan? @ 


» Sind + cos d cot b 


sect + eset 
1+ tans 


a, l+cosa 


T+ cox a sin 


(1 + tan)? + (1 = tan x)? 


ced eH satiph 


eedé-1* dtl 


. seer + ese 1 = (tan t+ cot (cos ¢ + sin A) 


see y ~ tan y 

— see y 
sin y 

sec#-=1_ ane 
tan 0 sec OF 1 
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13-7 Trigonometric Addition Formulas 


Objective ‘To use formulas for the sine and cosine of a sum or difference. 


If you were asked to evaluate sin 75°, you could use a calculator or tables to 
find an approximate answer, To four decimal places, sin 75° = 0.9659. But 
an exact answer is sometimes needed, Notice that sin 75° can be expressed as 
follows: 


sin (45° + 30°). 


sin 7 


Therefore, if sin (45° + 30°) can be evaluated in terms of trigonometric 
functions of 45° and 30°, you can find an exact expression for sin 75° 
The following identities are called trigonometric addition formulas 


Addition Formulas for the Sine and Cosine 
sin (@ + B) = sin a cos B + cos a sin B 
sin (@ — 8) = sin & cos B — cos @ sin B 
cos (a + B 
cos (a — B) = cos @ cos B + sin a sin B 


cos @ cos B — sin @ sin B 


Caution: sin (a + B) # sin a + sin B, Here is a counterexample 


5 vi or 
sin 45° + sin 30' +1 = 1.207 


but sin (45° + 30°) = sin 75° = 0,9659. 


Example 1 Find the exact value of each of the followin: 


a. sin 75 b. cos 195 
Solution a. sin 75° = sin (45° + 30°) 

sin 45° cos 30° + cos 45° sin 30° 

v3 t 

=a hy “7 

2 Answer 

4 
b. cos 195° = cos (240° — 45°) 


cos 240° cos 45° + sin 240° sin 45 


= (21) we (eee 


or —— Answer 
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Example 2 Prove the identity cos ( 


Solution cos (27 — 0} = cos 3 cos 0 + sin 3 sin 6 


=0-cos 6+ (—1) sin @ 


=-sin 6 


To prove the formula for cos (a ~ B), place the 
angles a, B, and a — B in standard position and let P, 
Q, and R be, respectively, the points where their ter- 
minal sides intersect the unit circle. The coordinates 
of the points shown in the diagram are 


AU,0) 


Picos a, sin a), Q(cos B. sin B), 
Ricos (a — B), sin (a ~ B)), and ACL, 0) 


Since OP and AR both have central angles of measure a — B, they are 
congruent. Therefore chords QP and AR are congruent and (QP)? = (AR)*. 
Now use the distance formula (page 402) and simplify the result using the Py- 
thagorean identity sin? @ + cos? 0 = 1 

(opp = 


s a — cos B)? + (sin a ~ sin BY 


a = 208 a cos B + cos? B + si 


— 2(cos a cos B + sina sin B) 
(ARF = [cos (w ~ B) = IP + i 


= cos? (a — B) ~ 2 cos (a ~ B) 1b +i f 
= 2-2 cos (a- p) 
Since (QP)* = (AR)* 


2 — 2(cos @ cos B + sin a sin B) = 2 — 2 cos (a— ), 
or cos (a — B) = cos a cos B + sin a sin B. 
To derive the formula for cos (a + £), use the formula for eos (a — B) 
and the fact that cos (~B) = cos B and sin (—B) = —sin B 
cos (a + B) = cos [w — (—B)] 


cos a cos (-B) + sina sii ) 
SER Valy nS 
To prove the formula for sin (@ + B), use these cofunction identities: 
cos (90° 0) =sin@ — and sin (90° — ) = cos d. 
The proof is obtained by writing sin (a + B) as a cosine and simplifying 
sin (a + B) = cos [90° — (a + B)] = cos ((90" — &) — B] 
08 (HP — a} cos B + sin (90° — a) sin B 
in er cos B + sin B. 


The proof of the formula for sin (a — B) is left as Exercise 33 
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Oral Exercises 


Use a trigonometric addition fo 
evaluate. 


Sample 1 cos (45° — 30°) = cos 45° cos 30° + sin 45° sin 30 


mula to expand each expressi 


1. cos (60° — 45°) 2. sin (30° + 45°) 3. sin (45° — 30°) 


4. cos (60° + 45°) 


5. cos (7 + 


6. sin (2 


or 60°. 
7. 105 8. 15 


9, 165 10. 285 


Simpli 
a 


fy to a trigonome 
lue of the function. 


function of a sing! 


. Then give th 


exact 


Sample 2 cos 100° cos 40° + sin 100° sin 40° = cos (100° — 40°) = cos 60° = + 
LL. cos 20° cos 70° — sin 20° sin 70 12. sin 100° cos 10° — cos 100° sin 10 
Ok: 3 *i 
3. si = cos = cos sin 2 cos 2 cos 4 + st 
13. sin ~ in 4 14. cos $ cos Z + sin 
Simplify to a trigonometric function of a single angle. 
15. cos 26 cos @ + sin 26 sin 0 16. sin 36 cos 26 — cos 3 sin 2 


Written Exercises 


Find the exact value of cach of the following. 


A 1. cos 105' 2. sin 15 3. sin 165: 
4. cos 285 5. cos 195 6. sin 255 
Simplify to a trigonometric function of a single angle. Then give the exact 
value if possible. (See Sample 2 above.) 
7. cos 20° cos 40° — sin 20° sin 40° 8. sin 50° cos 5 cos SO? sin 5’ 
9. sin 130° cos 80° + cos 130" sin 80 10. cos 50° cos 140° + sin 50° sin 140! 
cos = cos & + sin = si 12. sin 2 cos —% — cos 7 sin 
I. cos cos 75 + sin F sin eo Eh 
13. sin 34 cos 0 — cos 34 sin 0 14. cos 2 cos @ — sin 2 sin & 
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Prove cach identity. 


15. sin (2 + 6) = cos 0 16. cos (= — 6) = sin 9 
17. cos (a7 — x) = —cos « 18. sin (r+ x) = ~sin x 
19. sin (37 — x) = —cos x 20. cos (2% +x) =sinx 


Simplify to a trigonometric function of a single angle. 


B 21. sin( + 6) + sin (2 — @) 2, 


23. cos (x — y) cos y — sin (x — y) sin y 24, sin (v + y) cos y — cos (x + y) sin y 


Prove each identity, 


sin (a + B) 
cos a cos B 


sin (a + B 
Sin a sin B 


25. tan a + tan B 26. cot a + cot B 


27. cos O cos dtan 8 + tan ) = sin (6 + $) 
28. sin 0 sin P(cot 4 cot p — 1) = cos (0+ #) 
29, 2 sin a cos B = sin (a — B) + sin (a + B) 
30. 2 cos a cos B = cos (a — B) + cos (a + B) 


3 


In Exercises 31 and 32, sin a = — 


. cos B $. and a and f are third- 
and fourth-quadrant angles, respectively. (Hint: First find cos a and sin B.) 


31. Find (a) s 
32. Find (a) sin (a — B), (b) cos (a — B), and (€) the quadrant of « — B. 


n (a + B), (b) cos (a + B), and (€) the quadrant of @ + 6. 


33. Show that sin (a — 8) = sin @ cos B — cos @ sin B. 
(Hint: a ~ B= a+ (—B).] 


34. Use a trigonometric addition formula to derive a formula for sin 20, 


@) 
) 


35. Prove that tan (7 ~ a) = —tan a. (Hint: tan (7 ~ a) = 1 


C 36. Show that in the figure at the left below, f= oe 


dsin sin B 


37. Show that in the figure at the right above, 
i = sin (a + B) 


(Hint: See Exercise 36.) 
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Mixed Review Exercises 


Graph each function. Show at least two periods. 


1 
2 S02 
1. y= sin 2e 2. y= tan 


Simp 


4. sin? x(1 + cot® x) 6. 


8 9 
t= a 
i. os ol 12. esex — cos x cot x 


Computer Exercises For studenis with some programniing experience 


1. Using only the fact that sin 5° = 0.087155743 and the addition formula 
for sine on page 641, write a program that will display a table of degree 
measures and their sines in 5° increments for angles from 5° to 90°, Note 
that sin 10° = sin (5° + 5°) = sin 5°. Do not use 
the computer's SIN (X) or COS (X) built-in functions, To find cosines 
use the identity 


sin 5° cos 5° + cos 5 


cos 6= V1 — sin? 6, 0° = 6 = 90 
Since the computer will produce sine values having & or 9 digits. you 
can improve the appearance of the table by rounding these values to the 
nearest ten thousandth using the computer's greatest-integer function INT 
100 LET X=INT(10000¢X +0.5)/10000 
Note that, without the 0.5 being added before INT is applied. the computer 
would merely truncate, or cut off, the value of X after four decimal places 


2. Modify the program in Exercise | to include cosine and tangent values. For 
the tangent, use the fact that 


sin 8 


o 
ne, 0 =0< 90 


tan @ 


nts for an. 


Run this program (o display a table of sines, cosines, and tang 


gles from 5° to 85°, Compare your values with those in Table 6. 


write a program that will compute the sine of 


3. Given the sine of an ar 
any given multiple of that angle that is less than 90°. For example, if 
sin @ = 0.224935 is entered, the program should be able to find, say, 
sin 60. Again, do not use any of the computer's built-in functions 


4. Run the program in Exercise 3 0 find the followin 
a. sin 70 if sin @ = 0.156422 b. sin 150 if sin @ = 0.104528, 
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13-8 Double-Angle and Half-Angle 
Formulas 


Objective To use the double-angle and half-angle formulas for the sine 
and cosine, 


‘You can obtain formulas for the sine and cosine of twice an angle by substitut 
ing w for f in the formulas for sin (a + B) and cos (a + B): 


sin 2a = sin (a + a) cos 2@ = cos (a + @) 
sin a cos a + cos a sin « = cos a cos a ~ sina sin a 
=2sin a cos a = cos* a ~ sin? @ 


These formulas are called the double-angle formulas for sine and cosine: 
Two other useful formulas for cos 2a can be obtained by using the Pythag- 
orean identity sin? @ + cos* @ = 1 


cos 2a = cos? a ~ sin? a cos 2a = cos? a — sin? @ 
= (1 = sin? a) — sin? @ = cos? a — (1 ~ cos? a) 
=1-2sin' a =2coP a@-1 


Double-Angle Formulas for Sine and Cosine 
sin 2a = 2 sin a cos a cos 2a = cos? a ~ sin? a 
cos 2a = 1 ~ 2 sin? a 


cos 2a = 2 cos? a ~ 1 


3 
Example 1 it sina == and ais in the second quadrant, find sin 2a and cos 2a 


Solution — Make a sketch. You can see that if 


4 


5 3 
sina = =, then cos a = 


sin 2a = 2 sin a cos @ 


cos 2a = cos? a ~ sin? a 
Aes (S\e ee 
=a) = 25 


sin 2a = — 2 


and cos 2a =k. Answer 
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Formulas for the sine and cosine of half an 


an, 

@ 
ing a by > in two of the formulas for cos 2a 

cos 2a = 1 — 2 sin? a cos 

cos 2|>) = 1-2 sin? (4) 
cos @=1—2 sin? 4 
20 _ 1-cose 
sin? 5 = 5 cos 


an be derived by replac 


2 cos? w= 1 
=2e0s7(£) -1 
é 
2eost 2-1 
1 + cos @ 


Now take the square root of both sides of these equations to obtain the half-angle 


formulas 


eR SSS Se ey 


Half-Angle Formulas for Sine and Cosine 


p= #y- 


cos 0 


Notice that both of the half-angle formulas above contain a plus-or-minus sign 


4 
You must decide which sign to use by determining in which quadrant © is to. 


2 illustrates 


cated. Exampl 


Example 2 Find the exact value of| a. sin 22 


Since — is a second-quadrant angle, sin — is positive, Since 165° is 
second-quadrant angle, cos 165° is negative 
a, el) 65° = 11330 
a F=3(4 b. 169° = 5 
sin 2 = sin (7% cos 165° = cos 1(330°) 
j 1 0 
t—cos! \ 
\ 5 
1+ 33 
2 Viet 
2 2+V3 
f 2 Ni 
v4 1 
V2+V3 


Answer 
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Answer 
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| Example 3 1 130° <a < 360", and cos @ = - 


following, 


find the exact value of each of the 


“Solution — Since 180° < a < 360°, 90" < $< 180". Therefore, + is a second-quadrant 


nlp 


A a 
angle and sin & is positive and cos + is negative. 


[1 = cos @ _ 


a, sin $= +y-—-F 


b. cos 


Prove the following identity: 


cos csc @ — sin 6 see @ = 2 cot 24. 


cos @ csc @ — sin @ sec @ 2 2 cot 26 


cos@ _ sin @ 
n@ cos 


| sin @cos 0 


Oral Exercises 
Simplify to a trigonometric function of a single angle. Do not evaluate. 
1, 2 sin 0 cos # 2. 200s? @—1 

3. cos? x — sin? x 


5. sin cos 
7. 2 sin 35° cos 


9. ye ns 80° 


IL, 2 sin Sx cos Sx 12. cos” 4x — sin? 4x 
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Written Exercises 


Simplify to a trigonometric function of a single angle. Do not evaluate. 
A 1. cos* 10° = sin? 10 sin 105° cos 105' 
4. 2cost r= 1 
1+ cosa 
OP <a < 18 


a < 180! rea ee 


8. 2 cos 2a sin 2a 


10. 2 cos? 4-1 
i 1 + cos 2a x = 
a 7 12. V 5) a 3 
Find the exact value of each of the following. 
13, 2 sin 15° cos 15 14, 2 cos? 22.5°- 1 sin? 
16. cos* Z + sin? = 17. 1 = 2 sin? 105 18. 2 sin 165° cos 165 
20. sin 75 21. sin +7 
23. sin 112.5 24. cos 202.5 
In Exercises 25-28, 0 < a@ < 180° and cos ¢ Find the following. 


26. sin 2a 27. sin $ 2 


p 
mR 


In Exercises 29-32, 180° < a < 360° and cos « =—*. Find the following. 


7 
29. sir 30. cos 2a 31. cos * 32, sin 2 
Prove each identi 
B33. cos* # — sin? @ = cos 20 34. (sin 6 + cos 4)? = 1 + sin 20 
35. sin 4x = 4 sin x cos x cos 2x 36. sin x + sin x cos 2x = sin 2v cos 
37, 2s = tan x cot x 
a = cote 


aes 2 
se 2a 


39. cot a + tan a 


41. Graph y = cos? — sin? x. Give the period and amplitude of the graph 


42. Graph y = sinx cos x. Give the period and amplitude of the graph 


C 43. Express cos 40 in terms only of cos 6. 
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13-9 Formulas for the Tangent 


Objective To use addition, double-angle, and half-angle formulas for 


the tangent. 


An addition formula for the tangent can be obtained by using the addition form- 
ulas for the sine and cosine. If tan (@ + 8), tan a, and tan B are defined, then 


sin (a + B) 
cos (a + B) 


sin a cos B + cos a sin B 
cos a €0s A — sin a sin B 


tan (a + B 


cos a sin B 

os a cos B 
sina sin B 
cos @ ons BP cos a cos B 


Divide numerator 
and denominator 
by cos a cos B. 


tan a + tan B 

T— tna tn 
To obtain a formula for tan (@ ~ 8), use the formula for tan (@ + B) and 

the fact that tan (—8) = —tan B. 

tana tian (-6) _ wna ~ un p 


tanatan(-6) 1+ tanatanp 


tan (a ~ B) = tan [a + (—B)] = 5 


(pee SST SL 
Addition Formulas for the Tangent 


na + tan B 
tan @ tan B 


tan (a + B) = 


tan a — tan 8 


eS rank ane 


7 Find the exact value of tan 285°. 


i 


285° = tan (240° + 45%) = Hi 240° tan 45 


W 


V3+1 


1 (v3) 


_V3+1 1+V3 
“1-3 14+N5 
_ V3+341+V5 
ia 
4423 


=-2- V3 Answer 
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A double- 


le formula for the tangent can be obtained by substituting « 
for B in the formula tan (a + 8). 


2 tan (a + @) = ho tna _ _2 tan a 


I-wnatune  1— tre 


tan 


ingle Formula for the Tangent 


a 2tan 


tan? @ 


@ 
A formula for tan J can be obtained by using the half-angle formulas for 


sine and cosine. 


efi 
ved V ..fl=sor@ 
2 Teed V1 + cos @ 
A second formula for tan 2 can be derived by using the fact that 
2 cos? a 1 + cos 2a. 
tan q = Sie = 2sina con _ 2sin cose 


By substituting & for a you will obtain the second formula given in the chart 


below. The derivation of the third formula is left ax Exercise 32 


Ee 
Half-Angle Formulas for the Tangent 


é 1 cos 0 sind 6 _ 1-cos 
6 1+ cos @ baa) sin @ 


6 
tan >= 


Example 2 Find the exact value of tan 
Solittion Use the formula tan & = 1—8% with 0 = 7 


= + V3 Answer 
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Oral Exercises 
Simplify to a trigonometric function of a single angle. 
tan 30+ tan 6 tan tan @ 3, Zune 
tan 30 tan 0 1+ tan 3@ tan @ 1 — tan? x 
sin & 
2tan dx 2 = cos 2 
2 tan 4 5. oe 
Santa sin 2a 
1 + cos 
sin 1+ cos g, 2sinxcos.x 
= cos x sin. * )=2 sin? x 


10. Explain how you would find the exact value of tan 22.5° 


11. Explain how you would find the exact value of tan 7 


Simplify to a trigonometric function of a single angle. Do not evaluate. 


tan 80° — tan 20° wan 15° + tan 30° 
Ah. [Pan a tan 20° 2. an 1S tan 30 


n_140° + tan 40 
tan 140° tan 40° 


In a 
mn 2 + ton = 
ny + tan 


Find the exact value of each of the following. 


9. tan 75° 10. tan 15 HL. tan 165° 12. tan 105° 
13, tan 1 14. tan 3% 15. tan 22.5 16. tan 112.5° 
17, tan 1 18. tan 37 19. cot 195° 20, cot 255° 
In Exercises 21-24, tan a =~, tan p= 4, and @ is a second-quadrant 

angle. Find the value of each expression. 

21. tan (a + B) 22. tan (@ — B) 23. tan 2a 24. tan 
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Prove each identity 


25. tan (a tan a 26. tan (ex = tan « 

27. tan (Z— a) = towne Be ens: a 
1+ tan @ 28. tan ( 4 x} A 

29. Express cot (a + B) in terms of cot a and cot B 

30. Express cot (a ~ 8) in terms of cot « and cot B 

31. Use the formula derived in Exercise 29 to find a formula for cot 2a in 


terms of cot @ 


32. Prove the following identity 


33. a. Find si 


and cos using half-angle 


rmulas for sine and 


cosine 
b. Using the answers found in part (a), show that 


tan =—-V3-2V2 
8 
¢. Using a half-angle formula for tangent, show that 


tan 2 = 1- V2 


d. Show that the answers to parts (b) and (c) are equal 


Prove each identity 


34, ——— = sinx 


1+ wn 


tan 30 = 


Mixed Review Exercises 


Prove each i 


1. (sin x — cos x? = 1 0s ( \ sin x 
3. see sin x tan 4 = cos x 4.1 sin tan x = cos 2 
Solve each inequality and graph the solution set. 

ew 3} 2 6. x 2 3 7. 2 
8. 3 9. [2x + | 10. 
HH. Ax 5 13 x 13. 
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Self-Test 2 


implify to a trigonometric function of a single angle: 
cos x + tan x sin x 
2. Prove the following identity: sec @ — tan @ sin 0 = cos 0. 


3. Write cos 310” cos 260° — sin 310” sin 260° as a trigo- 
nometric function of a single angle. Then give the 
exact value of the function 


on of a single an 


ric fun 


4. Simplify to a trigonome! 


2 sin Sa cos Sa 


5. If 180° < 8 < 360°, and cos @ 


— 41 find the following 


a. cos 20 b. sin 20 


Simplify to a trigonometric function of a single angle. 
Do not evaluate. 


tan 50° = tan 40° 7, —2tan 35 


6. = 
T + tan 50° tan 40° 


1 cos 130! 
sin 130 


Check your answers with those at the back of the book 


13-6, p. 636 


Obj. 13-7, p. 641 


Obj. 13-8, p. 646 


Obj. 13-9, p. 650 


(2 oe See gee SD a 
Chapter Summary 
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1. The radian measure of an angle @ is =, where r is the radius of any cir- 


cle centered at the vertex of @ ands is the le 


gth of the are intercepted 
by 0. To convert from one system of measure to another, you use the 
conversion formula [80° 77 radians. 


Circular are ter 


h is given by 


and sector area by A=46, 
where @ denotes the radian measure of the central angle 


2. Circular functions of the number s are equal to the corresponding trig 
nometric functions « 


an angle having radian measure s. If angle @ has 
radian measure s, then sin @ = sin s, cos @ = cos s, and so on. There. 
fore, the values of circular func 
or tables 


ns can be found by using a calculator 


Chapter 13 


3, A function f has period p (p > 0) if fix + p) = fx) for every x in the do. 
main of f. The sine, cosine, secant, and cosecant have period 2 


the tan 
gent and cotangent have period 7 

4. For every « in the domain of f, a function f is even if f(—x) = f(x), and odd 
if fl—x) = —fUn. The sine, cosecant, tan 
tions; the cosine 


ent, and cotangent are odd func 


ind secant are even functions. 


5, The graphs of y = a sin by and y =a cos hx each have amplitude a and 
period * 

6. The fundamental trigonometric identities (page 636), as well as the addition, 

double-angle, and half-angle formulas 


expressions and to prove other identities 


Le 
Chapter Review 


used to simplify trigonometric 


Write the letter of the correct answer. 


1. Express 37 radians in degrees 19-1 


495 b. 225 ©. 585 d. 135 


2. Express 150° in radians 
ae b. © a2 
3. Find the exact value of ese (~ 2) 13:2 
a. v. -3 ©, -2 a2 
4. If tans == 7<s5 <0, then : 
Siete — 5 a, -13 
‘ : 3 
$8. IF fix) = 3°. then fis — 1B 
a. odd b. even neither odd d. both even 
nor even and odd 
6. If f(x) has period 8, then f(2r) has period 4 
a. 16 b. 8 c.4 d 
y Be 
7. Which of the following is an equation of 
aN ~ 
> 
—i—> 
dy 2 cos 3m o 5 3 
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iM. 


Which of the following is an equation of a sine curve with 


maximum value 3, minimum value ~| and period Z? 
a. y 2 sin 6x + 1 b. y =2 sin ax + | 


¢. y=2sin 3x41 d. y =2sin 3x 
Find the period of the function defined by y = 2 sec mx. 

ar b, 27 cul a2 

Which of the following statements is nor true? 

. cotxisodd — b. secxiseven ce. tanviseven di ese vis odd 
Simplify sec @— tan @ sin 8. 


a. sin? b. cos? @ ce. sec d. cos @ 


If sin ¢ =a, then tan 1 = 
I 


ae 5 (b+ 3 : d. + — 
Vi~w Vir l-w Vw 1 
Write sin 27 cos - - 4 as a trigonometric function of a single 


and evaluate 


v3 3 
yas b. -% fae a. 


Find the exact value of sin 165° 


V6+NV2 Vé-v2 + V6 
|. Yo+ b, YO> c d. + 
2 then cos 20 = 2 
a. 1 
Lg 
a. -“44 
at 
If 0 is a fourth-quadrant angle C 
3 15 
a -3 v.23 
5 5 3 a5 


Chapter 13 


13-7 


139 


ENE 
Chapter Test 


Express —120° in radians 13-1 


press degrees, 
Express 72 in degr 


The central angle of a sector of a circle having diameter 8 in, measures 65 
Find the following 


a. the length, s, of the intercepted arc 
b, the area, A, of the sector 


Find the exact values of the six trigonometric functions of “2 132 
Determine if fix) =x sin x — tan x is even, odd, or neither 13.3 
Find the amplitude, the maximum and minimum values, and the period of 134 
the function y = 3 cos 4: 
Find an equation of the sine curve 
shown at the t 
Sketch one period of the gr: 13-5 
y =2 cot 7m 
Prove the following identity 13-6 
ese @ — cot @ cos @= sin @ 
Prove the following identity 
lan x + cot x = see x ese x 
Simplify the following expression: 13-7 
cos (a + 45°) + sin (a ~ 45°) 

8 e r 7 13-8 
If sin @ = -& and cos a <0, find the following 
a. sin 2a b. cos 2a sin 

5 139 
If sin @= rey and cos 6> 0, find the following: 
o 

a. tan 20 b. tan > 
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A ship's radar Bi apolar co- 
ordinate system. The location 
of a point is determined by its 
direction and distance from the 
center (0), called the pole. 


} 


Vectors 


MEI i es 
14-1 Vector Operations 


Objective To define vector operations and apply the resultant of two vectors. 


The velocity of an airplane is described by giving both its speed and its direc- 
tion, For example, you might say its velocity is 600 km/h northeast. Any quan- 
tity that has both magnitude (size) and direction is called « vector quantity. 
You can represent a vector quantity by an arrow, called a vector, whose length 
is proportional to the magnitude of the quantity, and whose direction gives the 
direction of the vector quantity (see Figure 1) 

A vector is often labeled with the magnitude of the vector quantity it rep- 
tesents or the magnitude is indicated by giving a scale. For example, the arrow 
on the diagram at the left in Figure | represents « velocity of 600 km/h north. 
east, The arrow on the diagram at the right is 44 mes as long as the given 
100-m scale and therefore represents a displacement of 450 m due east 


N 


tye 


A displacement of 


450 m due east 
A velocity of m du 


600 km/h northeast Figure t 

The symbol AB (read “vector AB”) denotes the vector 
extending from point A, the initial point, to point B AN, 
the terminal point. Boldface letters such as u and v 
are also used to denote vectors. (When handwriting vee 
tors, use letters with bars or small arrows over them: 
7, ¥. or , ¥. in place of boldface.) Two vectors that have 
the same magnitude and same direction, such as AB and 
CD in the diagram, are called equivalent vectors, and 
you write AB = CD 

In the vector (the right, a plane flies from 
A to B and then from B to C, Since the plane could get 
to the same final position by flying directly from A to ¢ 
AC is called the sum, or resultant, of AB and BC. That is: 

AC = AB + BC \ 
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To find the resultant of any two vectors, you use the following fact: For 
any vector v and point P, there is exactly one vector with initial point P that 
has the same direction and length as v, We will often 
treat vectors as movable arrows and label this vector 
Therefore. we can place the initial point of ; “ 
vector with initial 


vas well 
vai P by constructing the unique 


point P that is equivalent to v. In general, you have P 

the following methods for finding the resultant Figure 2 
Vector Addition 

Given two vectors u and vy, you can find De ke 
their sum, or resultant, by using cither 


of the following two methods. These 
methods show that vector addition is v 
commutative: u + v= Vv +u. 


Place the initial point of v at the Form a parallelogram with w and y 
terminal point of u. Then u +v as adjacent sides starting from a com- 


is the vector extending from the 
initial point of u to the terminal 
point of v. 


mon point, Then u + v extends trom 
that point to the opposite vertex of 
the parallelogram 


Example 1 For the following two vector qu 


the vectors and their sum: 


tities, make a scale drawing showing 


A 10 km trip due west followed by a 


5 km trip southeast 
Solution Let w be the vector representing a 10 km (rip west and v be the vector 
representing a 15 km tip southeast. Their sum or resultant is shown 
below 


The chart at the top of the next page tells you how to multiply a vector by 
a real number, or scalar 
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To multiply the vector v by the real number ¢, multiply the length of v by |¢| 
and reverse the direction if ¢ <0. 


This rule is illustrated in Figure 3. Notice that (—1)v is written as 


o 
ee 


Figure 3 


The difference u — v is defined to be u + (—y). (See Figure 4.) 


You can think of a point as a vector of length 0. This zero vector is de 
noted by 0, For any vector u, you have u~ u=0, 

The length or magnitude of a vector v is also called its norm and is de. 
noted by jjvij. For example, if ¥ is an airplane velocity vector, then jjyij is the 
speed of the airplane. A vector with a norm of 1 is called a unit y 


The direction of a vector v is often given by its bearing 


The bearing of a vector y is the angle measured clockwise from due north 
around to v. 


Some terms used in navigation are illustrated in Figure 5. You should be 
aware that a craft may not travel in the direction in which it is headed because 
of the effect of winds and currents. For example, if you row with a heading of 
90° (due east) across a river flowing from north to south, the bearing of your 


irue course will be somewhere between 90° and 180° 


N 


Heading 300 Wind from 43 


Trigonometric Applications 661 


Example 2 Use vectors u and v as shown below. Vector u has magnitude 4 and 


bearing 90° and vector ¥ has magnitude 8 and bearing 225°, Sketch 


(a) u + v and (b) uw — v. 


Use the fact that u— vy =u + ( 


Example 3 The magnitude and direction of vectors u and v are given below. If 
w =u + y, find the magnitude of w to three significant digits and 
its bearing to the nearest tenth of a degree 


uz magnitude 7, bearing 135 
¥: magnitude 5, bearing 245 


Solution The figure at the right shows the vector quantities involved, The vector w 
is the resultant vector. Since 65° + a@ + 45° = 180°, a = 70' 
Use the law of cosines to find ||w), the magnitude of w. 


Iwl? = 7? + 5? ~ 2(7)(5) cos 701 N 
= 49 + 25 — (70)(0.342) 
50.06 . te 
lIwl| = 7.08 (to three significant digits) Ne 
ran N 
To find the bearing of vector w, first use the \ 
law of sines to find 0: | \ 35 
sind _ sin 70 
5 7.08 ae 
S sin 70° 5(0.940) te 
sin 0 = 0.6040, 
7.08 7.08 
@= 41.6 


‘Then the bearing of w is 135° + # = 135° + 41.6° = 176.6 


the 


nitude of w is 7.08 and its bearing is 176.6%. Answer 


Example 4 ‘the sir speed (speed in still air) of a light plane is 220 km/h, and its 


heading is 150°. A wind of 45 km/h is blowing from 40°. Find the 


plane’s ground speed (the speed relative (0 the ground) and the bearing 
of its true course 
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Solution — The figure at the right shows the velocity vectors 


involved. The vector v is the true-course velocity 
To find the ground speed |||, use the law of co- 
sines. Since a + 30° + 40° = 180°, & = 110! 


48,400 
57,197 
Iv] = 239 km/h) 


To find the bearing of v, the true course, first use 
the law of sines to find 


sin @ — sin 110" 


45 239 
45(0,9397) 
sin 0 0.177 
239 
0 = 10.2 
Then the bearing of y is 150° + @ = 150° + 10.2° = 160.2 
the ground speed of the plane is 239 km/h and the bearing of the true 
course is 160.2°. Answer 


Oral Exercises 


Exercises 1-16 refer to parallelogram ABCD. In Exercises 1-10, deter 
whether the statement is 


. DC + CX = DX 
XD + XB =0 
BA + AD = BD 
aX + XB +DA=0 
. 2DX + BC = DE 


nd a vector joining two lettered points in the 
to the given vector. 
2xD 
CB - DA 
4D + CX 
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Written Exercises 
In Exercises 1-6, two vector quantities are given. Make a scale drawing 
showing the two vectors and their sum. 


A 


A 9 km trip east followed by a 4 km trip southwest. 


(0 knv/h. A wind of 


i: 
2. A 5km trip southeast followed by a 7 km trip southwest. 
3. 


The heading of a plane is northwest, 
50 knvh is blowing from the west 


and its speed i 


4. ‘The heading of a fishing boat is due west, and its speed is 18 km/h. The 
current is flowing at 6 km/h due south: 


A small boat sails for 15 km bearing 60° and then sails for 10 km 
bearing 120° 

6. The air speed of a plane is 390 knv/h and its heading is 230°. A wind of 
35 knvh is blowing from 150’ 


In the diagram at the right, vector u has 
magnitude 3 and bearing 315°, vector v 
has magnitude 2 and bearing 180°, and v 7 


veetor w has magnitude 3 and bearing e 

90°. Use these vectors to sketch the 

following vectors. 

loutw Buty %u-v 
10. uw 11. ut 2y 12. 2u+w 
13. u+2v—w 14. w—u-2v 

In Exercises 15-22, the magnitude and direction of vectors u and v are 


given. Find the magnitude of w to three significant 
the nearest tenth of a degree. 


ts and its bearing to 


15. uz magnitude 117, 


130° 16. uz magnitude 218, bearing 22° 
nitude 102, bearing 220 v: magnitude 170, bea 
ty w:uv 


ven 


ig 112 


B17. u: magnitude 136, bearing 220° 


: magnitude 1850, bearing 125° 


V; magnitude 197, bearing 300° magnitude 2960, bearing 25° 
:2u—v wiu +2 

= magnitude 460, bearing 0° 20. uz magnitude 23.0, bearing 215 

itude 712, bearing 130 ¥: magnitude 14.5, bearing 105 
rudy wiuty 


+ magnitude 3.62, bearing 
magnitude 14.5, bearing 105° 


magnitude 621, 
magnitude 336, bi 
ruby Find w if 3(w + w) = 2(w — vp 
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SS SS Se SS eee 
Problems 


Solve. Find magnitudes to three significant digits and bearings to the 
nearest tenth of a degree. 
A 1. A plane flies 285 km due west and then 320 km due north, What are its 
distance and bearing from the starting point? 
A ship leaves port and sails 175 km due southeast and then 168 km due 
southwest. What are the distance and bearing of the port from the ship? 
. To fly due north at 580 knvh when there is a 45 km/h wind blowing from 
due east, with what heading and speed should a plane travel? 
Repeat Problem 3 assuming that the wind is blowing from 130° 
A plane’s air speed is 270 km/h, and its heading is 70°. Find its ground 
speed and true-course bearing if a wind of 50 km/h is blowing from 330' 
. Repeat Problem 5 assuming that the wind is blowing from due north 
Two ships leave port at noon, One ship's speed is 15 km/h, and its 
heading is 75°. The other ship’s speed is 24 km/h, and its heading is 
155°. How far apart are the ships at 3 P.M. and what is the bearing of 
each from the other? 
A plane leaves Mapleton bound for Logan Beac ‘h, which is 600 km away 
at a bearing of 25° from Mapleton. To avoid a storm, the pilot first flies 
140 km on a 325° course, From there the pilot can fly the plane directly to 
Logan Beach in still air. What heading should be used and how far must 
the plane fly? 
Los Angeles Airport bears 140° from San Francisco Airport and is 540 km 
away. A pilot is planning a direct flight from San Francisco Airport to 
Los Angeles Airport (0 leave at 2 P.M, The plane’s air speed will be 640 
km/h, and there will be a 60 knv/h wind blowing from 290°. What should 
the compass heading be, and what is the plane's estimated time of arrival 
(ETA) to the nearest minute? 


Mixed Review Exercises 


Determine whether the given function is odd, even, or neither, 


x=4 cos x — sin x 
1. fe) == 


Solve. 
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14-2 Vectors in the Plane 


Objective To find vectors in component form and to apply th dot product. 


In « coordinate plane we denote by i the vector having 
initial point (0, 0) and terminal point (1, 0). We 
denote by j the vector having initial point (0, 0) and 
terminal point (0, 1). If point P has coordinates (a, b), 


then OP is the sum or resultant vector of ai + bj and 


OP = ai + bj (see the diagram). In fact, every vector 
in the plane can be expressed in terms of i and j. 


If u = ai + Aj, the number a is the x-component of u and the number b is 
the y-component of u. When uw is written in the form ai + bj, vector u is 
said to be in component form. 


Example 1 Given the points A(—3, 4) and B(2, 1), express AB in component form. 


Solution 1 Draw an equivalent vector, say OP, with its initial point at the origin, as 


shown below, Then P has coordinates (5, —3), and AB = OP = Si — 3 


A(-2. 4) hy 


Solution 2 Notice that the x-component of AB is the difference of the x-coordinates 
of B and A. The y-component is the difference in the y-coordinates of B 


and A. AB =(2—(-3)i+ [1 —4]j 


Si 3j. 


Example 2 Find the coordinates of B if A has coordinates (3, ~ 1) and AB = ~i + 2. 


Solution — Draw the vector OP = ~i + 2j, 
Point P is 1 unit to the left and 
2 units above O. If AB = OP, 
then B must be 1 unit to the lett 
and 2 units above A 


. B has coordinates (2,1). Answer 
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The concepts of Lesson 14-1 can also be expressed in terms of components 


If u = ai + bj, v = ci + dj and ris a scalar, then 
u =v if and only ifa =e and b=d 
utv=(atoit b+ dj 


mu = tai + 1h} 


The last statement, ul , results from applying the Pythagorean 
theorem to the vector diagram showing u = ai + Aj (see the diagram below) 
The vectors ai and bj are perpendicular, and since i and j are unit vectors. 


lai) = a) and \\6jl| = |b 


Example 3 Let u =i + 2j, v= 41 — 2), and w= uv. 


a. Find w in component form 
. Draw a diagram showing u, ¥, and w. 
. Find |] 
Find the angle y that w makes with the positive a-axis, 


w=2u 


. From part (a). w has component 
and y-component 6, So 


tany=— 5 


and y= 108.4 
The vector u makes an angle of 143° with the positive 1-axis and | 


Express win component form 


hj. If the initial point of w is placed 


Let u = ai 
at the origin, the terminal point will have coordi. 


nates (a. b). From the definitions of the trigeno: 
metric functions, you have 
cos 143°= = and sin 143 
ul 
(Solution continues on the next pase.) 


———— rometric: Applications 


Solve: cos 143° = jai sin 143° 
a= |jul + cos 143 b= |jull - sin 143) 
= 5(—0.7986) 5(0.6018) 
3.99. 3.01 
Therefore, w= —3.99i + 3.01j. Answer 


The angle between two nonzero vectors is the angle @, 0” = @= 180°, that 
the vectors determine when their initial points are placed together. This angle is 
used 1 define the dor product of two vectors 


The dot product of two nonzero vectors u and v is defined to be 


urv = |ul |vj cos 0 


where 6 is the angle between u and y. 


Caution: The dot product is a real number, not a vector 
The following useful theorem is proved in Exercise 31, ps 
SSS SS 
Theorem 
If w= ai + bj and v = ci + dj, then 
urv=ae + bd. 


Example § Use the dot product to find the angle between w and y if u = —2i + j and 


v= 4i+ 3j. 
Solution By the definition of dot product, u + v = {jul vj cos @ Solving for cos 0 
gives 
2) 4 3 
cos 6 = — eal 
ju 
Therefore, # = 116.6", Answer 


Two vectors are called orthogonal if either vector is 0 or if they are per 
pendicular. Since cos 90” = 0, the dot product of two vectors will be O when- 
ever they are orthogonal 


——E=___——— — ————————_—EEE 


Vectors u and v are orthogonal if and only if u- vy = 0, 
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Example & Find a unit vector orthogonal to u = 4i — 3). 
Solution {ct v = xi + yj. Then u and v are orthogonal if and only if 


u 4x — 3y = 0. 


One solution of this equation is (3, 4), since 43) ~ 34) = 0. So the v 


tor v= 3i + 4j is orthogonal to u, To find a unit vector orthogonal to w 


use the fact that any nonzero vector divided by its norm has length 1, So. 


Mo VES rd 


is a unit vector orthogonal tou. Answer 


RES SL nee eee 
Oral Exercises 


Find s and f, given the following. 
1. sit = 2 a+ 


3. (s+ 2+ j= 61+ 5 4. 4st — = 8 


Written Exercises 


Refer to the diagram at the right and express each 
vector in component form. 

1, OP 2. PO 

4. AB 5. BC 

Find the coordinates of B, given the following 


7. A(4, —3), AB = 2i 


Find the coordinates of A, given the following. 


9. B(4, 5), AB =2i-j . BO. —4), AB 


Find s and £, given that 
I. (s+ i+ Sj = 24 
13. |. 
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In Exercises 15-18: 

a. Find w in component form. 

b. Draw a diagram showing the vectors u, vy, and w. 
c. Find |W). 


d. Find the angle y, 0° Sy $ 360°, that w makes with the positive x-axis. 
15. u=4i+3j,v=2i-j;sw=uty 

16. u =Si+2jsw=u-v 

Inu i — js w= 2u-—v 

18. uw + 2j; w = 2u + 3v 


Use the dot product to find the angle between u and v. 


19. u = 4i + 3j, v= 2i-j 20. u= 


3, v= 214 4 
-jvait3j 22, u= 21+ 3j, v= 61 4 


21. u= 


Find a unit vector orthogonal to v. 
v= Si 
26. v= 21+4j 


In Exercises 27-30, @ is the angle that vector u makes with the positive 
s, and fi is the angle that vector v makes with the posi 


ive x-axis. 


a. Express u and v in component form. 
b. Find u + y using the definition of dot product. 
¢. Find uv using the theorem on page 668. 


© answers to three significant digits, 
B 27. juli =8, a = 20°: Iv = 17, B = 80 
28. \jul) = 6, a= 1 10, B = 65 
vil = 18.0, B = 116 
8.70, « = 57°; vil = 6.60, B = ~28° 


29, |ul] = 12.5, @ 
30. jul 


© 31. Let u= ai + hj and y = ci + dj, Prove that w+ v = ae + bd 
by applying the law of cosines to the triangle shown 
(Hint: \u — viF = (a — ec + (bh = d) ii 


2 


Prove that for any vector u, u = (w+ di+ (u- j)je 


Computer Exercises 


1, Write a program to find the magnitude of a vector given in component 
form, and the angle in degrees (mea 


For suulents with some programming experience 


tured counterclockwise) that it makes 
with the positive a-axis. Be aware that the function ATN(Z) returns the 
angle in radians in Quadrant Lor 1V whose tangent is Z. If the vector is 
vertical, you cannot use the ATN function to find the direction angle. 
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2, Run the program in Exercise 1 to find the magnitude of each vector and 
the angle it makes with the positive x-axis. 
a. Ti 6j b. —15i + 8j 6. —57.31— 28.9) 
Write @ program to find the resultant of two vectors. Given the m: 
tudes of two vectors u und v and the angle in degrees that each makes 
with the positive x-axis, the program should find the magnitude of 
u + v and the angle that it makes with the positive x-axis. 
(Hint: Conyest the given vectors to component form and add them. Then 
use the program of Exercise |.) 


Run the program in Exercise 3 to find the sum of each pair wand y 
a and A are the angles that wand v make with the positive v-axis 


ial| = 26 iv 
1 
= 129 


Self-Test 1 


Vocabulary vector quantity (p. 659) norm (p. 661) 
vector (p, 659) unit vector (p. 661) 
initial point (p. 659) beuring (p. 661 
terminal point (p_ 659) x-component (p. 666) 
equivalent vectors (p. 659) y-component (p. 666) 
sum of vectors (p. 660) component form (p. 666) 
resultant (p. 660) dot product (p. 668) 
parallelogram rule (p, 660) orthogonal (p. 668) 


difference of vectors (p. 661) 


If w has bearing 37° and magnitude 5. and vy has bearing 125° and Obj. 14. 
magnitude 6, find the magnitude of 2u + v and find its bearing to 


the nearest degree 

An ocean current flows due south at 15 knvbh, If a ship is going to 

travel through this current on a course with heading 130° at a speed 
20 km/h, find its true-course bearing 

Find w in component form if u = 4i + 3), v i and 

w= 2u+ 


and 


4. Use the dot product to find the angle between u 
8i — 3j to the nearest tenth of a degree 


Check your answers with those at the back of the book. 
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(PRE LEE LE EES NF LOIS LEO IE EY LE SEF LED SEF I LA, 
Application / Force, Work, and Energy 


In the metric system the basic unit of the vector quantity force is the newton (N) 
Near the surface of Earth, the force exerted by gravity on a mass of m kg has a 
magnitude of approximately 9.8m newtons, directed downward. When you work 
With forces, you often use the following principle: 


When an object is at rest or moving with constant velocity, the sum 
of the forces acting on it is 0. (If the sum of the forces is not 0, the 
object will accelerate, and its velocity will vary.) 


Example 


A loading ramp makes an angle of 25° with the horizontal, A 120 kg 
crate slides down the ramp with constant velocity. What is the frictional 
force acting on the crate? 


H 


G 


Solution The figure st the left above shows the three forces acting on the crate, 
‘The gravitational force G has magnitude 


IG] = 9.8 120 = 1176 N, 
‘The forces F and H are respectively parallel and perpendicular to the ramp 
F is the frictional force you need to find. Since the crate is moving with 
constant velocity, the sum of G, H, and F is 0, as indicated in the vector 
diagram at the right above. From the diagram, 


(FI) see 
Gy "> 


If you solve this equation for ||, you obtain 
IF] = [Gil sin 25° = (1176)(0.4226) = 497. 
et the frictional force is 497 N up the ramp. Answer 


When you exert a force F on an object and move it from A to B, you do 


work and expend energy. If F has the same direction as d = AB, the work W 
done is 


W = IMI idl 


This is also the energy expended in moving the object from A to B 
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‘The basic unit of work and energy is the joule (J). A joule is the work 
done when a force of one newton moves an object one meter in the direction of 
the force. Another unit of work and energy is the kilowart-hour (kW = h). One 
kilowatt-hour is 3.6 * 10° J 


Example 2 How much energy in kilowatt-hours is 


needed to lift a 2500 kg elevator 80 m? 


The motor lifting the elevator must over 
come the force of vity and therefore 
must exert an upward force F of magnitude 
2500 x 9.8 = 2.45 x 10° N 
The displacement d is also upward and has 
norm 80 m. Therefore. the work done is 
W = (IF) ld 
(2.45 104) x 80 
1.96 x 10° 5 


1.96 2 0.544 kW+h. Answer 
3.6» 10! 


Suppose now that a constant force F maves an object 


from A to B but makes an angle @ with d = AB (see the 
diagram). In this case only the part of F in the direction 
of d is effective in doing work. The magnitude of this part 
is [FJ cos @, and the work done by F is therefore 


Fl cos  X |e) 


F|| dj cos 0. 
Since |[F) [dl cos 6 = F + d, the work is given by 


W=F-d. 


Example 3 Find the work done by the force F = 64 ~ 34 in moving an object from 


4(0. 1) to B(S, 2). The force is in newtons and the distance is in meters 


i) 


27) Answer 
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Exercises 


Forces are in newtons and 
unless kilowatt-hours are 


stances are in meters. Give work in joules 
Hed fe 


In Exercises 1 and 2, the two given forces act on an object. What 


additional force is needed to keep the object at rest? 
2. F,=Si-j 
FE, +j 


In Exercises 3 and 4, find the work done by the force F in moving an 
object from A to B. 
3. F=31-j 4. F=Si 
A(—2, 0), B(2, 3) A(—3, 2), BIS, —1) 
How much work is done by the force F = 3i— j in moving an object 
(a) from A(—2, 1) to BC, 3) to CCS, 0)? (b) from A(—2, 1) 10 C(5, 0)? 
6. What is the combined work done by the forces F = 2i + 5j and 
G = 4i— 2j in moving an object from A(—1, 0) to Bd. 1)? What is the 
work done by F + G in moving the object from A to B? 


In Exercises 7 and 8, the given forces act on an object. Find the magnitude 
and bearing of the additional force F that will keep the object at rest. 
7. F\: 10.N, bearing 120° 8. F\: 6 N, bearing 300 

F,: 5 N, bearing 180° Fy: 15 N, bearing 30° 


9. The mass of a loaded helicopter is 1500 kg. How much energy does its 
engine expend in ascending vertically for 100 m? 


10, A ramp makes a 20° angle with the horizontal, A 50 kg crate slilles 
down the ramp with constant velocity, Find the frictional force acting 
on the crate 


11, How much energy does a 75 kg man expend in climbing up a 12 m ladder 
that makes a 78” angle with the horizontal? 


2. A conveyer belt carries coal up a 22° slope through a distance of 5 km 
measured along the slope. How many kilowatt-hours of energy are used in 
transporting 120 metric tons of coal? (1 metric ton = 1000 kg.) 


13. A sled is pulled for 200 m up a 
40° ai 


23° incline by a force of 120 N making a 
ule with the horizontal. Find the work done 


In Exercises 14 and 15, use the fact that the tension in a wire, cable, or 
rope is the magnitude of the force it exerts. 


14, A 20 kg mirror is hung from the middle of a wire as shown, Find 
the tension in the wire if each half of it makes a 30° angle with the 
horizontal 

15, A 200 kg loud is suspended from two cables that make angles of 40° and 
60° with the horizontal. Find the tension in each cable 


Chapter 14 


Polar Coordinates and 


Complex Numbers 
a ae 
14-3 Polar Coordinates 


Objective To define polar coordinates and graph polar equations 


If you know how far away an object is 
and in what direction, you can locate the 
object. This is the principle of the polar 
coordinate system, which is the coordi 
hale system used to show the position of 
stars on a map such as the one shown at 
the right 


A polar coordinate system consisis of a point O called the pole, and a ra 
called the polar axis, having O as its endpoint (see Figure 1). The polar 
coordinates of a point P are an ordered pair (r, #), where r= OP and @ is the 
measure of an angle from the polar axis to the segment OP 


2 


4 


Daa 


a 


Figure 2 


pole 
Figure | 
Each point has many pairs of polar coordinates. For example, 
(3, 150°), and (3, 570°) are all polar coordinates of the point P in 
Negative values of r are used to indicate that P is on the ray opposite to the 


terminal side of 0, Therefore, (—3, 30°) and (—3, 390°) ate also polar coord: 


nates of P in Figure 2. 


Example 1 Graph these point 


in the same polar 


coordinate system: 
A(3, 120°) 


C4. B83, 


Trigonometric Applications 


When polar coordinates and rectangular coordinates are 
used together, the polar axis is taken to coincide with 
ive x-axis, as shown in the diagram. The 
following formulas, which can be derived using the 
diagram, will help you to convert from one coordinate 
system to the other 


the nonn 


Coordinate-System Conversion Farmulas 


From polar to rectangular From rectangular to polar 
= 
x=rcos r=2V¥F¥ 


sin @ 


rsin 0 cos @ = = 


Example 2 a. Convert A(—3, 30°) to rectangular coordinates. 


b. Convert B(4, —4) to polar coordinates. 


Solution a. x =r cos 0 = ~3 cos 30° = ~3(¥3) - — 3N3 


y=rsin @ = —3 sin 30° = — 


el 
rectangular coordinates; (— 2¥ 


be r= 2Vie8 + y? = VP + (—4)2 = 242. 
If you choose the positive value of r. then the terminal side of @ passes 
through B and B is a fourth quadrant angle. Since 


you can use 3 
polar coordinates: (4V2. 


Choosing the negative value of r would result in answers like 


(-4V2, 135°) or (—4'V2, —225°), which are also correct 


Just like with graphs of equations in x and y, the 


aph of a polar equation 
in rand @ is the set of all points (r, @) that satisfy the equation, To graph polar 
equations, you use your knowledge of the trigonometric functions 


Example 3 G 
Solution To graph an equation in polar coordinate form, a polar coordinate graph 
should be used. Construct a table for 0. 


ph r= 3 cos 30. 
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cos 30 | 3 cos 30 


1.0000 3.00 

0.7071 

0.0000 

0.7071 

1.0000 Because the equation involves 
0.7071 2 34 it is helpful to consider 
nad values of @ at intervals of 15 
0.7071 
1.0000 
0.7071 
0.0000 
0.70 
1.0000 


As @ increases from 180° to 360° 
the graph is repeated. The com 
plete graph, called a three-leafed 
rose, is shown at the right 


Sometimes a polar equation can be graphed more easily by using its ree 
tangular form. The conversion formulas given on the preceding can be 


used to transform equations from one system to another 


Example 4 a. ‘Transform r(1 + cos 0) = 3 10 a rectangular-coortinate 


equation. 


b. Transform x2 + y? = 3y to a polar-coordinate equation 


Solution a. r(1 + cos #) = 3 3 3 


+ rcos O=3 3r sin 0 


Answer 


Trigonometric Applications 


677 


CRUSH EES) 3. Sa 
Oral Exercises 


Give a pair of polar coordinates for each pair of rectangular coordinates. 


1 (=3.0) 2. (0, —5) 3. ( 


3) 4. (0, 0) 


Give a pair of rectangular coordinates for each pair of polar coordinates. 


5. (5, 180°) 6. (3, 90% 7. (V2, 45°) 8. (6, — 135°) 


Give three pairs of polar 
coordinates (r, 0) for each 
point, including one with 
negative rand one with 
negative 0. 

aA 10, B 
ec 12. D 


Written Exercises 
Plot the point whose polar coordinates are given and find its rectangular 
coordinates. Give answers in simplest radical form. 


A 1. 4, 309 2. (2, 45°) 3. (3, 120°) 4. 
5. (7, -60°) 6. (6, ~45°) 7. (-6, —150°) 8. 


3, —120°) 


Find a pair of polar coordinates for each pair of rectangular coordinates. 
9. (4, 0) 10, (0, —3) i a 
3) M4. (-V2, -V2) 15. ( 


12, (V3, -1) 
16. (~V2, V6) 


Find a polar equation for each rectangular-coordinate equation. 
17. 18, y= -3 


yex 
21. x + y° = by +y+Rr=0 
Find a rectangular-coordinate equation for each polar equation. 
3.r=2 24. 0 = 120° resin @=2 26. rcos @= —1 
Bo2.r=2sin@ 28. rt+2cos9=0 2. 1 —coso)=2 3. KI —sin 0) =1 
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Graph using the method of Example 3. 
31. r=2 cos 26 (Pou fed rose) 
= 4sin 30 (Three-leafed rose) 
1+ sino) 


= 1 cos g| (These heart-shaped curves are called cardioids.) 


= 2 cos 20) 


: (These curves are called lemniseates 
yor called lemniseates.) 


Mixed Review Exercises 


Find the quotient and the remainder 


WE LF LE I ES. IE BEL EEE EE LV ILD 
Extra / Spirals 


Some polar equations have graphs that are spirals. In these equations the 
polar angle @ is usually measured in radians, For example, the spiral of 
Archimedes has an equation of the form r= ¢@, ¢ a constant, @ in radians. 


The logarithmic spiral has the equation r =<. And the equiangular spiral 


has an equation of the form r = cb”, © and b constants, 
Sketch the graph of each polar equation below for the given values of 4. 
using radian measure for 9. First determine what the largest value of r will 


be, so that you can use a convenient scale for r 
1. r= 6,0=0<67 


3. r= 2", 9 = 0= m (Hint: Choose values of 0 for which 2" is easy 
to compute, such as @ = ~3, ~2 2, 3. Use the fact that 3 ra 
is a bit less than half a complete rotation to draw the corresponding 


ngles.) 
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erence 
14-4 The Geometry of Complex Numbers 


Objective — To plot complex numbers in the complex plane and to use the 
polar form of complex numbers. 


You know that every complex number can be written in 
the form x + yi, where x and y are real numbers, and 343i 


& 


ie I, You can represent complex numbers in a co- ° Els 
ordinate plane by letting x + yé correspond to the point Be 
(x, y), as shown in the diagram ET veka 
When the plane is used for this purpose, it is called oT axis. ge 
the complex plane. The horizontal axis is called the 
real axis, and the vertical axis is called the imaginary a 
axis. 


. is the distance from the origin O to the point 2; that 


the magnitude of the vector Oz. This is illustrated in Figure 1 be- 
so shows the conjugate of — yi, and the negative of 
=x— yi. 


Figure 1 Figure 2 


The sum and difference of w =u + vi and = =x + yi can be constructed 


by adding and subtracting the vectors Ow and Oz, as shown in Figure 2 


Example 1 Plot w = -2 + 41 Solution 
z=3-i,w+z, and 


w — = in the complex 
plane 
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By introducing polar coordinates into the com- 
plex plane, you can express the real and imaginary 
parts of the complex number > = x + yi in terms of 
its distance and direction from the origin. If the vec 


tor Oz has length r and makes an angle @ with the 


positive real axis, as shown at the right, then 
x=rcos@ and y=rsin 0. 
Therefore, the complex number 2 = x + yi can be written as 


z = (r cos @) + (r sin #i = r(cos @ + isin 4). 


The polar, or trigonometric, form of a nonzero complex number 
=x +yi is given by 
z=r(cos @+ isin @), 


where r= Vx" +), and @ is an angle such that cos 6 


The angle @ is called the amplitude, or argument, of 2. In this book 
will be chosen such that 0° = 6 < 360°. The absolute value. some 
times called the modulus of 2 


Example 2 a. Write —4 + 5i in polar form with absolute value in simplest radical form 


and amplitude to the nearest tenth of a deg 
Write ~6 in polar form 
Write 4(cos 300° + / sin 300°) in x + yi form using radicals. 


. Write 3(cos 20° + é sin 20°) in x + yi form to four significant di 


sin = 


So the reference angle of 6 is 51 
Since @ is a second-quadrant angle 
a= 180 SL 128.7 
4451 = VAL (cos 
6 and @ = 180 


6(cos 180° + F sin 180° 


cos 300° = + and sin 300 


4(cos 300° + £ sin 300°) 


d. cos 20° = 0.9397 and sin 20 


3(cos 20° + i sin 20°) = 3(0.9397 4201) 


Trigonometric Applications 681 


The first part of the following theorem tells you that to multiply two com- 
plex numbers, you multiply their absolute values and add their amplitudes. The 
second part tells you that (0 divide two complex numbers, you divide their ab- 
solute values and subtract their amplitudes. 


a(cos a + i sin a) and 2 = b(cos B + i sin p), then 
a) ablcos (a + B) + isin (a + B)) 


{ leos (a — B) + isin (a — B)), 


Proof Here is a proof of part (1). A proof of part (2) is asked for in Exercise 36. 
wz = a(cos a + i sin a)~ b(cos B + i sin B) 
= ab(cos a cos B + i cos @ sin B + isin @ cos B — sin e sin B) 
= abloos « cos B — sin w sin B + i(sin a cos B + cos @ sin B)) 


= ableos (@ + B) + isin (a + B)] 


Example 3 Let w = 


Find 


3.1 (cos 35° + / sin 35°) and z = 2.4(cos 140° + i sin 140°), 


and ~ in polar form with 0° = @ 


Solution — wz = (3.1)(2.4y|cos (35° + 140°) + 7 sin (35 


= 1.44[cos 175° + 7 sin 175°] Answer 


360° 


+ 140°] 


4 [eos (35° = 140°) + 7 sin (35° — 140°) 


= 1.29[c0s (—105°) + 7 sin (—103 


») | 
| = 1,29[cos 


+ isin 255°] Answer 


hte RaeOR ES ESET ESS STEAL AU 7S OS 
Oral Exercises 


Give each complex number in x + yi form, 


1, Sicos 90° + i sin 90°) 2. (cos 180° + j sin 180 
3. V2 (cos 45° + i sin 45°) 4. V6(cos | 


Give the polar form of each complex number. 


$..3 6. Si 7s Wat Lyell 


Tell what happens to the absolute value and the amj 
number when 


de of a complex 
s multiplied by each of the following numbers. 


9.1 10. -1 nee 12. =i 
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Written Exercise: 


Plot w, zw +c, and w —z 
1. in ,z=4 
3. w 


5. w 


w = S(cos 30° + i sin 30°), = = (cos 80° + i sin 80°) 
w = A(cos 0° + 7 sin 0°), = = 3(cos 130° + j sin 130°) 
. w = 4.S(cos 150° + i sin 150°), > = 1.2(cos 315° + é sin 315°) 


10. w = 6.3(cos 160° + 7 sin 160°), 2 = 2.0(cos 210° + é sin 210°) 


Write in x + yi form using radicals, 
11. 3(cos 30° + i sin 30°) 2. cos 120° + i sin 120% 


13. 4.5(cos 120° + 7 sin 120°) 4.0(cos 240° + i sin 240°) 


Write in x + yi form to four significant digits. You may wish to use a 
calculator. 
15, S(cos 36° + i sin 36°) 16. 3(cos 20° + i sin 20°) 


17. 2.2(cos 150° + i sin 150°) 18. 0.8(cos 250° + / sin 250°) 


Write in polar form with absolute value plest ‘al form and 
amplitude to the nearest tenth of a degree 

20. 2V.2(1 — i) 

24. 


a. Use the theorem on page 682 to find wz. 
b. Convert the answer in part (a) to x + yi form and 

c. Convert w and z to x + yi form. 

d. Multiply w and z in part (c) and simplify. 

(Leave your answers to parts (b) and (d) in simplest radical form. They 
should agree.) 

27. w = cos 120° + i sin 120°), = = O(cos 150° isin 150°) 

28. w = 2cos 60" + 7 sin 60"), z= Tloos 30° + # sin 30°) 

29. w 2icos 30° + é sin 30°), z = 4(cos 120° + 7 sin 120°) 


30. w = 8(cos 150° + é sin 150°), 2 = 4eos 60° + i sin 60°) 
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In Exercises 31 and 32, let w and z be any two nonzero complex 


numbers. 
31. Show that |w2| = |iv{ + |e]. (Hint: Use polar form.) 
32. Use geometry to show that jw + 2 = |] + [a 


In Exercises 33-36, let w and z be any two complex numbers. 


33. Show that = 


3M. Show that 4 


(Him: Use 2 =x + yi.) 


(Hint: Use Exercise 33.) 


Show that if z= (cos B +4 sin B), then 


1 1 2 
4 (cos p~ i sin B) 


(Hint; Use Exercise 34.) 


36, Prove the formula for ~ stated on page 682 


(Hint; % = w+ +. Use Exercise 35 and 


the product formula.) 


37. Explain why the shaded triangles in the 
diagram at the right are similar 


Biographical Note / Henri Poincare 


H 1912), whose broad 
vision encompassed all t 


Poincaré (1 


iches of math 
ematics, was interested also in the psy 
chology of mathematical discovery and 
the role of beauty and harmony in mathe 
matical thought 

Poincaré was bor in Nancy 


nce 
His mathematical genius was recognized 
while he was still in school. His ability 

10 Solve complex problems without hesi- 
tation was coupled with a physical clum- 


siness that limited him in sports and 
geometry. His dra were in fact so 


bad that he would have to label them 


this is a horse, this is a tree 


During his li 


time Poincaré published 
wore than 500 papers on new mathe- 


matics as well as more than thirty books 
This outpouring revolutionized practically theoretical physies, and astronomy 
all branches of mathematical physics, as they existed at that time 
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14-5 De Moivre’s Theorem 


Objective 0 use De Moivre’s theorem 


You can use the product formula (formula (1), f 


682) to find powers of 


complex numbers in polar form. For example. if > = (cos @ + i sin #). then 


== rcos 6+ i sin + (cos 6+ i sin 0) 
=r-rfeos (0+ 0) + i sin (4+ 6] 
7 (cos 20+ i sin 20) 
Ir(cos @ + i sin MI[r? (cos 20 + 7 sin 20)) 
cos (0 + 20) + isin (0 + 20)] 


P(cos 36 + i sin 30) 


These results can be generalized 


aa nnEEEEREEEREREIEEIIneinmnmeaieiememeesaee eee 
De Moivre's Theorem 
If ==ricos @ +i sin @), and n is a positive integer. then 


2" = "cos nb + i sin nd) 


Example 1 Use De Moivre’s Theorem to find (—1 + iV3)". Give the answer in 


x + yé form. 


Solution et: 1 + ¢V3. Then write = in polar form 


cos 120° and %* = sin 120°, you have 


(cos 120° +f sin 120°) 
Now use De Moivre’s Theorem 
2 = [cos (8 + 120°) + é sin (8 - 120°) 
= 256(cos 960" + i sin 960") 
= 256|cos (240° + 2» 360°) + i sin (240° + 2+ 360°)| 


256(cos 240° + 7 sin 240") Simplif 


256( Convert tox + yi form 


Answer 
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Example 2 Find the cube roots of 2 — 27 


a. in polar form; 
b. in x + yi form, with x and y in simplest radical form 


Solution a, Write 2 — 2 in polar form: 


2 = = 2V2(%2 — 2) = 2V2c0s 315° + é sin 315% 
Let = = r(cos @ + i sin @) be a cube root of 2 
Then :* = 2 — 2i and by De Moivre’s Theorem 


2 = (cos 30 + i sin 30) = 2V 2(cos 315° + # sin 315°). 
From this equation, 
P=2V2=2, so r=2 v2 


Also, cos 30 = cos 315° and sin 36 = sin 315 


Therefore, 


36 differs from 315° by an integral multiple of 360°: 
30 = 315° + k + 360° (k is an integer) 
9 = 105° +k + 120° (A is an integer) 


Substituting 0, 1, and 2 for k gives 


(Other values of k give a 


gles coterminal with one of these angles.) 
2 — 21 has these three cube roots 
V 2(cos 105° + i sin 105°) 


V2(cos 225° + i sin 22: 


) 


V2(cos 345° + i sin 345°) 


b. The root V2(cos 225° + 7 sin 225 


To write the other two roots in simplest radical form, you can use the 
methods of Lesson 13-7 to obtain: 


Vi(cos 108° + i sin 105°) = (13) + (143) 


Vilcos 345° + i sin 345°) = (14 V3) — (4 


The nth roots of the number | are usually called the nth roots of unity. 
By following the pattern of Ex 
of unity, given by this formula: 


mple 2, we can show that there are m nth roots 


cos £1300" 4 i gin 
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Example 3 Find the tifth roots of unity in polar form. 


Let 1 = 5 in the formula at the bottom of the precedir Then the 
five fifth roots of unity are as follows 


1 
cos 72° + i sin 72 K/ 
cos 144° + i sin 144) KY 
cos 216" + i sin 216 KAYA bk: 
cos 288” + sin 288) 
As shown in the diagram, the fifth roots 


of unity are evenly spaced around the unit circle. Therefore, they 
are the vertices of a regular pentagon inscribed in the circle 


Oral Exercises 


1. If z = 2(cos 40° + i sin 40°), give the polar form of 2° and 2° 


Give the polar form of each complex number 
i b. ¢. The two square roots of i 


3. Let z= 1 + i. Give cach complex number in x + yi form: 


Cae ad. 2 


Use De Moivre's theorem to each power. Give answers in x + yi form. 


- (V3 +i" 2-1-1" 
. (= V3) 6. (1 + iV3)" 


Find the required roots in polar form. 


9. The ninth roots of unity The 10th roots of unity 
11, The cube roots of 4V3 ~ 41 ‘The cube roots of 4 


Find the required roots in x + yi form. 
13. The cube roots of unity 14. The fourth roots of unity 
15. The sixth roots of unity 16. The eighth roots of unity 
17. The cube roots of —1 18. The cube roots of 

19. The fourth roots of —6 + 6iV3 20. The fourth roots of-6 — 61 


21. Plot cr 2 = 1+ 4. Then plot the following, 
d. = e 


az 
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C 22. Let w = cos 60° + / sin 60°, (a) Show that w is a sixth root of unity 


(b) Show that the other sixth roots of unit 3, wi 9 


y are: w?, ww, wi, wy 


23. An nih root of unity, such as w in Exercise 22, whose powers give all of 
the other nth roots of unity. is said to be primitive. Show that w* is an- 
other primitive sixth root of unity. (Hint: Show that the six powers of w*, 


namely (4°)!, (WS), (w)”, simplify to the sixth roots of unity. For 


example, (w°)? = wl? = wes wt = 1 wt 


FS RS TN a 
Mixed Review Exercises 


Let u = 3i+ j, v = 2i — 4j, and w=u+v. 


1. Find w in component form. 2. Draw a diagram showing u, v, and w, 
3. Find wil 4. Find the angle y that w makes with the 
positive x-axis 


Plot each pair of polar coordinates and find its rectangular coordinates. 


5. (4. 30°) 6. (3, —120°) tke 


SSSA SET CEES SS TL 
Self-Test 2 


Vocabulary pole (p. 675) conjugate (p. 680) 
polar axis (p. 675) polar form (p. 681) 
polar coordinates (p. 675) trigonometric form (p. 681) 
complex plane (p. 680) amplitude (p, 681) 
real axis (p. 680) argument (p. 681) 
imaginary axis (p. 680) modulus (p. 681) 
absolute value (p. 680) nth roots of unity (p. 686) 
1, Find the rectangular coordinates of (4. 60°), Give your Obj. 14-3, p. 675 


answer in simplest radical form. 


2. Find a pair of polar coordinates (r, 0) for the point with 
rectangular coordinates (~12, 5) 


ve r to the nearest 
tenth and 9 to the nearest tenth of a degree. 
3. Plot w= 4+ 5i,2=—6 + 2i, w+, and w—z in the Obj. 14-4, p. 680 


complex plane. 


4. Find wz and ~ in polar form if w = 6(cos 35° + i sin 35°) 


and z = 3(cos 70° + i sin 70°). 


Write 3 — 2i in polar form with absolute value to three sig: 
nificant digits and amplitude to the nearest tenth of a degree 


6. Use De Moivre’s Theorem to find (— V3 + )° in + yi form Obj. 14-5, p. 685 
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Inverse Functions 


14-6 The Inverse Cosine and 
Inverse Sine 


Objective To evaluate expressions involving the inverse cosine and 
inverse sine 


The equation cos x = y assigns many values of x to cach value of y. For exam 


1 Ea 
ple, cos.x = if x has any of the values 7, —, or any number differing 


from one of these by an integral multiple of 2a (see 


If, however, the domain of the cosine function is restricted 10 the interval 
x, then only one value of x corresponds to each value of y. This 
new function, called Cosine, is a one-to-one function (recall Lesson 10-2) 
By studying the graph of y = Cos x at the right, you 
can see that for cach number uw such that —1 u there 
is @ unique number v (0 Sv = 7) such that Cos vy =u. For 


example, if w=, then y= 2. The number v is denoted 


by Cos~! w and is called the inverse cosine of wu. 
(Cos * w does not mean <4.) The inverse cosine is 
also called the Are cosine, denoted Arceos. 


Example 1 Find the value of cach of the following 


Cos! (-1) b. Cos! 0 


Solution a. Ler v= Cos! (- 1) 


Then cos 1 and 0 =v = 7m. So v= and therefore 


Cos! (-1 Answer 
(Solution continues on the next page.) 


Trigonometric Applications 689 


b. Let vy = Cos”! 0. Then cos y = 0 and 0 = v = a. 


So v = and therefore Cos! 0 


‘The graph of y = Cos x. which is the red 
curve in the diagram at the right, has as its 
inverse the graph of 


y = Cos~! x, 


which is the blue curve in the diagram. Notice 


that the blue curve is the reflection across the 


line vy =x of the red curve 


The definition of the inverse cosine can be 
restated as follows, 


y = Cos"! x 


if and only if 
cosy=x and 0= 


In defining the inverse sine function, denoted Sin~' x, we reason as 
above. However, to obtain a one-to-one function Sine, we restrict the domain 


of the sine function to the interval — 


y=Sin"! 
if and only if 
z 


ny=x and 


The diagram at the right shows the graph of 
y = Sin”! x in blue and of y = Sin x in red 
The inverse sine function is also called the 


Are sine, denoted Aresin. 
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Example 2 Find the value of each of the following 


- Sin7! (cas 2 b. Cos”! | cos ( 


sin (Sin cos | Sin 


Sin! (cos Answer 


Cos! | cos ( Answer 


Let v = Sin 
Then by the definition of the inverse sine 


sin (Sin Answer 


Let v = Si 1). Then sin 
You want to find cos v 
sin” y yl 
cos | Sin! { 


Although the values of the inverse sine and inverse cosine functions are 
real numbers, it is often convenient to think of them as measures of at 


1(_1 
radians, For example, to find cos | Sin +) |, you might make a sketch 


showing v= Sin~' (—+) as an angle with a sine of — £. Since 


= you can represent v as a fourth-quadrant 


angle. Since sin v= — 4, the terminal side of v passes 


through a point 5 units from @ with y-coordinate ~ | 
By the Pythagorean theorem, the x-coordinate of this 


rot 
point is 2/6, and so cos ¥ ==S~. Therefore, cos | Sin ' | ) 


In some applications the values of inverse trigonometric functions may 
1) 
en in degrees, For example, you might think of Cos”! {~ 5) as “the 


t 
angle between 0° and 180° whose cosine is and give its 
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SS 
Oral Exercises 


Give the value of each of the following. 
1, Sin“! (-1) 2. Cos! 1 3. Sin“! 0 


Va 


5. Cos ( 


6. Cos"! (¥ 


Written Exercises 


Find the value of each of the following. 


Al 2. Cos“! ( 
4. 5. Cos"! (cos 
7. 8. Sin~! (cos 
10. 11, sin [cos ( 12. sin [cos~! ( 
13. 14. cos (Sin~! 3) 15. sin [cos 
B 6. 7. sin [Cos '(-4)-sin ‘4 


Express without using trigonometric or inverse trigonometric functions. 
Sample cos (2 Sin”! x) 


Solution — Let y = Sin"' x. Then sin y= x, where - 7 <y =. 


So cos y= VI~ sin? y= VI =x 


os (2 Sin“! x) = cos 2y = cos? y — sin? Answer 
18. sin (Cos~! x) 19, cos (Sin! x) 
20. cos (2 Cos”! x) 21. sin (2 Sin“! x) 
22. sin (Sin~! w + Sin~! vy 23. cos (Sin~' 1 — Sin”! v) 


Prove the following. 


© 24. Cos! 3 ~ Cos 


She Gog SE 
Sin“! 5 = Cos~! $3 
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14-7 Other Inverse Functions 
Objective 


To evaluate expressions involving the inverse trigonometric 
funetions 


Figures 1 and 2 below suggest the following definitions of the inverse 


tangent function (denoted Tan! x) and the inverse cotangent function 
(denoted Cot~ 


y= Tan"! x y=Cot™' x 


if and only if if and only if 
tan y=xand -~F<y<4 cory =x and OX y <7. 


phs of these functions, shown below, are the reflections of the red 
of Figures | and 2 across the line y =x 


Figure 3 Figure 4 


Trigonometric Applications 


Example 1 Find the 


a, Tan 


ue of each of the following 


b. Cot! 0 ros 


( 


Solution a. Let y= Tan! (-1). Then tan y= -1 


So y = ——f and therefore Tan 


b. Let y = Cot™' 0. Then cot y = 0 and 0<y < wr, 


So y = 4 and therefore Cot"! 0= 2. Answer 


m 


3). Then tan y = — 3 and - 2 <y< 


ZT Answer 


Example 2 Show that if x>0, then Cot! x = Tan“! + 
Solution Let y=Cor'x 


Then cot y = x, and since x is positive, 0< y 


So tan y= =1 and o<y<t 
cory 2 


Since tan y= +. y = Tan=! 1 
1 x 


Therefore, by substitution, Cot! x = Tan~! | 


The result of Example 2 uses the fact that the tangent and cotangent are 
reciproca ions. This suggests that we define the inverse secant function 

( x) in terms of the inverse cosine and the inverse cosecant func- 
tion (Cse~" x) in terms of the inverse sine 


(Eisen STS Se = eer er ED 


If (x| 


and Cse“! x = Sin“! I 


Example 3 rind the value of sin [Sec 


Solution By the definition above, Sec! ( 


Let y = Cos! (4). Then cos y 


694 Chapter 14 


So sin y = yi- ¥ Since cos y is positive and 
0<y<z, sin is positive 
sin | see~' (4) 


Find the value of cot |Cor? 4 


Let a= Cot! 4 and » = Sin~! (~ 4). Since 
1 tan a tan b 


cot (a + b) = : 
tan (a tana + tan b 


you need to find tn a and tan b. Since a = Cot 


cot a = + and so tan a =>. An easy way to fin¢ 


tan b is to think of & as the measure of an angle 


between — 7 and 7 whose sine is ~ +. Then make 


a sketch like the one at the right. Since z = 3, you 


4 
have tan : 


cot | Cot! = = Seo 2. Answer 


Give the value of each of the following. 


Tan“! (V3) 


Cot 


Written Exercises 


Find the value of each of the following. 


A tcc'2 


Trigonometric Applications 695 


7. Cot! (tan an) 8. Tan”! [eat ( 9. tan (Cot! 2) 
10, sin (Cse~! 3) tan | 12. 
13, sin (Tan! 2) 14. cos (Cot! 
B 15. tan(Sin-! 5 + Tan! 4) 16. cos (Tan™! 
17, sin (2 Cot™! 2) 18, tan [2 Cos“! (3 


Express without using trigonometric or inverse trigonometric functions. 
(Hint: See the Sample on page 692, 


19, ese (Sin~! x) 20. cot (Tan™! x) 

21, cos (Tan™! x) 22. sin (Cot! x) 

23. sin (2 Tan”! x) 24. cos (2 Cot”! x) 

28. tan (Cot™! x + Cot™! y) 26. cot (Tan~! x — Tan”! y) 
C 27. Graph y = Sec“! 28. Graph y = Cse! x 


29, In Example 2 we showed that 


Cor! x 


If «<0, then 


Com! 5 = 7 + Tan- 


A proof of this identity starts like this: Let y = Cot! x 


Then cot y =x and, since x <0, 


Let 2=y- 7m 
Then cot (2+ 7) =x and —-Z<:<09. 


Complete the proof using the fact that cot (2 + 77) = cot z 


Mixed Review Exercises 


Determine whether each sequence is arithmetic or geometric. Then find the 


specified (erm of the sequence. 
167,93) 17 th 2. -3, -6, =12,... 5 te 
3.9, 18, 36, im 4.5, -1,-7,...3h5 


mn. Then find the sum. 


6.548411 
8. 100 + 20+4 + 


+ 302 
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14-8 Trigonometric Equations 


Objective To solve trigonometric equation 


To solve equations involving trigonometric functions you usually use 
algebraic transformations and trigonometric identities. The strategy used in 
Examples 1 and 2 is to transform the equation so that it involves only one 


trigonometric function. 


Example 1 soive cos 2x = sin x, 0 
Solution — Of the three formulas for cos 2x, it is best to use cos 2 


so that sin. will be the only function in the transformed equation 
cos 2x = sin x 


2 sin sin x Make one side equal 0. 


2 sin? x + sina Factor 
in x — 1)(sin x Solv 


2 sin x 


the solution set over the interval 0 


Answer 


Example 2  soive sin? @ = cos’ @. Find (a) the solutions in the interval 
0 


4 < 360° and (b) the formulas giving general solutions 


Divide both sides 


Use the identity 5 = tan @. 
tan Take the square 10t of both side 
tan 0 Solve 
tan 0 of 

0 
the solution set over the 360° i 


Answer 


Notice in the first step of part (a) that you may di 


because there is no solution of the equation 
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b. To find formulas giving general solutions, you should recognize that 
by integral multiples of 
Therefore, all solutions are 


all other solutions differ from 45° and | 
180”, the period of the tangent function 
a 


of this for 
0 = 45° + k+ 180°, k is an integer 


O = 135° + k+ 180°, k is an integer 


. the set of general solutions is: 


{0: 0= 45° + k= 180? or @= 135° + k+ 180°} 
Answer 


360° as 


1, usually 0 <x <2n or 0 
ary solutions. Formulas that 


Solutions in a specified inter 
in Examples | and 2, are sometimes called p 
ame all possible solutions, such as the ones in the second part of Example 2, 


give the general solutions. 
Sometimes a calculator or tables must be used to solve a trigonometric 


equation. 


= 360° 


Example 2 Solve 3 cos* 6 ~ 8 cos 0+ 4 =0 for 0, 0° = 0 
Solution 3 cos? 9-8 cos 8+ 4=0 Factor 


(cos @— 2)(3 cos @~ 2) = 0 Solve. 
cos @-2=0 or 3 cos 0 
cos 0 = 5 = 0.6667 


cos A= 2 
To the nearest tenth of a degree, 
a calculator or table gives 

0 = 48.2 
Another solution in the given 
interval is @= 311.8 


No solution, since 
1<cos @=1 


the solution set over the interval 0° = @ < 360° is: 
{48.2°, 311.8°} Answer 


20°) = + for 6, 0° < 8 < 360° 


Example 4 Solve sin (36 
Solution — \.et a= 34 — 20°. Then sina 


30° +k 360° or a = 150° + k+ 300°, 


where & is an integer 


Therefore. by substitution, 

34 — 20° = 30" + k> 360) or 
30 = 50" + k+ 360° 
O= 16.7" + k+ 120 


34 — 20° = 150° + k= 360° 
30 = 170° + k + 360° 
0 = 56.7" + k + 120 
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Substituting 0, 1, and 2 for k gives 
0 = 16.7°, 136.7 


4 < 360? is: 


56.7°, 136. 


176.7”, 256.7°, 296.7"}. Answer 


Oral Exercises 


How many solutions does each equation have 


1. cos x 


cos x(sin x — 2)=0 
sin § 


1, would you use a double-angle formula? If not 


In solvin 1, would you use an addition formula? If not 


what would you do? 


Outline a strategy for solving each of the following equations. 


IL. cos 6 = sin 0 tan «= cos x 
13. sin 2x = cos x 2 cos (0 


sin dy 


Written Exercises 


Find the primary solution of n for 0° < 0 < 360? or 0 Sx < 27, 
Then find formulas giving the general solution 
Give your answer to the nearest tenth of a degree if the variable is 0. ¢ 
nswer to the nearest hundredth of a radian if the variable is x, unless 
can express the answer in terms of 77. 


4 sin @=3 2. 7 cos 0 
. 4sint x =3 sin @ 


7. csc 0 = 16 sin 0 Ssinx +2 


si += sin (0 + 
10. 2 sin (x + 4) 
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Solve for @, 0° << 360°, or for x, 054 < 


3 sec x 


13. 4 cos @ = 3 sec @ 14. 3 tan @= cord 15. ese x 
16. 2 cos 20= 1 17, see? = 2 18. 2 co = 1 
19, sin 2x — cos.x = 0 20. sin 20= 2 sin 0 21. cos 20 = cos 0 
22, cos 2x = sin x 23. 2 sin 20= V3 24. 2 cos x= ese 
25. 2 tan? 0 + tan 0-3 =0 26. 6 sin? 0 = sin + 1 
27. cos 2v = I sins + 6 28. cos 2r + 7 sina +3 =0 

B 29, tan? (v-*) =1 os? (v + 2) = 
31. sin 3x + cos 3x = 0 32. tan? 3x = 3 

sin 40 = cos 20 34. cos 3x + cos =0 


sin 2x = cot.x 36. 2 sin 26 = tan @ 
37. cos 20 = 2 sin? 38. cos 20 + 2 cos? 9=0 
39. cos (26 + 10°) 40, sin (39 — 25°) = ¥3 
41, sin (3x + 7) = — 42. tan (2x — = 

C 43. tan (6 + 32°) = cot (6 — 20°) 44. sin (8 — 10°) = cos 0 


cos 24 = sin @— | 


cot? x — cos? x = cot* x cos? x 


Self-Test 3 


Vocabulary one-to-one (p. 689) inverse secant. See~! x (p. 694) 
inverse cosine. Cos! x (p. 689) inverse cosecant, Csc~' x (p. 694) 
inverse sine, Sin~ x (p. 690) primary solution (p. 698) 
inverse tangent, Tan”! x (p. 693) general solution (p. 698) 


inverse cotangent, Cot”! x (p. 693) 


Find the value of each of the following. 


4. Sine! (= 43) 2. In) Obj. 14-6, p. 689 
3. Cos [sin (—)] 4. eos [sin-' (-4)| 
5. Cor! (—-¥3) 6. a Obj. 14-7, p. 693 
7. Cic™! 2X3 8. cos [See ( s)| 


9. Solve the equation 3 sin? 6 — cos? 8 = 0, 0° = @ < 360' Obj. 14-8, p. 697 


Give # to the nearest tenth of a degree 
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YA Computer Keytn 


Mathematicians have used the inverse tangent function and the infinite se 
Tan ' x shown below to approximate the irrational number 7. 


Tan 


This series, which was obtained by the Scottish mathematician James Gregory 
in 1671, gives the value of Tan™! x for any real number x with |aj = 1, If 
x= 1, equation (1) becomes 

z ' 1 I 

Ta : 

; oty=i-t4t-4 
By summing a large number of terms on the right and multiplying the sum by 
4, you can approximate 7. If you use 1000 terms, however, the approaimation 
is accurate to only three decimal places. 


You can use equation (1) to obtain a more efficient method for approxi 
mating 7 by applying the following formula, Let a and b be real numbers with 
jal <1 and |b) <1. Then 


Tan™' a + Tan”! b 
+b 


If a and are chosen so that : 


Tan”! a + Tan~! 


Since a and b are less than | in absolute value, you can compute Tan~! a and 
Tan”! b using equation (1) and then add these values and multiply by 410 
Me 


find 7. For example, you can use a= + and b = + sinee +4 


Using 15 terms in equation (1), you obtain for 7 the value 
4(0.463647609 + 0.321750551) = 3.141592040, 


Which is correct to seven decimal places. (The value of 7 to ten places is 


3.1415926536.) 


The computer program which follows prints an approximation for 7 
when you enter a value of N (the number of terms used in equation (1)) and 


values of @ and b 


10 INPUT "ENTER VALUES FOR N, A. B:"; N, A, B 
20 LET X=A 

30 GOSUB 110 

40 LET P=S 

50 LET X=B 

60 GOSUB 110 

70 LET P=P+S 

80 PRINT "AN APPROXIMATE VALUE FOR PI IS: 
(Program continues on the next pa 
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90 PRINT 4#P- 


100 END 

110 LET S=X 

120 FOR J=2 TON 

130 LET T=(—1) AU 1)*X 4 (2*J-1)/Q2J-1) 
140 LET S=S+T 

150 NEXT J 

160 RETURN 


Exercises 


1, For each pair (a, b) given below, run the program for N = 5, N = 10, and 
N = 15, and record the approximations for 7. (Note that you must enter 
the fractions as decimals; for the repeating decimals, enter as many places 
as your computer will accept.) 


6 5 
6 W) 


For a given value of N, which pair above gives the best approximation’? 


2, a. Find another pair (a, 6) that meets the requirements. (Hint: Choose 
and solve for b.) 


b, Run the program for your pair, using ? 
tion 


= 15. Record the approxima 


3. Prove the formula for Tan~' a + Tan”! b. Hini: Let x = Tan~' a and 
y =Tan~' b, so that tan x =a and tan y = 6, Use the addition formula 
for the tangent (page 650) to find tan (x + y). Then use the fact that 


~! (tan (x + y) = x4 y if — 


Chapter Summary 


1. Vector quamities have both magnitude and direction. A given vector quantity 
can be represented by an arrow called a vector. Vectors can be added, sub- 
tracted, and multiplied by real nun tors are equivalent if they 
have the same magnitude and direction. If two vectors are perpendicular or 
if either one is ®, then they are orthogonal 


Two v 


A vector can be expressed in component form, u = ai + bj, where the num- 
bers a and b are the x- and y-components, respectively, of w. The dot prod: 
uct of two vectors can be used to find the angle between them, 


The polar coordinates of a point P are (r, #), where r is the distar 


¢ from 
point O, called the pole, to point P, and @ is the measure of the angle that OP 
makes with the polar avis 

4. The complex number > = x + yi can be represented by the point (x, y) in the 
complex plane. The polar, or irigonometric, form of = is 


= ricos # +i sin A), 


Where (r, 8) are the polar coordinates of the point = 
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Powers and roots of complex numbers can be found with the help of 
De Moivre's theorem: 
1” (cos nf + i sin n6) 
When the domains of the trigonometric functions are restricted to certain in 
tervals, they become one-to-one, and the inverse trigonometri 


be defined. For example: 


functions can 


y = Sin! x if and only if sin y =x and — 


y= Cos ' x if and only if cos y =x and 0 


y = Tan”! if and only if tan y =x and 


A trigonometric equation can be solved by using ebraic transformations 
and trigonometric identities 


eR 
Chapter Review 


Write the letter of the correct answer. 


1. A ship leaves port on a heading of 172° with a speed of 25 km/h, The cur- 
rent is flowing 6 km/h at a heading of 200°, What is the actual heading of 
the ship to the nearest tenth of a degree 
a. 5.3 b. 166.7 el a. 194.7 

. Vector u has magnitude 6 and bearing 40°. Vector v has magnitude 10 and 
bearing 160°. Find |v — ul] to the nearest hundredth 
4.00 b. 8.72 ©. 14.00 a. 11.66 
Find the coordinates of A, given B(4. 3) and AB 
a. (9, 1) b. (-1 « (9% 
Find @ unit veetor orthogonal to 91 
a. ¥2) + 2h b. ai +31 


. Find a polar equation of the curve whose reetan; 


rty—2=0. 


at in r os 8 d. 
a, @ bs cos + sin @ 


Find the rectangular coordinates of the point (5, 60°) 
5Y3) ». (4 
. Expr 2#V3 in polar form: 
a. 2 (cos 300' isin 300°) b. 2 (cos 120 isin 120") 
c. 4 (cos 60° + f sin 60' d. 4 (cos 300° isin 300°) 


. Find & if w = 10 (cos 83° + £ sin 83°) and z = 5 (cos 3° 4 


ce. 2V3 


Trigonometric Applications 


N2 
9. Express (~* + 145 
al b. 1 ei di 
10. Which of the following is not a cube roat of ~i? 
a i b =i uy a. -%3 
11. Find the value of Sin” | sin (— 42) 
« Find the value of Sin”! | sin (— 42 14% 
x Sz 
az b. -2 «= a. 
12, Express cos (2 Sin“! x) without using trigonometric or inverse trigonomet- 
ric functions 
a V1 — b. 12x? c i =: 
Find the value of Cse~! (— 2V3) 
value 0 ¥ 14-7 
a. «-2 d. does not exist 
14. Find the value of sin [2 Tan“! (—2)} 2 % 
4 4 », M5 _4Vv5 
a3 b. -4 «¥ a. ¥ 
15. Which of the following is the solution set of 2 sin 20 = I over the interval 14-8 
0° = @< 360 
a. (30°, 150°} b. {15 
c. (15*, 75°} d. {15 
16. How many solutions of 4 cos? (2x + 7) = 3 are there in the interval 
O=x<2n? 
a, 2 b.4 d. 16 


(ie REE Se ES 
Chapter Test 


1. Two planes leave the airport at 7:30 4.M., each traveling at 250 km/h. Their 141 
headings are 165° and 220°. How far apart are they at 9:30 A.M. (to the 


nearest integer)? What is the bearing of cach from the other to the nearest 


degree’? 


2. Li 3 and v= 121+ 5 142 
a. y b. Find the angle between w and v. 
3. Copy and complete the table 14-3 
—_ , 
Polar coordinates [o 120°) ? | (—6, 135°) ? | 


4. Sketch the polar curve r= 2 sin 20. 


Rectangular coordinates 
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Let w= 9 (cos 125° + / sin 125°) and z = 3 (cos 230° + { sin 230 


Find and simplify wz and “ 
Find the five fifth roots of —/ in polar form 


. Find the value of cos {2 Sin~! ( 


24 
35) 


Find the value of sec [Cot ' (—6)| 


. Find the general solution of sin 2x = tan x 


Solve sin 20 = 2 sin? #, 0° = @ < 360' 


Mixed Problem Solving 


Solve. If a problem has no solution, explain why 


1. A jewelry store manager bought some necklaces for $6250 and sold all but 
40 for a total of $7130. If the purchase price was $3 less than the selling 
price, find the number sold 

. Rico won a prize of $5 one week, $10 the second week, $15 the third 
week, and so on for 52 weeks. How much did he win in all? 
Three oxygen atoms and two nitrogens atoms contain 38 protons. Five oxy- 
gen atoms and three nitrogen atoms contain 61 protons. Find the number of 
protons in one nitrogen atom. 


Find the maximum possible area of a rectangular garden enclosed with 
36 m of fenci 

A snail moves 2 em in | min. In cach succeeding minute it travels hall as 
far as in the previous minute, How far would it travel (a) during the 
minute? (b) if it could travel forever? 

A mixture of raisins and peanuts is worth $56. Raisins and peanuts are 
worth $3/kg and $5/kg 
number of kilograms of cach used. 

It takes Rachel 7 h to split a cord of wood. Meg can do the jab in 5h. At 
9.00 a.m. Rachel began to work. At 11:00 a... Meg joined her. AC what 
time was the job finished? 


respectively. Find all integral possibilities for the 


. A small plane made a round trip of 900 km in 6h with a 30 knvh head 
and tail wind, Find the plane’s air speed to the nearest whole number 
‘The area of an equilateral triangle varies directly as the square of its perim 
eter. An equilateral triangle with perimeter 18 has area 9V3. Find the pe 
rimeter of a triangle with area 3V3. 
10. The half-life of Carbon-11 is 20 min. How many minutes does it take for a 
50 g sample to decay to 5 g? 
LL. ‘The top of a vertical tree broken by the wind hit the ground 10 ft from the 


base of the tree. The angle formed by the ground and the trectop was 25 
Find the original height of the tee: 


Trigonometrie: Applications 


WS Se Se 
Preparing for College Entrance Exams 


a RE 
Strategy for Success 

Approximately one thitd of the multiple-choice questions in the SAT mathemat 
ical sections are quantitative comparison questions. These types of questions: 
like Questions 1-6 below, emphasize the concepts of equalities, inequalitics, 
and estimation. Read the directions carefully and, if possible, practice answer- 
ing questions like these before the exams. 


Questions 1-6 each consist of two quantities, one in Column A and one in 
Column B. Write the letter A if the quantity in Column A is greater; B if 
the quantity in Column B is greater; C if the two quantities are equal; and 
D if the relationship cannot be determined from the information given. 


Column A Column B 
1 x be 
2. ja— bj \b- al 
a) sec 10z 
4 tan x 
5. VI = cos? 0 
6. sin (180° + 4) cos (90° + 0) 


Decide which is the best of the choices given and write the corresponding 
letter on your answer sheet. 
7. Find a unit vector orthogonal to u = 61 — 8). 


3 4 


aide a ya aa 
M+ Bs-B Oa-% 
8. Express sin (2 Tan~' x) without using trigonometric or inverse trigonomet- 
ric functions 
(A) (yee © = E) = 
Vi-x< ie a Oa 1 
9. How many solutions does cot x + tan «= —2 have in the interval 
(ay 0 (B) 1 (2 (D) 3 (E) 4 
10. Which polar equation is that of a circle with center (0, 1) and radius 1? 
(A) rcos@=2 (By) r=cos20 (C)r=2sin@ (D) r=lese@ (EB) P=2sin 20 
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MERE tie ee po 
Cumulative Review (Chapters 12-14) 


1. Name two angles, one positive and one negative, that are coterminal 
with 105 


Find the values of the six trigonometric functions of an angle @ in standard 


position whose terminal side passes through the point (~2, 5) 


A truck has an 8-foot loading ramp inclined at a 20° angle with respect to 
the ground, How many feet above the ground is the top of the ramp? Give 
your answer to three significant digits 


In AABC, a = 5, b= 9, and e = 6. Find B, and ZC to the nearest 
tenth of a degree 


. Find the area of AABC in Exercise 4 


Write —200° in radians 
fend 
- Find the exact values of the six trigonometric functions of — “2 


Find the amplitude, the maximum and minimum values, and the period of 


b. cot (a + p) = SeLacolB 


cot a+ cot 
2 and 90° < 6 < 270°, find 
b. cos 2 ¢. tan (180° ~ 6) d. sin (90° + &) 


The vector u has magnitude 10 and bearing 200°, Vector v has magnitude 
8 and bearing 35°, Find the magnitude of u— v to three significant d 


d its bearing to the nearest tenth of a degree: 
Find a unit vector orthogonal to v ij 
14. Use DeMoivre’s theorem to express (2 — 2/V3)* in x + yi form. 


15. Find the cube roots of —8/ in x + yi form 
Find the value of each of the following. 


16. Cos”! (tan °7) 17. sin (Cos~! 


Solve for x, 0 <x < 27, or for 0, 0° s 0 < 3600. 
19. 2 csc? x se 20 


21. cos 20 22. 


Trigonometric Applications 707 


Amore appropriate name for 
a combination lock might be 
“permutation lock.” To open 
sucha lock, you need to know 
the order in which to dial the 
numbers. 
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Statistics 


a 
15-1 Presenting Statistical Data 


Objective —_To display data using frequency distributions, histo: 
and stem-and-leaf plots, and to compute measures of central 
tendency 


The results of an algebra test are shown in the table at the 
right. This table is called a frequency distribution be- RECS 
cause it shows how many times a given score was attained Score | Students 
A histogram, shown below, can be used to display a 99 2 
frequency distribution, To draw a histogram, you first group 1 
the data into convenient intervals. (The intervals used for the 
test scores, for example, are 50-59, 60-69, 70-79, and so on.) 
For each interval you then construct a rectangle having a width 
equal to the interval width and a height equal to the frequency 
of the data falling within the interval 


BR 


Rae 


50 60) 70) 80100 


Scores 


(Example 1 Use the histogram above to answer the following questions 


a. Which interval contains the most test scores? 
b. Which contains the fewest test scores? 

¢. How many test scores are 80 or above 

d. How many test scores are below 70? 


a. The interval 80-89, with 16 scores, contains the most. 

b. The interval 50-59, with 1 score, contains the least 

¢. Add the frequencies for the intervals 80-89 and 90-09: 16 + 10 = 26 
d. Add the frequencies for the intervals 50-50 and 60-69: =3 
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A stem-and-leaf plot, which is another way of displaying data, actually 
includes the data in the display. 


Example 2. Draw a stem-and-leaf plot for the test scores on the previous page 


Solution You first obtain the stemy by using only the tens’ digit of each score, 
‘These are written, in order, to the left of a vertical line. Then, for each 
score, you record the leaf, or units’ digit, to the right of its stem 


Stem Leal 
5 | 6 
6 | 5.8 
4, 4.5) 58 
8] 002333444447 8, 8 
9 | 00,3.45,5,5.3,99 


ram drawn horizon: 


Notice that a stem-and-leaf plot has the shape of a histog 
tally 

Numbers used to describe a set of data are called statistics, Three different 
statistics are often used to measure the central tendency of a distribution: the 
‘mode, the median, and the mean 

The mode of a distribution is the number that occurs most frequently. 
From the stem-and-leat plot of Example 2 you can see that the mode of the test 
scores is 84. 

‘The median of a distribution is the middle number: There are as many 
numbers greater than the median as there are less than if, Since the stem-and- 
leaf plot of Example 2 contains 35 scores, the median is the I8th score count 
ing from either the top or the bottom of the distribution. The median of the test 
scores is therefore 84 

‘The mean of a distribution is the arithmetic average of the numbers. Since 
the sum of the 35 scores in the stem-and-leaf plot of Example 2 is 2933, the 


2933 
mean is 255°. of 83.8 
Computers and calculators, especially graphing calculators, are very useful 
when working with statistics. 


1 
the stem-and-leaf plot at the 2 
find (a) the mode, (b) the median, 3 | 
and (c) the mean (M). 4 


Solution a. The a 


b. There are 19 ages, so the 10th age from the top (or bottom) is the median. 
‘Therefore the median is 31 


| 
| Example 3 Use the distribution of ages given in 


that occurs most often is 36. Therefore, the mode is 36. 


18 + 2(19) + 422) + 25 + 3(31) + 4036) + 2040) + 3143) 
ce. M= fa 
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Finding the mode and median of a distribution is not always as straight 
forward as finding the mean, When a distribution has {wo or more numbers 
that occur most often with equal frequency, each of these numbers is a mode 
of the distribution. Also, when the count of the numbers in a distribution is 
even, there are two ‘‘middle” numbers, and their average is the median of the 
distribution. 


Example 4 Find (a) the mode and (b) the median of the following distribution 
5, 6, 6, 6, 8, 10, 13. 


a. Since both 6 and 13 occur three times, each is a mode 


b. The two middle scores are 10 and 13 


the median is 12+ 3. or 11.5 


In Exercises 1-4, use the histogram at 
the right. 

1. Find the mode. 

2. How many scores are 28 or above? 
3. How many scores are there alt 


4. Find the median 
Scores 


In Exercises 5-8, use the stem-and-leaf plot at the right below. 


5. Find the mode 
6. Find the median 

7. In computing the mean, by what number do you divide? 
8. Suppose another 32 was in the distribution. Then what 


would the mode be? 


Written Exercises 


stem-and-leaf plot for the given distribution, 
40, 46, 52, 19, 20 
66, 42, 61, 48, 50, 39, 62, 61 
18, 10, 52. 34, 28, 42, 19 ] 
123, 129, 132, 135, 140, 151, 152, 160, 166, 168, 168, 169 
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5-8. Find (a) the mode, (b) the median, and (e) the mean for each distribu 
tion given in Fxercises 1-4. A calculator may be helpful 


9. The frequency distribution of the heights of the 
reettens of a high school tesneiball coat is Height (cm) | Frequency 
shown at the right. Find (a) the mode, (b) the 175 1 
median, and (¢) the mean. 178 1 

10, The average monthly temperatures, in degrees 180 2 
Celsius, for Indianapolis during a recent year 181 1 
were —0.05, 2.00, 6.28, 12.72. 18.61, 24.33. 134 3 
27.44, 26.39, 22.00, 15.89, 8.94, and 2.17. 185 2 
For this distribution find (a) the median and 188 1 
(b) the mean. a 


11, Draw a histogram for the frequency distribution of Sera 
quiz scores shown at the right Sone Ley 
12. For the frequency distribution shown at the right, 10 2 
find (a) the mode, (b) the median, and (¢) the mean. 15 5 
20 8 
B 13. James has test scores of 82, 73, 76, und 92, What 25 15 
must he score on a fifth test if his average test score 30 10 
is to be 82? 


14, The mean of 12 numbers is 15. What is the sum of the numbers? 


15. If each score in a set of scores were increased by 5 points, how would this 
affect the mode, median, and mean of these scor 


16. If cach score in a set of scores were reduced by 40%, how would this af- 
feet the mode, median, and mean of these scores’? 


© 17. Athigh school A, the mean score of 50 students on a science test is 75. 
At high schoo! B, the mean score of 40 students on the same test is 80. 
What is the mean score of the 90 students? 


18. The mean of m scores is M;. The mean of m scores is My. 
a. What is the mean of m + n scores? 
M+ 


b, Under what conditions is the combined mean equal to 


Sie 1S aa 
Mixed Review Exercises 


Convert the given rectangular coordinates to polar coordinates. 
1. (-3, 33) 2. (V6, V2) 3. (0, 3) 
Write in simplest form 


4, (es 


min mn 


ithout negative exponents. 


5, 23 6. 
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REPRISES PS SES eS 2 ESS) 
15-2 Analyzing Statistical Data 


Objective To compute measures of dispersion and, together with 
measures of central tendency, to describe and compare 
distributions using these statistics. 


In Lesson 15-1 you leaned that the median of a distribution divides the data 
into two halves, Finding the median of each half of the data therefore divides 
the data into quarters. The median of the lower half of the data is called the 
first quartile of the distribution. The median of the upper half of the data is 
called the third quartile. Thus one fourth of the numbers in the distribution 
are less than the first quartile. and three fourths are less than the third quartile 


Example 1 For the distribution of test scores shown in the 


stem-and-leaf plot at the right find (a) the median 
() the first quartile, and (€) the third quartile 


a. With 17 scores in the distribution, the median 10 
is the 9th score counting from either end: 85 


b. With 9 scores (including the median) in the lower half of the distribu 
tion, the first quartile is the 5th score counting from the low end: 73 


With 9 scores (including the median) in the upper half of the distribu 
tion, the third quartile is the Sth score counting from the high end: 92. 


In some distributions the numbers are clumped together, while in others 
the numbers are spread out. One way to measure the dispersion of a set of data 
is 10 find the range, which is the difference between the largest and smallest 
numbers in the set, For example, the range of the distribution in Example | ix 
100 — 64, or 36 

A diagram known as a box-and-whisker plot can be used to show the 
median, the first and third quartiles, and the range of a distribution 


Example 2. Draw a box-and-whisker plot for the distribution in Example | 


Solution |. First show the median, the first and third quartiles, and the lowest and 


highest scores as dots below a number line. 


100 
e 
mvest First Median Third — Highest 


Score. Ouardie Quartile Seore 


(Solution continues on the next page.) 
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2. Next draw a narrow rectangular box with its shorter sides containing 
the two quartile dots. Then draw a line segment through the median 
dot parallel to the shorter sides. Finally, draw line segments, or 
whiskers,” from the first- and third-quartile dots to the lowest- and 
highest-score dots, respectively 


60 70 80 90, 100 


In a box-and-whisker plot, the box encloses the middle half of the distribu- 
tion and the whiskers indicate the spread of data through the lowest and highest 
fourths of the distribution. The distance between the two extreme points repre- 
sents the range of the distribution 

By analyzing the box-and-whi 
make comparisons between them 


for two distributions you can easily 


ker plot 


Example 2° Two classes took the same algebra test. The results are shown in the box- 


and-whisker plots below 


30 60 70 80 90, 100 


ne ey eyo 
— << 


a, Which class has the higher median? 


b. Which class has the smaller 


range 
€. For which class are the scores in the middle half closer together? 


d. Which class has the better set of seor 


The median of Class 1, which is 90, is greater than the median of 
which is 85 


b. Both classes have the same range: 100 ~ 55, or 45 
Class I: The box for Class 1 is shorter than the box for Class 2 

(Note that by ignoring the extreme scores, you may get a better pic- 
ture than the range provides of the “typical? spread in the scores.) 


Class 1: Three fourths of the scores for Class 1 are at or above the median 


for Class 2. 


Besides the range, wo other statistics are often used to measure the disper- 
sion of a distribution, They are called the variance and the standard deviation 
of the distribution 
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The results of a history test are shown in the table at the T 
t. Since the sum of the 8 scores is 632, the mean of the 
scores is 632 + 8, or 79. The table also shows how much 4 


cach score differs from the mean. These differences are called 94 | 


+15 

deviations from the mean +10 
To get an idea of how the scores are generally scattered 

about the mean, you can make the deviations positive and find 

their average. (To make the deviations positive, mathemati 

cians choose to square them rather than tke their absolute 

values.) The result of computing the average of the squares of 

the deviations is called the variance of the distribution. 


If x), 4, . . . . a, are m numbers and M is their mean, then the variance of 
the distribution is 

My +++ (ty, — M) 

n 


Example 4 Find the variance of the distribution of the test scores shown abov 


1524 102 + 724 32 + (4? + (79 + (8 + 16 
‘ariance = 
a 


06 Answer 


ipal square root of the variance is called the standard deviation. 
It is denoted by the Greek letter sigma (0 


Sum of the squares of the deviations from the mean _ 
Variance 
\ number of elements in the distribution 


From Example 4 you can see that the standard deviation of the history test 
scores is V96, or 9.8 to the nearest tenth. 

The mean, the median, and the mode cach indicate where the center of a 
distribution is, They are called measures of central tendency. The range. the 


first and third quartiles, the variance, and the standard deviation each indicate 
are called measures of dispersion 


how scattered a distribution is. They 
A useful way to characterize a distribution is to give a measure of central 
tendency and a measure of dispersion for it, The mean and standard deviation 


are the most common pair of measures used 


Example § The stem-and-leal plot at the right shows 
the distribution of the heights. in centi 
meters, of the members of a high school 
basketball team. Find the mean and 
standard deviation for the distribution. 


(Solution ix on the next page.) 
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Score | from mein 
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| Solution Use a table like the one shown below to organize your computations. 


Height * (Deviation 
| Height | Frequency | Frequency || Deviation | (Deviation)* | _ Frequency 
175 1 175 8 64 64 
178 1 178 -5 25 25 
130 2 360 =3 9 18 
| 18] 1 181 —2 4 4 
| 184 EY 552 +1 1 3 
185 2 370 +2 4 8 
188 | 1 188 +5 25 25 
192 | 192 49 81 81 
| Sums 12 2196 228 


After completing the first three col- After completing the last three columns, 
umns, you can compute the mean. you can compute the standard deviation. 


2196 = 183 Answer s 


1M =44 Answer 


Oral Exercises 


In Exercises 1-4, use the stem-and-leaf plot at the 


right. rl 
2 2 5,7,9 

1. Find the median 2. Find the first quartile 

3. Find the third quartile 4. Find the range 


Use the box-and-whisker plot at the right 
to state what each of the following points ca a a ee ee 


represents and 10 give its value 
ze aD eck = 
a | as 


-A ob B 
In Exercises 6-13, use the box-and-whisker plots below. 


Which class has 
o 7 8100 
6. the highest score? 


7. the lowest score? Class 1 -{_ ¢} 
8. the smaller range? a 


10. the higher first quartile? 11. the higher third quart 


9. the higher median? 


12. scores in the middle half closer togetl 13. the beiter set of scores? 


14. What can you say about distributions A and B if they have the same mean 
but the standard deviation of A is greater than that of B? 


716 Chapter 15 


MIEN 2 9 


Written Exercises 


For each stem-and-leaf plot find (a) the median, (b) the first quartile, 
(c) the third quartile, and (d) the range 


A Lo 


6 
4,8 


Make a box-and-whisker plot for each of the distributions in Exercises | 
and 2 


In Exercises 5-8, use the box-and- 
whisker plots at the right and 
justify your answers. 


5. Which class has the highest median? 


6. Which class has the smallest rat 


7. For which class are the scores in the 
middle half closest together? 


8. Which class has the best set of scores? 


For the distributions in Exercises 9-14 find (a) the mea 
and (c) the standard deviation to the nearest tenth. 


9 1. 4, 6, 6, 7, 3 10. 
34, 42, 44, 70, 73, 79 12. 
42, 46, 50, 50, 52, 54, 56 14, 


In a golf tournament the |8- 
hole totals for the top nine 
golfers were 67, 69, 70. 70. 
71, 72, 73, 73, and 74. Find 
(a) the mean, (b) the variance 
and (¢) the standard deviation 
of the scores to the nearest 
tenth of a stroke 

The highest temperatures for 
the first eleyen days of June in 
St. Louis were 70, 68, 63, 66. 
10, 70, 73, 87, 70, 68, and 65 
Find (a) the mean, (b) the var 
iance, and (e) the standard devi 
ation of the temperatures to the 


nearest tenth of a degree 
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B17. If cach score in a set of scores was increased by 10 points, how would this 
affect the mean and the standard deviation” 
18. If each score in a set of scores was multiplied by 2, how would this affect 
nd the standard deviation? 


the mean 
19, Make up frequency distributions of four scores between 0 and 100 that 


have the given mean and standard deviation 


a. M=80:0<3 b. M = 80; o > 20 M=80; 0 = 10 

C20. The means and standard deviations of an algebra test given z j 
to four different groups of 100 students each are listed in SGeoupi| Mesa 
the table at the right. You would need more information to 1 | 60 | 16 
answer the following questions with certainty. However, 70 | 12 
based on the data given, respond to the questions and tell 3 70 | 14 
why you gave your response 4 | 80 6 


a. Which group probably has the lowest individual score? 


b. Which group probably has the smallest range? 
cc. Which group most closely resembles the total 
population of 400 students? 


G Career Not Electrician 


Most people tend to take electricity for | 
nted. When you turn on a light or | 
use an electrical 


ppliance, you usually 


don’t think about the power that flows 

through the wires hidden in the walls 

of your home. Electricians, however | 

much concemed with getting 

that power safely to where it is needed. 
An electri 


are ver 


5 work generally 


involves either installations or main- 
tenance. When wiring is placed in a 

building under construction, an electri 
cian must install outlets and switches 

in each room, run wires through metal 
or plastic tubing (called conduit) in the 
walls, and connect the wires to circuit 


boxes. Once the wiring is installed. it 


must be maintained through periodic 


inspection and repair. An electrician decrease resistance. This fact is'ek- 
deals with problems ranging from pressed in‘ Ohin's Law 
blown fuses to short circuits. E 

A knowledge of mathematics is va 
important to electricians. For exam: where / measures current (in amperes), 
ple, to increase the current in a circuit E measures voltage (in volts), and R 
an electrician must increase voliage or measures resistance (in ohms) 
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15-3 The Normal Distribution 


Objective To recognize and analyze normal distributions. 


The histogram at the right shows the 


) 


annual rainfall in a Nebraska county 
over a period of 78 years, Each bar 
in the histogram shows the number 
of years in which the annual rainfall 
was within a given range, For ex- 


ample. the leftmost bar shows that 
for one year out of the 78 the rainfall 
was between I and 14 inches 

The two histograms below 
the weights of 100 pennies and the 
lifetimes of 433 light bulbs 


Figure 1 


3.01 3.11 000K) 400 


Weight in gram: Lifetime in hour: 
Figure 2 Figure 3 


When cach of these histograms is approximated by drawing « smooth 
curve (shown in blue), the resulting curves resemble euch other. Such “bell 
shaped" curves often appear when various sets of data are plotted. For exam 
ple, all of the following frequency distributions might be represented by bell 


shaped curves: the heights of all cleventh-grade girls in a large city, the acidity 


levels of soil samples from all farms in « rural county, and the achievement test 
scores for all high school students in a state 

Certain distributions represented by bell-shaped curves are known as nor 
mal distributions, A normal distribution with mean equal to zero and standard 
deviation equal to one is called the standard normal distribution. ‘The bell- 


shaped curve that represents a standard normal distribution is called the 
standard normal curve. 

The figure at the top of the next page shows the standard normal curve 
Note that the x-coordinates represent the number of standard deviations from 


the mean. 
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The standard normal curve has the following properties: 


It is symmetric with respect to the y-axis. 


It approaches the x-axis asymptotically as |x| increases 
‘The total area under the curve and above the x-axis is equal to 1. 


For any set of data that are approxi~ 
mately normally distributed, the standard 
normal curve can be vsed to estimate the 
fraction of the data falling between two 
given values, a and b. The fraction is 
simply the shaded area shown in the 
figure at the right 

To find this area, extensive tables of area measures for the standard normal 
curve have been developed. One such table, shown below, gives area measures 
4.0 


_ 


Area under the Standard Normal Curve for 0 <x < 4.0 


from 0 to x, at intervals of 0.2, for 0 


0.4953 


T 
| x | Area, AG) Area, A(x) |] | Area, AU) 
0.0 | 0.0000 14] 04192 || 28] 0.4974 
0.2] 0.0793 |} 16] 0.4452 |] 3.0] 0.4987 
04] 0.1554 |] 18] 0.4641 3.2] 0.4993 
06} 0.2257 |) 20] 0.4772 || 3.4] 0.4997 
08} 0.2881 |] 2.2] 0.4861 || 3.6] 0.4998 
1.0} 0.3413 |} 24] 0.4918 || 3.8] 0.4999 
1.2] 0.3849 || 2.6 4.0 | 0.5000 
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Example 1 in a standard normal distribution, what fraction of the data is betweer 


and 2.8? 


The fraction desired is equal to the area under the standard normal curve 


bounded by x = 2.6 and x = 2.8. This is the difference between the area 


from 0 to 2.8 and the area from 0 to 2.6. Therefore 
A(2.6 <x = 2.8) = A(2.8) — A(2.6) 
0.4974 — 0.4953 


0.0021 Answer 


In a standard normal distribution, what percent of the data is within two stan 
dard deviations mm the mean’? 


The mean is () and the standard deviation is 1. Since the standard normal 
curve is symmetric with respect to the y-axis, the area under the curve be 
tween ~2 and 2 is twice the area between 0 and 2. Therefore 


oF 95.44% Answer 


Notice in Example 2 that slightly more than 95% of the data in a standard 
normal distribution are within two standard deviations of the mean. Likewise 
you can show that slightly more than 68% of the data are within one standard 
deviation of the mean 

Because all normal distributions are similar to the standard normal distribu 
tion, you can use the standard normal curve to answer questions about any nor- 
mal distribution. Suppose a normal distribution has mean M and standard 
deviation @. Then the percent of data falling between M+ act and M + ber is 
ust the area between x =a and x= 6 under the standard normal curve 

To obtain a from the number M + ao, you would first subtract M and then 
divide by or. In general, if z is a given value from a normal distribution with 
mean M and standard deviation o, then the corresponding, value from the stan 
dard normal distribution is x, where 


M 
x 


The number x is called the standardized value corresponding to 2. It gives th 
number of standard deviations that > is from the mean of the distribution 


Example 2 the heights of a certain group of adults are normally distributed with 


mean of 180 cm and a standard deviation of 8 cm. 


a. Find the percent of the group having a height greater than 196 cm 
b. Find the percent of the group having heights between 172 em and 
180 cm 


(Solution is on the next page.) 
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Solution a. ‘The standardized value corresponding to 196 is: 

196 = M _ 196 = 180 
o 8 

‘The area under the standard normal curve to the right of x = 2 is 

0.5 — 0.4772, or 0.0228 

+. about 2.3% of the group has height greater than 196 cm. 


=2 


b. The standardized values corresponding to 172 and 180 are’ 


172=180 _ 1 ggg 180=18 


pie ioe 


‘The area under the standard normal curve bewween 1 and 0 is the 
| ‘same as the area between 0 and |, which is 0.3413. 
about 34% of the group has height between 172 cm and 180 em. 


(Sd) {ee 
Oral Exercises 


In Exercises 1-3, use the histograms on page 719. 


1. In Figure 1, about what fraction of the 78 years had rainfall between 32 
and 38 inches? 


. In Figure 2, what percent of the 100 pennies had a weight of 3.11 g? 

3. In Figure 3, about what fraction of the 433 light bulbs had lifetimes of 
more than 1000 h? 

4. Whi 

5. If the area under the standard normal curve between x = 0 and x = 0.5 is 

0.1915, what percent of the data in a standard normal distribution is within 

one-half standard deviation from the mean’? 


is the area under the standard normal curve to the left of the y-axis? 


6. For a normal distribution with mean 12 and standard deviation 4, what is 
the standardized yalue comesponding to 20? 


GEST 2 a 
Written Exercises 


In Exercises 1-9, use the table on page 720. 
AL Ina standard norma! distribution, what percent of the data is between the 
mean and 0.4? 
2. Ina standard normal distribution, what percent of the data is between —0.2 
and 0.2? 
standard normal distribution, what percent of the data is beoween three 
four standard deviations below the mean’ 


4. In a standard normal distribution, what percent of the data is within three 
standard deviations from the mean’? 
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. The mean weight of a loaf of bread was found by sampling to be 455 
with a standard deviation of 5 g. Assuming a normal distribution, find the 
percent of loaves with weights that are 

less than 450 g b. greater than 445 g 
c. greater than 470 g d. between 450 g and 460 g 
A college aptitude test is scaled so that ity scores approximate @ normal 
distribution with a mean of 500 and a standard deviation of 100, Find the 
percent of the students taking the test who are expected to score 

above 800 points b. less than 400 points 
€. between 700 and 900 points d. between 800 and $20 points 
The mean life of a certain kind of light bulb is 900 h with a standard devi 
ation of 30 h. Assuming the lives of the light bulbs are normally distrib- 
uted, find the percent of the light bulbs that will last 
= less than 900 h b. more than 984 h 
A type of coin in circulation for the past 10 years has a mean weight of 
0.22 o2 and a standard deviation of 0.01 oz. Assuming a normal distribu: 
tion, find the percent of these coins with weights that are 


a. greater than 0.24 oz b. less than 0.206 oz 


Assuming a standard normal distribution, find a number & such that the 
percent of data less than k is 
50% b. 100% 3 d. 84.13% 


Assuming a standard normal distribution, explain why the fraetion of data 
greater than a constant k equals 1 minus the fraction of data tess than & 


Assuming a standard normal distribution, explain why the fraction of data 
having absolute value greater than a nonnegative constant k equals twice 
the difference between I and the fraction of data less than k 


The equation of the standard normal curve is 


y 
V 


The base of the natural logarithm, ¢, is equal to 2 
ithms to compute the y-coordinate of the point on 


71828 Use a cal 
culator or a table of log 
the standard normal curve for: 

a x=0 b. x 


eR oS TEE 


Mixed Review Exercises 


For the line containing the given points, find (a) the slope and 
(b) an equation in standard fo 


Statistics and Probability 723 


15-4 Correlation 


Objective 


aS a TD 


To draw a scatter plot, determine the correlation coefficient, 
and use the regression line for a set of ordered pairs of dat 


The director of les fo ational distribute 
The director of sales for a national distributor en Sma 
of prerecorded videocassettes wants to predict Paes 
Households | Videocassette Sales 
future sales. Although such a prediction could pager ‘ia millions) 
be based on past sales alone, the sales director 
believes that sales are tied to the number of 8.3 9.5 
households that have a VCR 15.0 2.0 
The table at the right gives the nationwide 5 a0 
data on VCR households and videocassette bs = 
sales for five consecutive years. To determine 32.5 84.0 
whether a mathematical relationship exists be~ 45.8 110.0 


tween these two sets of data, you can treat the 
data as ordered pairs and plot them to obain a 
graph called a scatter plot. 


a in the table above: 


Draw a scatter plot of the 


Plot the ordered pairs (8.3, 9.5), (15.0, 22.0), (23.5. 
(45.8. 110.0) in a coordinate plane, as shown below 


, $2.0), (32.5, 84.0), and 


| 3 
é 


10 20 3 40 
VER Households 


in millions) 


50 


Notice that the points in the scatter plot of Example 1 are very close to 
being collinear. A statistic called the correlation coefficient is used to charac 
ive how closely the points in a scatter plot cluster about a line 
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Given a set of ordered pairs (x, y), the correlation coefficient, denoted by r, 
or merely r, of the ordered pairs is 


M,-M, 


where M, and o, are the mean and standard deviation of the x-values, 
M, and gy are the mean and standard deviation of the )-values, 
and M,, is the mean of the products of the ordered pairs 


Because of the way in which the correlation coefficient is defined, its 

ie for any set of ordered pairs is always between —1 and 1, inclusive. The 
more the ordered pairs cluster about a line with a positive slope. the closes r is 
to 1. Similarly, the more the ordered pairs cluster about a line with a negative 
slope, the closer r is to —1. If the ordered pairs tend not to be collinear at all 
the correlation coefficient is close 10 0. These three situations are illustrated in 
the figures below 


High positive i tively no 
correlation: correlation: correlation: 
ris close to 1. ris close to ris close to 0, 


Example 2 a. Using the scatter plot shown in Example 1, describe the nature of the 


correlation 


. Suppose x represents the number of VCR households and y represents 
the number of videocassctte sales. Determine the correlation coefficient 
of the ordered pairs from the table on the previous page given that 


Moy ~1879.77, My ~ 25.02, My = 55.5, 13.19, and a ~ 37.50 


|. Since the ordered pairs tend to cluster about a line with @ positive 
slope, there is a high positive correlation between VCR households 
and videocassette sales 

b. The correlation coefficient of the ordered pairs is 


M, _ 1879. 5.02) 


0.99. 
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A few words of caution are in order here: Although the cortelation coeffi- 
cient measures the strength of the linear relationship between two variables, a 
high correlation does nor ni 
instance, research may show a high positive correlation between the body 
weights and achievement test scores among children. Even if these two vari 
ables are linearly related. the correlation between them does not suggest that 
children should overeat to improve their achievement scores. 

A more reasonable conclusion is that body weights and achievement scores 
are tied to a third variable, such as age. Therefore, as age increases, so do 
body weights and achievement score 

When the correlation between two 
variables is high, you can draw a line, 
called the regression line, that bes 
fits the known values of the variables 
The figure at the right, for instance, 


ecessurily imply a cause-and-effect relationship. For 


é 


shows the regression line drawn for the 
scatter plot of Example | 

Since the regression line stays rea- 
sonably close to the points in a scatter 
plot, its equation can be used to esti- 
mate the value of one variable for a 


(in mil 


> 
< 


given value of the other. For example. 10 20 30 40 50 
the number of expected videocassette VER Households 
sales could be determined for any given (in millions) 


number of VCR households 
To find the equation of a regression line, you use the following fact, 
proved in a more advanced study of statistics. 


CR SE ea aa ah EE A 
For a set of ordered pairs (x, y), the regression line relating x and y contains 


the point (M,, M,) and has as its slope r(2*), 


Example 2 a. Using part (b) of Example 2 
relating « and y 
b. Find the expected number of videocassette sales when the number of VCR 
households is 60 million, 


determine an equation for the regression line 


Solution a. The regression line contains the point (M,, M,) = (25.02, 55.5). 
7 a 37.50 
The slope of the regression line is: r(*) ~0.99(5555) ~ 2.81 


To obtain the equation of the regression line, use the point-slope 
form of the equation of a line: 


y — 55.5 = 2.81(v — 25.02) 


Sly — 14.81 Answer 
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b. Substituting 60 for x in the equation from part (a), you get a value of 


2.81(60) — 14.81, or 153.79, for y 
the number of expected videocassette sales is about 154 million 


Answer 


Note that the answer to part (b) of Example 3 is only approximate. In a 
more advanced study of statistics, you will learn how to measure the accuracy 


of an approximation obtained from a regression line. Generally speaking, the 


closer r| is to 1, the greater the accuracy of the approximation 


a ie oe SE ea Sener Li) 
Oral Exercises 


1, a. When two variables have a high —!_ correlation, one variable increases 

as the other variable increases 

b. When two variables have a high —?_ correlation, one variable decreases 
as the other variable increases 

For each value of the correlation coefficient, tell whether the linear rela: 

tionship between x and y is strong or weak 

as rey = 0.05 be ry=-0.95 cry =-010 d, 0.90 

For cach pair of variables, tell whether you think the correlation is posi 

tive, negative, or close to zero 
A high school student's height and weight 

b, A car’s age and its value 

cc. A team’s standing in its conference and the attendance at its games 

d. A state’s monthly temperature averages and precipitation total 

e. A company’s advertising budget and its volume of sales 


(EE Ee 
Written Exercises 


ises 1-4, draw a scatier plot. Then describe the nature of the 
correlation. 


1, Congressional Elect : Sales of Single Family Homes 
(for 6 consecutive elections) (for 6 consecutive months) 


Registered to Vote | Actually Voted Median Price | Number Sold 
Z (percent) (in thousands of $) | (in thousands) 


(percent) 
a 09 710 
95 740 

98 720 

63 7 730 
105 640 


64 ; en 
64 108 65 


70 
68 
62 
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3. 


8. 


10. 


In Exercise 1, suppose x represents the percent registered to vote and y rep- 
resents the percent that actually voted. Given that M,, ~ 3226.33, 

M, ~ 65.17, My ~ 49.33, o, ~ 2.85, and a ~ 4.19, find (a) the value of 
the correlation coefficient for the ordered pairs and (b) an equation of the 
regression line relating x and y 


In Exercise 2, suppose .c represents the median price of single-family 
homes and y represents the number sold, Given that M,, ~ 69,893.33 
M, ~ 100.33, M, ~ 698.33, 0, ~ 4.61, and 0, ~ 38.91, find (a) the value 
of the correlation coefficient for the ordered pairs and (b) an equation of 
the regression line relating x and y 


The regression equation for two chemistry tests is y = 0.7v + 15, where x 
represents @ student's score on the first test and y represents the student's 
score on the second test. What is the predicted score on the second test for 
a student who missed that test but scored 90 on the first test? 


The regression equation for people on a weight-reducing diet is 

y = 18x + 1.6, where x is the number of weeks on the diet and y is the 
number of pounds of weight lost, If a person wants to lose 10 Ib, how long 
should that person stay on the diet? 


he correlation between two tests given to 100 students in the junior class 
is 0,70. The mean for the first test was 125 with standard deviation 20. 
The mean of the second test is 80 with standard deviation 10, A student 
took the first test and scored 100, What is your best estimate of this stu: 
dent's score on the second test? 
The correlation between the values and the ages of 50 automobiles is 
0.85. The average value of these automobiles is $8000 with standard 
deviation $1000. The average age is 4 years with standard deviation 2 
years, If you had no specific information about an automobile except that 


its age was 2 years, what is your best estimate of its value? 
State 


by-stute data on annual per capita income and annual spending on 
education per student correlate above 0.80 for all the states in the United 
States, On the basis of this data it is argued that a state should raise educa- 
tional spending to increase per capita income. Is this a valid argument? 
Xplain your answer 


Moviegoing 4. Price of Precious Metals 
(for 7 consecutive years) (for 7 consecutive months) 
Average Ticket Price | Admissions Gold Platinum 
(in dollars) (in billions) (in $ per toy 02) | (in $ per oz) 
2.80 1,06 400 520 
2.90 118 410 3530 
3.20 1.20 440 590 
3.40 1.20 460 610 
3.60 1.06 450 570 
3.70 1.02 450 580 
3.90 1.09 460 610 


Chapter 15 


. The correlation between mental age and height was 0.08 for a large sample 
of boys of the same age, For a large sample of boys ranging in age from 6 
to 15 years old, this correlation was 0.78. How do you explain the differ 
ence in these results? How would you answer the question. 


and mental age related? 


Using two real-world variables of your choosing, form a hypothesis con 
cerning their relationship. Test the hypothesis by gathering data for the 
two variables and calculating the correlation coefficient. Then write a 

paragraph indicating whether or not the data supported your hypothesis 


MEESTER 
Self-Test 1 


Vocabulary trequency distribution (p. 709) measures of central tendeney 
histogram (p. 709) (p. 715) 
stem-and-leaf’ plot (p. 710) measures of dispersion (p. 715) 
statistics (p. 710) standard normal distribution 
mode, median, mean (p. 710) (p- 719) 
first, third quartile (p. 713 standard normal curve (p. 719) 
range (p. 713) standardized value (p. 721) 
box-and-whisker plot (p. 713) seater plot (p. 724) 
variance (p. 715) correlation coefficient (p. 
standard deviation (p. 715) regression line (p, 726) 


1. To the nearest whole number, find the mode, median, and Obj 
mean for the distribution of numbers given in the stem: 


and-leaf plot below 


8, 8,8 


47 
L 


. Find the first and third quartile scores for the distribution 
in Exercise 1 
To the nearest whole number, find the variance and standard 
deviation for the distribution in Exercise 1 
In a standard normal distribution, what fraction of the data is 
between x = —2.0 and x = 1.0? (Use the table on page 720.) 
The mean weight of the lobsters in a certain bay is 3 kg with 
a standard deviation of 0.5 kg. What percent of the lobsters 
weigh more than 4.1 kg? (Use the table on pi 
Draw a scatter plot for the 
ordered pairs given in the 
table at the right. Then 
describe the nature of the 
correlation between x and y 
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Counting 


(TS 
15-5 Fundamental Counting Principles 


Objective To apply fundamental counting principles. 


A local moped dealer sells 6 different models of mopeds. Each model is avail- 
able in 3 colors. Therefore, there are 

6-3, or 18, 
different combinations of model and color that can be ordered. This illustrates a 
fundamental counting principle 


TY 
If one selection can be made in m ways, and for each of these a second selec- 


tion can be made in n ways. then the number of ways the two selections can 
be made is m Xn. 


Example 1 How many odd 2-digit whole numbers less than 70 are there’ 


Solution A di 


‘There are six possible selections for the tens’ digit: 1 
Write 6 in the first box: [6 


agram such as [__|[/_] is useful to help analyze the problem 


There are five possible selections for the units’ digit: 1, 3, 5, 7, and 9 
Write 5 in the second box: | 6}| 5 


+. by the fundamental counting principle stated above, there are 6+ 5, 
or 30, odd 2-digit whole numbers less than 70. Answer 


To get to school, Rita can either walk or take a bus, These are mutually 
exclusive choices. That is, she can cither ride or walk to school, but not both 
If she chooses to ride, there are two possible bus routes she can use, and if she 
walks, there are three routes she can take Thus there are 2 + 3, or 5. possible 
routes for Rita's trip to school. ‘This illustrates another useful counting princi- 


ple. the additive rule for mutually exclusive possibilities. 


————————L LL TS 
If the possibilities being counted can be grouped into mutually exclusive 
cases, then the total number of possibilities is the sum of the number of 
possibilities in each case 
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Example 2 How many positive integers less than 100 can be written using the digits 


6, 7, 8, and 9? 


Solution — Consider two mutually exclusive cases: (1) the L-digit integer 


2) the 2-digit integers 


L-digit integers 4 


2-digit integers 4°4= 16 
Total = 20 


there are 20 positive integers less than 100 that can be written using 
the digits 6, 7, 8, and 9. Answer 


Example 3 How many license plates of 3 symbols (letters and digits) can be made using 


at least one letter in each 


Solution — There are three mutually exclusive cases: license plates with one letter, two 
letters, or three letters 
L-letter case: There are 26 possibilities for the letter and 14) for each digit 
Thus there are 26- 10+ 10, or 2600, letier-digit-digit combina: 
tions, Since the letter ean be in any of three positions on the 
plate (left, middle 2600, or 
ble [-letter plates 
2-letter case There are 26- 26+ 10, or 6760, lelter-letter-digit combinations. 
t can be in any of three positions, there are 
), possible 2etter plates 


3-letter case: ‘There are 26+ 26 + 26, or possible 3-letter plates 


the number of plates is the sum of the three mutually exclusive possibilities 
0), 28 or 45,656. Answer 


Oral Exercises 


Elena can wear one of 2 blouses and one of 5 scarves. How many blouse 


scarf combinations are available to her? 


There are 3 trails on the north face of Mount Ezra and 2 trails on the south 


face of Mount Ezra. How many routes are there going up the north face 
and down the south face? 


Kelly must buy hamburger rolls for a cookout, She can buy them in one of 


4 supermarkets or one of 3 bakery shops. In how many ways can Kelly run 


her errand? 
se among 15 different flavors of ice cream, 6 different ta 


4. George can ch 
vors of sherbet, and 5 different flavors of frozen yogurt. In how man: 
ways can he choose a single dessert? 
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SR ES 
Written Exercises 


A 1. How many even 2-<digit pos 


itive integers less than 50 are there? 
2. How many odd 2-digit positive integers greater than 20 are there? 


3. How many odd 3-digit positive integers can be written using the digits 2, 
3, 4,5, and 6? 


4. How 
2,4, 


5. In how many ways can you sele 
and one calculus book from a collection of 8 different algebra hooks, 5 dif- 
ferent geometry books, and 3 different calculus books? 


one algebra book, one geometry book. 


6. A student council has 5 seniors, 4 juniors, 3 sophomores, and 2 freshmen 
as members, In how many ways can a 4-member council committee be 
formed that includes one member of each class? 


7. In how many different ways can a 10-question true-false test be answered 


if every question must be answered? 


8. In how many different ways can a 10-question truc-false test be answered 
if it is all right to leave questions unanswered? 

9, How many ways are there to select 3 cards, one after the other, from 
a deck of 52 cards if the cards are not returned to the deck after being 
selected? 

10. How many ways are there to write a 3-digit posi 


1, 3, 5, 7, and 9 if no digit is used more than once? 


integer using the digits 


B11. How many 7-digit telephone numbers can be created if the first digit must 
be 8, the second must be 5, and the third must be 2 or 3? 


12. How many positive odd integers less than 10,000 can be written using the 
digits 3, 4, 6, 8. and 0? 


13. How many license plates of 3 symbols (letters and digits) can be made 
using at least 2 letters for each? 


14, How many license plates of 4 symbols letters and 


2 digits? 


be made using 


15. How many multiples of 3 less than 100 can be formed from the digits 1, 
4,5. 7, and 8? (Hint: The sum of the digits of any multiple of 3 is also 
4 multiple of 3.) 


16. How many multiples of 3 less than 1000 can be formed from the digits 
2, 5, and 9? 


C 17. Suppose you have totally forgotten the combination to your locker. There 
are three numbers in the combination, and you're sure each number is dif- 
ferent, The numbers on the lock’s dial range from 0 to 35. If you test one 
combination every 12 seconds, how long will it take to test all possible 
combinations? 
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18. DNA (deoxyribonucleic acid) molecules 
include the base units adenine, thymine 
cytosine, and guanine (A, T, C. and 

the sequence of base units alor 

strand of DNA encodes genetic informa: 
tion. In how many different sequences 
can A, T, C, and G be arranged along 
a short strand of DNA that has only 8 


base units’ 


. Protein molecules are made up of many 
amino acid residues joined end-to-end 
Proteins have different properties, de- 
pending on the sequence of amino acid 
residues in the molecules. If there are 
20 naturally occurring amino acids, how 
many different sequences of amino acid 
residues can occur in a 6-residue-long 
fragment of a protein molecule? 

How many 3-letter code words can be 
formed if at least one of the letters is to 
be chosen from the vowels a, @, i, 0. 
and «? 


Mixed Review Exercises 


Evaluate if x = —2 and y = 8, 


> 2, Iv — yf 


Use the given root to solve each equation completely. 


x x—2=0; V2 6. — 4x 


2 — The + 4+ 5=0:5 8. + Ox 


AE PAE LE ES LF SBE. SPIEL A BLE WED ELE: 
Challenge 


If you have two colors of paint available, in how many ways cun you paint the 


aces of a cube so that each face has one of the two colors? (Two colorings are 
the same if one can be turned so that it matches the other exactly. You don’t 


have to use both colors.) 
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(DS STRAT A 
15-6 Permutations 
Objective To find the number of permutations of the elements of a set 


The letters a, b, and ¢ can be arranged in six different ways: 
abe bac cab 
ach bea cha 


Each of these arrangements is called a permutation of the letters a, b, and c 
When the elements of a set are arranged in a definite order, the arrangement is 
called a permutation of the elements. 

To determine the number of permutations of the letters a, b, and ¢ without 
actually listing them, you can use the first fundamental counting principle stated 
in Lesson 15-5. Since any one of the three letters may be written first, a 3 ap- 
pears in the first box of the following diagram 


‘ond must be selected from the 


After the first letter has been selected, the se 
remaining (wo letters. 


Only one selection remains for the last letter: 


Therefore the number of permutations of the letters a, b, and ¢ is 
3*2° 1, oF 


Example 1 Find the number of permutations of the four letters p, q. r. and s 


Solution — Complete 


the number of permutations is 4+3+2+1, or 24. Answer 


a diagram ) 


Recall from Lesson 11-8 that for any positive integer », the product 


3-2-1 


ne(n—1)-(n 


can be written as n! (read **n factorial’), As you have seen, there are 3! per- 
mutations of 3 objects and 4! permutations of 4 objects. In genera 


The number of permutations of n objects is n!. 


The next example illustrates what happens when not all the elements of a 


set are used to form permutations 
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Example 2 1n how many ways can the letters in the word suSTICE be arranged using 


only 5 letters at a time? 


Solution — The first choice can be any one of the 7 letters, the second can be any one 


of the 6 remaining letters, and so on: 


there are 7-6-5 +43, or 2520, permutations of the 7 letters in 
JUSTICE when the letters are taken 5 at a time, Answer 


The symbol ,P,. is used to indicate the number of permutations of 1 objects 
taken rat atime. From Example 2 you can see that »Ps = 2520. This result 
was obtained by filling five boxes with a decreasing sequence of consecutive 
integers, starting with 7. When you find ,P,, the diagram has r boxes to be 


filled 


Therefore 


Notice that when r= ni, the final factor in the equation 


n—(r—1), becomes n — (n — 1), oF 1. Therefore 


Example 3 from a set of 9 different books, 4 are to be selected and arranged on a 


shelf, How many arrangements are possible? 


Solution Find the number of permutations of 9 books taken 4 at at 


-8°7+6=3024 Answer 


In Example 3, oP, can be rewritten as 


neral, when the expression ,P, is multiplied by | 


in nin— rs ty 


Therefore, you have the following formula 
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If you consider the letters « and a to be distinct, the number of permuta- 
tions of u, a, and b taken 3 at a time is 3!, or 6, These 6 permutations are 
listed below 

aah aba bua 
aab aba baa 

In contrast, the letters a. a, and b, taken 3 at a time, give only 3 distin- 
guishable permutations: 

aab aba baa 
Each of these permutations corresponds to two of the original 6 permutations, 
because there are 2!, or 2, permutations of «, a, Therefore, if P is the number 
of permutations of a. a, and b, 


PrA=3 « P=s 


dn, of the 


¢ taken mat a time 


In general, when » elements of a set 


nt 
. the number of permutations, P, is". A similar relation 


elements are alik _ 


ship holds when two or more repeated elements occur. 


If a set of m elements has 1m, elements of one kind alike, ty of another kind 
alike, and so on, then the number of permutations, P, of the n elements taken n 


ata time is given by 


ranged 


Example 4 Find the number of ways the letters in the word HUBBUB can be 
Solution — Since there are 6 letters. 2 of which are t 


6 
= 60. Answer 


251 


sand 3 are B's, 


Oral Exercises 


Evaluate. 
10! 6 
5! 2 
an = 3b 3. Gai 
5. Ps 6. ioPs 7. \ooP2 


‘h word can be arranged. 


‘Tell the number of ways the letters in ea 
9. FoR 10. Aut 11. some 12. NONE 
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St ee. 
Written Exercises 


Evaluate each of the following, 
1, 315! 2. 3(5!) 
Find ,,P, for the given values of n and r, 


i 60 


In how many ways can 6 different books be urranged on a shelf’? 
In how many ways can 8 people be lined up in a row for a photograph? 
In how many ways can 3 cards from a deck of 52 cards be laid in row 
face up? 

. In how many ways can 4 of 7 different kinds of bushes be planted alo 
one side of a house? 


In how many ways can the letters of the word MONDAY be arranged using 
all 6 Jetters? 


In how many ways can the letters of the word TopAy be arranged using 
only 3 of the letters at a time? 


Find the number of letters of each word can be arranged. 


15, ADDEND 16. BEEKEEPER 17. ROTOR 
18, DEEMED 19, mississirrt 20. ALBL ERQUE 
How many different signals can be made by dis 
playing five fla me time on a flagpole? 
The flags differ only in color: two are red, two are 
white, and one is blue 


How many different signals could be made if the 
us of Exercise 21 were of the following colors 


three red, one white, and one blue? 

. In how many ways can 3 identical emeralds. 2 identical diamonds, and 2 
different opals be arranged in a row in a display case? 
In how many ways can 3 red, 4 blue, and 2 green pens be distributed to 9 
students seated in a row if each student receives one pen? 

. Show that gPy = 6(6P3) 26. Show that <P, = SUP, 

. Show that Ps — ,Pa = (n — SP 

. Show that ,P, 


30. Solve form: , 1 


. Solve for n 
| Find the number of 6-letter permutations that can be formed from the let 


ters in the word SHOPPER 
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15-7 Combinations 
Objective ‘Io find the combinations of a set of elements. 
Set B is a subset of set A if each member of B is also a member of A. There- 


fore, every set is a subset of itself, The empty set, J, is considered to be a sub- 
set of every set 


Example 1 For the 3-Ietter set (P,Q. R}, find 


a. all the subsets. b. the 2-tetter subsets 


Solution a. {P.Q, RB). (P,Q), {P. R}, {Q, RB}. {PL {Q}, {R]. B Answer 
b. {P,Q}. {PR}. {Q, R} Answer 


Consider the 2-etter subsets of the 4-letter set {S, T, U. V} 
{S, T}, {S. U}, (S. Vi. {T. Uf, {T. V). and {U, V) 


‘These subsets are also known as the combinations of the letters S, T, U, and V 
taken two at a time. An r-element subset of a set of n elements is called a 
combination of 1 clements taken rat a time 

The symbol ,C, denotes the number of combinations of » elements taken r 
al a time. For example, since there are six 2-letter subsets of the 4-letter set 
{S, T, U, V), «C2 = 6 

Recall that the order of the elements matters in a permutation: ST and TS, 
for cxample, are different permutations, Order is not important in a combina- 
tion, however: {S, T} and {T, S} are the same combination 

For a given combination there may be a number of different permutations. 
For example, there are P2, or 2!, permutations possible for cach of the 2-letter 
combinations of the letters §, T, U, and V. So the total number of permutations 
of the 4 letters taken 2 at a time is just the number of combinations multiplied 
by the number of permutations per combination 


aP2 = CaP»). 


eral, = GC MeP,). 
ss wP, 
and therefore C= 5 
Recall from Lesson 15-6 that .P, = 7, mand ,P, = rl. Therefore: 
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Find the number of combinations of the letters in the word soLve, taking 
them (a) 5 at a time and (b) 2 at a time, List each combination 


S, 0, L, V, E 


S, O} {S, L} { E} {O, L} 
10. V} {O. E} E} {V. B} 


In how many ways can a committee of 6 be chosen from 5 teachers and 
4 students if 
a. all are equally eligibl 


b. the committee must include 3 teachers and 3 students? 


a, There are 9 people eligible for the committee 
" 


aay = 84 Answer 


b, There are sCy ways to choose 3 teachers and yC; ways t choose 4 stu 
dents. Use the first fundamental counting principle stated on page 730 to 
find the number of ways of selecting the committee 


40 Answer 


A standard deck of cards consists of 4 suits (clubs, diamonds, hearts, and 
spades) of 13 cards each. How many 5-card hands can be dealt that include 4 
cards from the same suit and one card from a different suit? 


There are 4 suits with );C. possible combinations from any one suit 
4(715) = 2860 


‘The remaining card must come from the other 3 suits having 52 — 13 


or 39, cards’ 


the number of 5-card hands that include exactly 4 cards any one 
suit is 2860 + 39, or 111,540. Answer 


Oral Exercises 


‘Tell whether each of the following is a combination or a permutation, 


1. Nine books placed in a row on a shelf 


2. Three books selected from a collection of 20 books. 


3, An arrangement of the letters in the word BOOK 


Statistics and Probability 


Evaluate. 


6. 4C> 


A 1. For the 2-letter set {J, K}, find: 
a, all the subsets. 
b. the subsets containing fewer than 2 letters. 
2. For the 4-digit set {1. 3, 5. 7}, find: 
a. the 3-digit subsets. 
b. the subsets in which the sum of the digits is at least 9 


Evaluate. 
3. Cy 4 6) 5. sCy 6. Cy 
T. oC B. o> % Cs 10. \ooC> 


11. How many combinations can be formed from the letters in EIGHT 
taking them: 
a. 4 ata time? b. 3 at a time? 


2 at a time? 
12, How many combinations can be formed from the letters in HEXAGON, 
taking them; 
a. 6 at atime? b. 4 at a time? ©. 2 at a time? 
13. A volleyball team has 12 members, one coach, and 2 managers. How 
many different combinations of 7 people can be chosen to kneel in the 
front row of the team picture? 
14. A sample of 4 mousetraps taken from a batch of 100 mousetraps is to be 
inspected. How many different samples could be selected? 
15. In a group of 10 people, each person shakes hands with everyone else 
once. How many handshakes are there? 


16. You can order a hamburger with cheese, onion, pickle, relish, mustard, let- 
luce, tomato, or mayonnaise. How many different combinations of the “ex- 


tras” can you order, choosing any four of them? 


B_ 17. Seven points lie on a circle, as shown in the figure at the 
right. How many inscribed tria 
having any three of these points as vertic 


gles can be constructed 


18. Ten points lic on the circumference of a circle. How many 
inscribed quadrilaterals can be drawn having these points as 
vertices? 


19. A school club has 15 boys and 16 girls as members. How many different 
6-person committees can be selected from the membership if equal numbers 
of boys and girls are to be selected? 
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20. The junior and senior class councils each have 10 members. In how many 
ways can a prom committee be formed if it is t consist of 3 seniors and 2 
juniors selected from the two class council 


Exercises 21-24 refer to a standard deck of cards as described 
page 739. 
+ How many 13-card hands having exactly 11 diamonds can be dealt? 
. How many 13-card hands having exactly 1] cards from any suit can be 
dealt? 
How many 5-card hands having exactly 3 aces and 2 other cards can be 
dealt? 
. How many 7-card hands having caactly 3 spades, 3 clubs, and 1 heart 
can be dealt? 
. In how many ways can 4 or more students be selected from & students? 


In how many ways can up to 4 students be selected from 6 girls and 
5 boys if each selection must have an equal number of girls and boys? 


. Prove that ,C, = ,Cy-, by using the formula ,C, 


. Prove that ,C, (Hint: nt =n-(n = 1)!) 


a. Refer to the binomial theorem on page 541. What is the relationship 
between the binomial coefficients in the expansion of (a + by" and the 
values of ,C, forr—0,1,2,...,7 

b. Based on the results of part (a), rewrite the binomial theorem using 


sigma notation (see Lesson 11-4) and ,C, 


. Show that the total number of subsets of a set having rt elements is 2 
(Hint: Each member of the set is or is not selected in forming a subset 
Recall that the empty set is defined to be a subset of every set 


Mixed Review Exercises 


Find the value of each function if x 


r+6 
1, fi) = 


4, Fix) 
Simplify. 


7. V2 — Vi8 + V8 
2) (N13 
\( 


10, (4 — 312 +4) 12. | 
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Computer Exercis: 


s For siudents with some programming experience 


1. Write a program that will calculate n! for an input value of 1 
2. Run the program in Exercise 1 to find nl for each given value of n 
a. 10 b. 13 16 d. 20 
3. Use the program in Exercise | as a subroutine in a program that will 
compute the value of ,C,, for input values of m and r. Have the pro- 
gram check first to make sure m and rare positive integers with n =r 
4. Run the program in Exercise 3 to find the value of ,C, for ez 
pair of values. 


h given 


acn=12,r= b. n= 18, r=9 

5. Modily the program in Exercise 3 so that you can compute 5:C, for 
values of r up to 15. (Note that 52! is too large a number for most micro- 
computers to handle, You can compute 52+ 51+... -[S2—(r—1)] 
and then divide by r!.) Use your program to compute the following 
numbers: 


a. s2Cs, the number of different S-card hands that can be dealt from a 
S2-card deck. 

b. s2C\s, the number of possible bridge hands. 

¢. Considering your answer to part (b), do you think it is likely that 
there is some possible bridge hand that has never been dealt? 


BRS SEs yer i ok oe er es 
Self-Test 2 


Vocabulary fundamental counting principles permutation (p, 734) 
(p. 730) subset (p. 738) 
mutually exclusive (p. 730) combination (p. 738) 
1. How many even 3-digit positive integers can be written Obj. 15-5, p. 730 


using the digits 2, 4, 5, 6, and 8? 

2. A menu lists 4 appetizers, 7 main courses, and 5 desserts 
How many complete meals can be chosen from this menu? 

3. In how many ways can 5 toy blocks of different color be Obj. 15-6, p. 734 
stacked? 

4. How many different permutations can be formed using all the 
letters in the word MEMBER? 


wn 


. In how many ways 
4 group of 8 people? 


in a 3-person committee be selected from Obj. 15-7, p. 738 


6. How many combinations can be formed from the letters in 
LAST, taking them 2 at a time? 


Compare your answers with those at the back of the book 
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Probability 


15-8 Sample Spaces and Events 


Objective To specify sample spaces and events for random experiments 


Suppose you toss a coin and it lands “heads up.’” You repeat the “experi 
ment” and the coin lands “tails up.’? An experiment in which you do not nec 
essarily get the same outcome when you repeat it under the same conditions is 
called a random experiment. 

The set of all possible outcomes of a random experiment is known as the 
sample space for the experiment. When you toss a coin, there are only two 
possible outcomes: heads (H)) or tails (7). The sample space for the coin toss 

experiment is therefore {H, 7} 

Any subset of possible outcomes for an experiment is known as an 
event, When an event is u single element of the sample space, it is oft 
called a simple event. (//} and {7} are simple events for the coin tossi 
experiment 


Example 1 For the rolling of a single die, specify 
a 


. the sample space for the experiment 
b. the event that a number greater than 2 results 
¢. the event that an odd number results. 


Solution {l, . 5, 6} b. 3,4 


Suppose you roll two dice, one red and one blue 
An outcome in this experiment can be represented by 
the ordered pair (r, b), where r is the number showing 
‘on the red die and is the number on the blue die. 

‘The sample space for the two-dice experiment 
shown as a graph in the figure at the right, contains 
6-6, or 36, elements. Point A, with coordinates 
(2, 3), represents the outcome “red die shows 2 and 


blue die shows 3.°* 


Example 2 For the wo-dice experiment, specify each event 


a. The sum of the numbers showing on the two dice is 7 


b, The red die shows 5 
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Oral Exercises 


1. Each of the letters A, B, C. D, E, F, and G is written on a separate card 
‘The cards are then shuffled, and one card is drawn 

a. Specify the sample space for this experiment. 

b. Specify the event that a vowel is drawn 


2. A penny and a quarter are tossed. Let (p, ¢) represent each outcome: 
a. Specify the sample space for this experiment 
b. Specify the event that exactly one head is up. 
Written Exercises 


For Exercises 1-6, refer to the two-dice experiment described in this 
lesson. Specify each event. 

A 1. Both dice show the same number, 

2. The sum of the numbers showing on the two dice is 6. 

3. The product of the numbers showing on the two dice is 12 

4. The sum of the numbers showing on the two dice is greater than 8, 

5. The product of the numbers showing on the two dice is less than 10 

6. The number showing on the red die is greater than the number showing on 
the blue die, 

B 7. Two bags contain marbles. The first bag contains a red and a blue marble, 
The second bag contains a red, a blue, a yellow, and a green marble. One 
marble is drawn from each bag 
a. Specily the sample space 
b. Specify the event that at least one red marble is drawn. 
¢. Specify the event that neither marble drawn is blue. 

8. A red, a blue, and a green die are tossed. Let (r, b, g) represent each 
outcome 
a, How many elements are in the sample space? 
b, Specify the event that all three dice show the same number. 
c. Specify the event that the sum of the numbers showing on the red and 
blue dice is less than the number showing on the green die 


For Exercises 9-16, refer again to the two-dice experiment. The ordered 
pair (r, b) represents an element in the sample space. Specify each event. 


wrt b=9 10. b>r 1. r= 2b rb 
C 13. b>4orr<3 14. 7+b=40rr=b 
15. r+ b is prime, and 16. ris a muluiple of 2, and 
bis 4 perfect square r— bisa multiple of 2 
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MME So 
15-9 Probability 


Objective To find the probability that an event will occur 


Consider the toss of a single coin. The sample space contains two elements, H 
and T. If the coin is fair, these two outcomes are equally likely 0 occur That 
is, if you repeated the coin toss a great many times, you would expect heads 
about half of the time and tails about half of the time, Therefore, the probabil 
ity of the event {1}, denoted by P(H), equals the probability of the event {7 
denoted by P(T): 

P(H) = PIT) 


Now consider the rolling of a die, There are six possible outcomes, and 
the sample space is {1, 2, 3, 4. 5. 6}. If the die is fair, the six simple events 


{1}, {2}, {3}, {4}, {5}. and {6} are equally likely. ‘Therefore 


P(2) = P(3) = Pia) = PIS) = PIO) 


If {a), a2, a3, - . - , df is a sample space containing n equally likely outcomes, 


then the probability of each simple event is + 


Play) = Pla) = Plas) = 


Returning to the roll of a die, suppose A is the event that the outcome is 
an odd number, Event A is therefore the subset {1, 3, 5} of the sample space 
{1, 2, 3, 4, 5, 6}. The probability of A is defined as the sum of the probabili. 
ties of the simple events thal make up A. Therefore 


P(A) = PC) + PG) + POS) 


If the sample space for an experiment consists of m equally likely outcomes. 
and if k of them are in event E, then: 

fom 

noon 


PIE) 


k addends 


If the event £ contains all elements of the sample space. then P(E) 


that is, the event is certain to occur, If event F contains no elements 


tu t tain not lo 
sample space, then P(E) 0; that is, the event is certain nor 
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Example 1° A dic is rolled. Find the probability of each event 
Event A: The number showing is less than 5 
b. Event B: The number showing is between 2 and 6. 


Solution The sample space is {1, 2, 3, 4, 5, 6}. Since the six outcomes are equally 


likely, the probability of each simple event is é 


a. Event A = {1, 2, 3, 4} b. Event B = {3, 4. 5} 
3 


= PiAy=4=2 Answer *. PB) = 


4-3 + Answer 


Example 2 Iwo dice are rolled and the numbers are noted. Find the probability of 
cach event 


a. Event A: The sum of the numbers is less than 5. 
b. Event B: The sum of the numbers is 4 or 5. 


Solution —_ Look at the figure on page 743. Notice that there are 36 possible outcomes: 
when two dice are rolled 


a, Event A ={(1, D, (1, 2), (1, 3), 2, D, 2, 2), B, DE 


PlAY= = 2 Answer 


b. Event B = {(1, 3). (1, 4), (2. 


. =i ver 
. PIB) = 56 Answer 


Q, 9, B,D, GB, 2), 4, D} 


Example 2° There are 12 tulip bulbs in a package. Nine will 
will yield red tulips. If two tulip bulbs are selected 
ability of each event 
a. Event Q: Both wlips will be red 
b. nt R: One tulip will be yellow and the other red 


eld yellow tulips and three 
at random, find the prob- 


Solution a. Since the bulbs are selected at random, all possible pairs are equally likely 
Thus: 
number of ways to pick a pair of red bulbs 


number of ways to pick any pair of bulbs 


PQ) = 


There are 3 red bulbs. The number of ways of picking 2 of them is: 
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b. The number of ways of picking one yellow bulb and one red bulb is 


Fon 


PR) =e Answer 


Consider a randomly chosen element of a normal distribution with mean M 
and standard deviation &, The probability of this clement falling between the 
values M + ao and M + bor is just the area under the standard normal curve 
between x = a and x = b (sce Lesson 15-3) 


Example 4 The lifetimes of 60-waui light bulbs are normally distributed with mean 
1000 hours and standard deviation 100 hours, What is the probability that 
4 bulb just put in a lamp will last more than 1100 hours? 


Solution The diagram at the right shows the 
hours / of light bulb fife and the 
standardized values x that core 
spond to them. ‘The probabi 
that h 1100 is the same as the 


hy 800 900 1000. 1100 
area under the standard normal curve 


to the right of x = 1. Therefore : 
Pih 1100) = Pv 1) 

0S A(1) 

05 Use the table on 

0.158 


the probability that the bulb lasts more than 1100 hours is about 0.16 


Example § or a certain airline, the wip times for daily flights between two cities are 


normally distributed. The mean trip time is 144 minutes with a standard 
deviation of 15 minutes. What is the probability that a flight takes less 


Solution The standardized value corresponding to 2 hours, or 120 minutes, is: 
16 


Therefore, for a random trip time £ 
Plt < 120) = Pls 1.6) 

P(x > 1.6) 

0.5 — AUL.6) 


The standard normal curve is 
metric with respect to the 
05 Use the table on page 72¢ 


0.0548 


the probability that a flight takes less than 2 hours is about 0.0: 
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Oral Exercises 


A number wheel is divided into 16 congruent sectors, numbered 1-16. You 
spin the wheel and record the number. Find the probability of each event. 


1. his a7 2. It is an odd number. 
3. hisadoraY, 4 Ibis al, 2, or 3. 

5. It is between 0 and 17. 6. It is less than 13 

7. It is less than 3 or greater than 12. 8. It is a 19. 


‘Iwo dice are rolled. Find the probability of each event. (Use the figure on 
page 743 for the sample space of this experiment.) 


9. The numbers showing on the Wwo dice are equal 


10. The sum of the numbers showing is 7. 


1, The sum of the numbers showing is 13. 


Sis Ls 
Written Exercises 


A ‘A box contains {0 slips of paper numbered 1-10. A slip of paper is drawn 
at random from the box and the number is noted. Find the probability of 
euch event 
a. Itisa2 b. It is an odd number, 
¢, It is less than 4. d. It is less than II 
e. It is greater than & f. It is between 3 and 4. 

2. A letter is selected at random from those in the word TRIANGLE. Find the 
probability of each event. 
a. It is a vowel. b, It is a consonant. 
¢. It is from the first half d. It is between F and Q 

of the alphabet. in the alphabet 

3. One marble is drawn at random from a bag containing 4 white, 6 red, and 
6 green marbles, Find the prob: of each event. 
a, Itis white. b. It is white, red, or green 
ce. Itis red or green d. It is not red. 

4. One card is drawn at random from a 52-card deck, Find the probability of 
each event 
a. It is an ace. b. It is a diamond. 
c. Itis black d. Itis the king of clubs, 
€. It is a red queen, f. Iisa black heart. 

5. Two coins are tossed. Find the probability of each event. 
‘a, Both come up tails. b. At least one coin comes up heads. 
¢, The coins match d. ‘The coins don’t match 
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6, A 10-speed bicycle is given as a door prize. A total of num 


bered 1-220 are sold, If the winning numbe 


probability of each event 


chosen at random, find t 


a. The winning number is less than 101 
b. The winning number is greater than 50. 
¢. The winning number is between 10) and 21 


Of 1,000,000 income tax retums received > checked for arithmeti 
accuracy and 9000 returns, selected at random, are checked thoroughly. For 
a given return, find the probability of each ever 

a. [tis checked for arithmetic accuracy 

b. It is checked thoroughl, 

€. It is not checked thoroughly 


. Two dice are rolled, Find the probability of 
a. The sum of the numbers showing on thi 
b. The sum is at least 10. 
¢. Exactly one die shows a 4 
d. At least one die shows a 4 


Three coins are tossed. Find the probability of each event 
a. All come up heads 
b. All come up tails 
¢. At least one comes up tails 
d. Exactly two come up heads. 

. Evangeline makes necklaces from 
beads of four different colors: red. 
white, yellow, and turquoise. There 
are twice as many red beads as 
white beads, and twice as many white 
beads as yellow beads or turquoise 
beads. If Evangeline chooses a bead 
at random from a box containing all 
the beads, what is the probability she 
chooses 
a, a red bead? 

b. a white bead? 
¢. either a yellow bead or a turquoise 
bead’ 

Ab contains 2 red, 4 yellow, and 6 blue marbles 
drawn at random. Find the probability of each event 
b. Both 
d. Or 


a. Both are red. 
c. Both are blu 
e. Neither is red f. Neith 
Two cards are drawn at random from 

each event 

Both are hearts 

Neither is red 
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In Exercises 13 and 14, use the table on page 720. 


13. For a certain math class, the mean time required to complete homework 
assignments is 36 minutes with a standard deviation of 10 minutes. Assum- 
ing that the completion times are normally distributed, what is the probabil- 
ity that the time required to complete a given homework assignment in this 
class will be: 

a. less than 20 minutes? b. more than one hour? 

14, A certain brand of cereal claims that the mean number of raisins in each 
box is 74 with a standard deviation of 5. Assuming that the raisins are nor- 
mally distributed, what is the probability that a given box of this cereal 
will contain: 

a. fewer than 65 raisins? b, more than 80 raisins? 


Mined Review Exercises 


Solve each inequality and graph the solution set. 
3. 4-3n<- 
6. BE+ 1 <4 


4. 
7. How many permutations are there of all the letters in PAPER? 
8. 


. In how many ways can a study group of four be selected from a class of 
24 students? 


Computer Exercises For students with some programming experience 


1, Write a program that will use the computer's random number generator 
(RND) to simulate the tossing of a coin a given number of times. Have the 
computer print the number of times that heads come up. 

2. Run the program in Exercise | for cach number of tosses and record the 
number of heads. a. 20 b. 80 c. 200 d. 800 

3. When a coin is tossed a number of times, the expected number of heads is 
half the number of tosses. Which of the runs in Exercise 2 comes closest, 
in relative terms, to the expected number of heads? 


4. Write a program that will use the RND function to simulate rolling two 
dice a given number of times. Have the computer print the number of 
“‘doubles”” (that is, when the numbers showing on the dice are the same) 

5. Run the program in Exercise 4 for each number of rolls and record the 
number of doubles a. 12 b. 72 120 d. 720 

6. When two dice are rolled a number of times, the expected number of dou- 


bles is one sixth the number of rolls. Which of the runs in Exercise 


comes closest, in relative terms, to the expected number of double 
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Reading Algebra / Probability 


When English words are used as technical terms in algebra they often have a 
meaning different from their usual meaning in the language. It is particularly 
important in reading about probability and statistics to distinguish the mathe 
matical usage of a term from its common use, since many of the terms have 
mathematical meanings that are close t, but not identical to, their meanings 
in common speech. In the brief lesson that follows, you will be introduced 
to the concept of expectation. As you read the lesson and do the exercise 
notice how the meaning of expectation in the study of probability is related to 
its ordinary meaning 

Often cach simple event in a sample space can be measured by a number 
or score. For example, if you toss two coins you can count the number of 
heads as the score; it will be 0, 1, or 2. The expectation of the score is found 
by multiplying the score of cach simple event by the probability of that event 
and adding up these products. Here is how the computation looks for the coin 
tossing experiment 


Event 


Coin 1 Coin 2 | Score | Probability 


H H 2 


H 
4 


The expectation is 4 + ; or |. Therefore, the expected number 


of heads is 1 


Exercises 


1. If you toss four coins, what is the expected number of heads? 


. What is the probability that you get two heads on a toss of four coins? 


If you repeat the experiment of tossing four coins many times. will you 
score two heads more than half the ime or less than half the time? 
|. When you roll a die with faces numbered 1 to 6, what is your expected 
score? Will you ever get this score? 
Suppose you roll the die many times and find the average (mean) of all 
your scores. Can you predict what this aver 


will approximately be? 


In what sense does the expectation tell you what t expect 
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Application / Sampling 


A factory produces 200,000 light bulbs during each 8-hour shift. The factory 
managers want to know how many defective bulbs are being produced. If the 
number is too high, production methods must be changed to improve the out 
put. One way (© determine the number of defective bulbs is to test every one 
produced, Although this would give the managers the information they need. it 
would also be too expensive and time-consuming. 

Another method is to test only a sample of the bulbs to get some idea of 
what the entire population of light bulbs is like. Testing only a relatively small 
sample is certainly less expensive than testing the entire population, but can the 
managers of the factory have confidence in the results? That is, do the results 
in a sample provide a good estimate of the results in the population as a whole? 
Studies have shown that the answer to this question is: It depends on how sam- 
ples are drawn from the population 

The best estimates are obtained by drawing random samples, A sample 
from a population is a random sample provided: 


|. Each element in the population is equally likely to be in the sample. 
2. The selection of each element is independent of the selection of every 
other clement. 
It is not always casy to obtain a random sample, however. For example, if each 
element in a population is to be selected on an “equally likely” basis, then all 
elements must be known and available. This is usually not the case with large 
populations, such as all the eligible voters in the United States 
Because random samples are difficult to obtain, nonrandom samples are 
often used to characterize populations. Here are a few alternative sampling 
procedures. 


Convenience sampling: Pick the elements in the population that are 
readily at hand 

Self-selected sampling: Allow elements in the population to volunteer 
to be in the sample 

Judgment sampling: Have an expert choose a sample believed to be 
representative of the population 


Compared to random sampling, these and other sampling procedures often yield 
less dependable results. They may, however, be sufficient for whatever purpose 
the population is being sampled 


Exercises 


Which of the following samples is random? If nonrandom, explain why. 


1, A random-number generator activates a device that tests light bulbs coming 
off the assembly line 
2 is done throughout the 8-hour shift each day. 


s done only during the first 2 hours of production each day 
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2. A 20-student committee is to be selected from a student body of S00 


a. Twenty names are drawn from a box containing all the students” names 
each written on a separate slip of paper 

b. One name is selected at random from a roster of all the students. The 
Temaining selections are made by picking every 25th name on the roster 
following the first one selected 

A TV-talk-show host lets members of the audience who raise their hands 

voice their opinions on an issue 


4. A newspaper reporter asks passersby their opinions on an issue 


Describe how samples could be obtained in each of the following situations. 
Also describe any limitations of the sampling techniques that you propose, 
The editorial staff of a magazine needs to know how the subscribers would 
react to a change in the layout of the magazine 
A national news organization wants to know how the current national econ: 
omy is affecting typical American families 
A researcher wants to investigate whether optimists are generally more 
healthy than pessimists 


A school superintendent wants to know whether the voters in the schoo! 
district will support a bond issue to build a new school. 


OA A eR RP a TT LP LT LP 
Extra Jandam Numbers 


Computers use arithmetic to generate sequences of “'random’’ numbers that can 
be used to simulate experiments such as the tossing of a coin. Sinee these s: 
quences are completely determined by the first number chosen, the numbers are 
not truly random (in fact, they are often called pseudorandom numbers), but 
they can still be used to program realistic simulations 
One common method for generating random 
numbers is illustrated at the right. First choose a 
multiplier, 23, and a starting value, 809. Then re 
peat the following steps: Multiply by 23, save the 
last three digits, and record the hundreds’ digit. The 
sequence of random ni ae 
Notice that the rightmost two digits must be 
Jed, since the units’ digit repeats the pattern 
3, 9, and the tens” digit is always even. Since 
the last three digits are saved from each product, the 
sequence of “‘random’’ digits must repeat 
most 1000 steps. Actual computer routines save 


many more digits, and they provide a sequence of 


7- or 8-digit pseudorandom numbers that will repeat 


only after millions of numbers have been drawn 
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15-10 Mutually Exclusive and 
Independent Events 


Objective To identify mutually exclusive and independent events and find 
the probability of such events. 


Consider the sets A and B where 


{1, 2, 3, 4} and B = {3, 4, 5, 6} 


Notice that these sets have two elements in com- 
mon, namely 3 and 4. This fact can be illustrat 
ed through the use of a diagram like the one at 
the right, (Such diagrams are called Venn dia- 
grams in honor of the English mathema 
John Venn, who used them extensively to pic- 
ture sets and set relations.) 


jan 


In the Venn diagram, sets A and B are shown as subsets of the set W of 
whole numbers. Notice that the region where sets A and B overlap is shaded. 
The shaded region represents {3, 4}. the set of elements that belong to both A 


and B, This set is called the inersection of A and B. You can use the symbol 
1 to indicate an intersection of sets: 


{1, 2, 3.4} 143, 4, 5, 6} 


In general, if A and B are any sets, then the set whose members are the 
elements belonging to both A and B is called the intersection of A and B and is 
denoted by ANB. 

The sets {1, 2, 3, 4} and {5, 6. 7, 8} have no elements in common 
That is, 

{I 


e no elements in common, 


3, 4. {5, 6, 7, 8} = 9. 


Sets that 


are called disjoint sets 


In the Venn diagram at the right, notice that 


the shading extends throughout sets A and B. The 
shaded region represents {1, 2, 3, 4, 5, 6}, the set 
containing all the clements of A together with all 
the elements of B. In other words, the shaded re- 
gion represents the set consisting of all the e 


w 


ments in at least one of the sets A and B. This 
set is called the union of A and B. You ean use 
the symbol U (o indicate a union of sets 


3, 4} U {3, 4, 5, 6} = {I, 2, 3, 4, 5, 6}. 


In general, if A and B are any sets, then the set whose members are the 
elements belonging to either A or B (or both) is called the union of A and B 
nd is denoted by A UB 
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Example 1 Specify each of the following sets by 


listing its elements. Use the Venn 
am at the right 
b. AUB 
d. BUC 
f. (AUB) NC 


7,9, 10} 


7, 8.9. 10} 


The Venn diagram below shows the sample space S for the experiment of 
drawing a number at random from {1, 2. 3, 4, 5, 6). Every subset of Sis an 
event, including § itself and the empty set, (1. These two events have probabili 
ties 1 und 0, respectively 


For any sample space S, 
P(S)=1 and Pp) = 0. 


The Venn diagram also shows events A and 
B in S. Event A, {1, 2}, is the drawing of a 
number less than 3. Event B, {1. 3, 5}, is the 
drawing of an odd number. Note that 


P(A) = and PCB) = ¢ 
The probability that either A or B occurs is 
P(A UB). Since AU B = {I, 2, 3, 5}. 
PAU B)=4 
To see how P(A UB), PIA), and P(B) are related, first note that 
P(A MB) = 4, since A 1B = {I}. Then: 
PIAUB)=4=2+4 1 = (a) + P(B)— PIA) 


Ee ee See 


For any two events A and B in a sample spa 
P(A UB) = P(A) + PB) — PAN B). 


If two events have no elements in common (that is, if their intersection is 


empty), the events are called mutually exclusive. For such events 
P(A MB) = P@) = 0. Thus, P(A U B) = P(A) + PB) — 0 = PtA) + PB 
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If A and B are mutually excl 


sive events, 


P(A UB) = P(A) + P(B). 


Example 2 From a group of 10 seniors and & juniors, 3 students are to be selected at 
random to form a committee. What is the probability that at least 2 seniors 
are selected? 


Solution — The selection will include at least 2 seniors if cither exactly 2 seniors and 1 
junior are selected (event M) or 3 seniors are selected (event N). Since the 
two events are mutually exclusive, PUM U N) = P(M) + P(N). 


PM) -3 
PIN) = 
puuNy=8 +5 = 0-10 


= 10 
the probability of at least 2 seniors being selected is {5. Answer 


Consider the experiment of tossing a coin twice. The sample space for the 
experiment is {((H, H), (H. 7), (T, H), (T, T)}, Let A be the event that a head 

is obtained on the first toss. Let B be the event that a head is obtained on the 

second toss, Then: 


A= {(H, H), (H, T)} and B = ((H, H), (T, HD}, 


Since the experiment has four possible outcomes, the probabilities of the 
events are 


P(A) = 2 = + and Pe) = 2 = 


4 
Geez 


rats) 


Notice that A and B are not mutually exclusive, since AM B = {(/7, 1)} 
However, the two events are independent, because obtaining a head on the first 


toss has nothing to do with obtaining a head on the second toss. In general, 
if the occurtence of one event 


no effect on the probability of another event, 
the two events are said to be independent. 
Since P(A 1B) = 4, you can see th 


following pattern: 
PIA) P(B) = P(A B) 
ute 
LSS 
‘Two events A and B are independent if and only if: 


P(A 1 B) = PIA) - P(B). 
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Example 3 A bag contains 4 green and 4 blue buttons. 

from the bag as follows: 

a. The first button drawn is put back into the bag 
drawn 3 


Two buttons are drawn at random 
before the second button is 


b. The first button drawn is not put back into the bag before the second but 
ton is drawn 

A be the event that the first button drawn is green 

B be the event that the second bution drawn is blue 

Are the events in each case dependent or independent? 


a. P(A) = + 
g 


p(B) = 4 
8 
PAN B)= 


Z (B P(A B) 
P(A) - P(B) p= PANE 


events A and B are independent. (Since the first button drawn is 
put back, the result of the first draw does nor affect the outcome 
of the second draw.) Answer 

P(A) 


Event B can come about in two mutually exclusive ways: Either you 
draw a green button first and then draw one of the four blue buttons 
among the seven remaining, or you draw a blue button first and then 
draw one of the other three blue buttons among the seven remaining. 
Therefore: 

P(B) = P(first green, then blue) + P(first blue, then blue) 


= 4,4 21 
ih 


8 “2 


The event A AB is equivalent to drawing a green button first and then 


a blue one. That is, 
P(A 1 B) = PUfirst green, then blue) 


> 7 toil span.) 
P(A) PB) = 5 = GA PANB 


ents A and B are dependent. (In this case, the result of the first 
draw does affect the second draw.) Answer 


Suppose an event A is a subset of a sample space 5. It is sometimes 


Useful to consider the complement of A, which consists of the elements in 
§ that are not members of A. The symbol for the complement of an event A 
is A. Recall that P(S) = 1. Since AU A = 5, PAU A) 1. Since A and A 
are mutually exclusive, P(A U A) = P(A) + P(A). Therefore, P(A) + PUA) 


and P(A) = 1 — P(A) 
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“Example 4 Based on past performances in the school band, the probability that Ryan will 
be selected (o perform in the county band is 7, that Faye will be selected is j, 
and that Chung will be selected is 4. Suppose that the selection of one student 
does not affect another siudent’s chances. Find the probabilities of each of the 


following events. 
a, Ryan and Chung are sel 
b. At least one of the thr 


ted, but Faye is not 
lected. 


“Solution — ew R be the event that Ryan is selected for the county band, F the event that 
Faye is selected, and C the event that Chung is selected, Then: 


POR) = 3. POF) = 3, and P(C) = $. 


a. The probability that Faye is nor selected is 


P(F) = 1 — P(F) = 1 - 


+. P(R) + P(C) + POF) = Answer 


b. Let D be the event that at least one of the three students is selected, and 
let £ be the event that none of them is selected. Note that D = E. 


P(D) = P(E) 
=1-PE) 
= 1 — PIR) PF) PIC) 
and © occurring together 
=i=-dohe 


1 
3 
4 


“. the probability of at least one being selected is $3. Answer 


Oral Exercises 


In Exercises 1-3, use the Venn diagram at 
the right. 


1. Specify each of the followi 


ets by listing 


a. CUD b. BND CAC) 
ce. BAC a, (BUC)MA 


2. Find the probability of each event. \) A 
a B bA 


« CND a. AUB 

3, Tell whether the events are mutually exclusive 
a, A and B b. B and C ©. Band D 
d. (BUD) and A e. (AUB) and D f. A and B 
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en probabilities to tell whether A and B are dependent or inde 
pendent events 


a. P(A) = JG; PB) = 4 PAB) = 


b. P(A) = 4; PB) = 3; PAB) 


c. P(A) = 0.3; PIB) = 0.7; PIA 2 B) = 0.05 

d. P(A) = 0.4; P(B) = 0.5; P(A NB) = 0.2 

Identify the events in each problem as independent or dependent, and th 

find the probability requested 

a. In a box there are 3 pink and 3 green erasers, You pick one at random, 
replace it, and select another at random, What is the probability that 
both erasers are green? 

b. There are two 60-watt light bulbs and two 75-watt light bulbs in a box 
You pick one at random and place it in your study lamp. ‘Then you se- 
lect another at random. What is the probability that you first picked a 
75-watt and then a 60-watt light bulb? 


A 


Written Exercises 


1. Tanya randomly guesses a whole number from | to 10, Find the probability 
of each event 
a. She guesses a number less than 6 
b. She guesses an odd number 
¢. She guesses an odd number less than 6 
A single marble is drawn from a bag containing 3 red, 5 white, and 2 blue 
marbles. Find the probability of each event 
a. A red or blue marble is drawn 
b. A blue or white marble is drawn 
¢. A red, white, or blue marble is drawn 
‘The names of 3 seniors, 4 juniors, and 5 sophomores are placed in a bow! 
One name is drawn at random, set aside, and a second name is then drawn 
at random. Find the probability of each event 
‘a. The first name drawn is a junior and the second is a senior 
b. Both names drawn are sophomores 
There are 3 red, 2 blue, and 3 yellow crayons in a box, Jeff randomly se 
ects one, returns it to the box, and then randomly selects another. Find the 
probability of each event 
a. The first crayon selected is blue and the second is yellow 
b. Both crayons selected are red 


A red and a green die are rolled. Let A be the event that the red dic 
be the event that the sum of the numbers showing is § 


shows 2 and B 
a. Find the probability of A.B, AU B, and ANB 


b. Are A and B independent events? 
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14. 


A die and a coin are tossed. Let A be the event that the die shows a 5 or 
6, and let B be the event that the coin shows heads 

Specify the sample space for the experiment 

b. Specify the simple events in A, B, AUB, and ANB. 

¢. Find the probability of A, B, AUB, and A 0B. 

d. Are A and B mutually exclusive? Are they independent? 


Two dice are rolled. Find the probability of each event 

a. The sum of the numbers showing is 10. 

b. Either the sum of the numbers showing is 4 or both numbers are 4 
Two cards are drawn at the same time from a 52-card deck. Find the prob- 
ability of each event 

a. Both cards are jacks. 

b. Both cards are sixes 

¢. Either both cards are jacks or both are sixes. 

A coin is tossed three times. Find the probability of each event 

a. At least two tosses come up tails: 

b. AL least one toss comes up heads. 

From a 52-card deck a card is drawn und then replaced. After the deck is 
shuffled, a second card is drawn. Find the probability of each event 

a, The first card is a $ and the second is a 6 

b. Both cards are clubs 

If a six-volume set of books is placed on a shelf at random, what is the 
probability that the books will be arranged in either correct or reverse 
order? 

When Carlos shoots a basketball. 


the probability of a basket is 0.4 
When Brad shoots, the probability 
of a basket is 0.45. What is the 
probability that at least one basket 
is made if they each take one shot’? 


Four managers, five engineers, and 


one lawyer are in a meeting when a 
message arrives for one of them, Of 
these people, three managers, two 

engineers, and the lawyer are women 


Find the probability of each event 


a. The message is for an engineer 
b. The message is for a man. 
¢. The message is not for a male 


engineer 
A card is drawn from a 52-card deck. If A is the event that the card is red 
B the event that it is an ace, and C the event that it is a9 or 10, which are 
independent events? 


a. A and B b. A and ¢ ©. Band C 
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The probability that Karla will ask Frank to be her 


tennis partner that 
Juan will ask Frank is 4, and that Re 


er Will ask Frank is }. Find the prob- 
ability of each event 


a. Karla and Juan ask him 
b. Juan and Roger ask him, but Karla doesn’t 
¢. At least two of the three ask him 
d. At least one of the three asks him 
The probability of rain on a certain day is 65% in Y Hs and 40% 
Copper Creek. Find the probability of each e 
will rain in Yellow Falls but not in Copp 
will rain in both towns 
will rain in neither town 
will rain in at least one of the towns. 


When it is not snowing. the probability of the Colorado Drifters winning 

football game is fo. When it is snowing. the probability of the Drifter 

winning is 3, The probability of snow on any day in January is 5 

a. What is the probability of the Drifters winning on January 17 

b. If the Drifters won the game on January 17. what is the probability that 
the team played in snow? 


GEES SS 
Self-Test 3 


Vocabulary random experiment (p. 743) disjoint (p. 754 
sample space (p. 743) union (p. 754 
event (p. 743) mutually exclusive events (p. 75) 
simple event (p. 743) independent events (p. 756) 
equally likely events (p. 745) complement (p. 757) 
intersection (p, 754) 


Solve. 


1. Each of the letters in the word SQUARE is written on a different 
card, and the six cards are shuffled. One card is drawn at random 
a. Specify the sample space for the drawing 
b. Specify the event that a vowel is drawn 
One chip is drawn at random from a box containing 3 green 
5 blue, 2 white, and 8 red chips. What is the probability that 
the chip drawn is white? 

Two dice are rolled Obj. 15-10, 

a, Find the probability that either or both numbers showing 
are 6's or their sum is greater than 8. 

b. Are the two events independent” 

cc. Are the two events mutually exclusive? 


Check your answers with those at the back of the book 
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Computers are often used to simulate real-world events. A typical simulation 
involves waiting lines, such as those found in banks and grocery stores. 

‘The program below simulates a single waiting line, The user controls four 
variables: the duration of the simulation (DUR), the maximum length of the 
line (MAX), the probability that « customer arrives at any given moment 
(PROB), and the average service time for a customer (AST). 

During the course of the simulation, the computer keeps a running count 
of the number of customers in line (CIL), the number served (CS), and the 
number lost because the line was too long (CL). The final status of these 
counts is reported at the end of the simulation 


10 PRINT "THIS PROGRAM SIMULATES A WAITING LINE.” 

20 INPUT "ENTER THE DURATION (IN MINUTES) OF THE 
SIMULATION: "; DUR 

30 INPUT "ENTER THE MAXIMUM LENGTH OF THE WAITING 
LINE: "; MA} 

40 INPUT "ENTER THE PROBABILITY THAT A CUSTOMER WILL 
ARRIVE AT ANY GIVEN MINUTE: "; PROB 

50 INPUT "ENTER THE AVERAGE SERVICE TIME (IN MINUTES) 
FOR A CUSTOMER: "; AST 

60 LET CIL=0 

70 LET 

80 LET CL= 

90 LET ST. 

100 FOR TO DUR 

110 IF RND(1)>PROB THEN 140 

120 IF CIL=MAX THEN LET C! L+1 

130 IF CIL<MAX THEN LET CIL=CIL+1 

140 IF CIL>O AND ST=0 THEN LET ST=AST 

150 IF ST>0 THEN LET ST=ST~1 

160 IF CIL>0 AND 8’ THEN LET CS=CS+1 

170 IF CIL>0 AND ST=0 THEN LET CIL=CIL—1 

180 NEXT T 

190 PRINT "NUMBER OF CUSTOMERS SERVED: "; CS 

200 PRINT "NUMBER OF CUSTOMERS LOST: "; 

210 PRINT "NUMBER LEFT IN LINE; "; CIL 

220 END 


Exercises 
1. Holding DUR, MAX, and AST constant, run the simulation for the follow- 
ing values of PROB. Record the results. 
a. 0.1 b. 0.3 ©. 0.5 d. 0.7 0.9 


2. Based on the results of Exercise 1, what conclusion can you draw? 
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Chapter Summary 


Frequency distributions, histograms, stem-and-leaf plots, and box-and- 
whisker plots are four ways of displaying statistical data 


The mode. the median, and the mean are used to describe the central ten 
dency of a frequency distribution. 
The range, the variance, and the standard deviation ate used to describe 
the dispersion of a frequency distribution 
The variance of a distribution is defined as follows: 

( — MP + — MP + 


variance 


where x,, 42, x, are n numbers and M is their m 
The standard deviation, o, is the principal square root of the variance 

o = Vvarianee 
The standard normal curve is symmetric with respect to the y-axis and 
approaches the x-axis asymptotically as |x| increases. The total area 
under the curve and above the x-axis equals 1. For a normal distribution 
with mean M and standard deviation o, the fraction of the data falling 
between M + a and M + boris the area under the standard normal curve 
between x = a and x =. 
The correlation coefficient, r, between two variables x and y is a measure 
of how closely the ordered pairs (x, y) cluster about a line called the 
regression line. The closer the points (x, y) are to being collinear, the 
closer |r| is to 


The number of permutations of n things taken r at a time is 
wr nn In — 2) 


The number of combinations of n things taken r at a time is 

c rin ry 
The set of possible outcomes of a random experiment is called the sample 
space of the experiment. Any subset of the sample space is an event An 
event consisting of a single outcome is a simple event 
If the sample space for an experiment consists of equally likely out 


comes, the probability of each simple event is 1. Uf the event £ contains 4 


elements of this event space. 


Pe) ag aL 


4 and B, are independent it and only if 


P(A 1B) = PiA) > P(B). 


Two events, 
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eneral, for any two events A and B in a sample space, 
P(A UB) = P(A) + PB) ~ PAN B) 
If the events have no simple events in common (their intersection is 


empty), the events are said to be mutually exclusive. For mutually exclu- 
sive events, 


P(A UB) = P(A) + P(B) 


| SSS RSS TS! 
Chapter Review 


Write the letter of the correct answer. 
1. Nine quiz scores were 6, 7, 7, 8, 8, 9, 9, 10, and 10. What is the 15-1 
median of these scores? 
a7 bs a) d. 10 
2. On four tests, Jean got the following scores: 100, 79, 86, and 91 15-2 
What is the variance for this distribution? 
a, 89 b. 15.3 e. 58.5 d, 234 


3. Under the standard normal curve, the area bounded by the x- and y-axes 
and the line x = 3 is 0.4987. In a standard normal distribution, what 
percent of the data is between —3 and 3? 


a, 49.87% b. 24.94% ©. 0% d. 99.74% 
4. The regression line for two variables x and y is y = 0.45x — 32. Predict 15-4 

the value of x that is associated with a value of 13 for y 

a. 10 b. 100 e 13 d, 553 


wo 


How many positive integers less than 2 
digits 1, 2, and 3? 
a, 3 b. 6 


6. In how many ways can 3 cards be selected from a 


can be formed by using the 15-5 


9 d, 12 
2-card deck if the 


selected cards are not returned to the deck? 


a. 220 b. 1728 ¢. 1440 4. 1320 
7. How many different permutations can be made using all the letters in the 15-6 
word ATLANTA? 
a, 420 b. 5040 840 d. 2520 
8, In how many ways can 5 players be chosen from 9 players? 15-7 
a, 3024 b. 36 ©. 126 d. 15,120 
9 If two coins are tossed, what does ((H, H), (H, T), (T. H), (T, T)} represent? 15-8 


a. the event that at least one head turns up 
b. the event that exactly one tail tums up 
€. the sample space for the experiment 
10. Three coins are tossed, What is the probability that at least one tail 15-9 
turns up? 


a. | b. ¢ 
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11. If A and B are mutually exclusive events, which of the following 
relationships applies? 4 
a. P(A U B) = P(A) > P(B) b. PAN B) KO 
ec. PiA 1 B) = PIA) - P(B) d. P(A UB) = P(A) + PLB) 
A dime and a penny are tossed. Let A be the event that the dime tums 
up heads, and let B be the event that the penny turns up tails. What is 
P(A B)? 
al b. i 


Chapter Test 


1, Draw a stem-and-leaf plot for the set of data below. Then find the mode 

median. and mean to the nearest whole number. 

13, 25, 17, 16, 31. 28, 25. 
Draw a box-and-whisker plot for the data in Exercise 1. Then compute 
the variance and standard deviation to the nearest whole number. 

3. The mean score on a history test was 74.3 and the standard deviation wa: 
5.7. Assuming the scores were normally distributed. what fraction of the 
scores were above 80’ 

4. Draw a scatter plot for the data [Price | Demand 


shown at the right. Then state T 
260 


250 
210 
180 


whether there is a high positive 


correlation, a high negative 
relation, or relatively no correl 
tion between price and demand 


5. How many whole numbers less than 500 can be formed using the d 
1, 2, 4, and 5? 


. In how many ways can you arrange 5 pictures in one row on a wall? 


How many different signals can be made by displaying four pennants, all 
at one time. on a vertical flagpole? The pennants are identical except for 
color: three are blue and one is red. 


. How many 4-person committees can be formed from a group of § people? 


Two dice ure rolled. Specify each of the following events: 
a. The dice show the same number 
b. The sum of the numbers showing is 4 

|. One card is drawn at random from a 52-card deck. Find the probability 


of euch event 
a. It is a spade It is an ace c. His a9 or 10. 
3 white, and 3 green marbles in a bag. Two are drawn 


11. There are 3 red 
at that at least one marble is red. Let B be the 


random. Let A be the ever 


event that both marbles are the same color. 


a. Find P(A), P(B), P(A MB), and P(A U BY. 
b, Are A and B mutually exelusive events? Are they independent 
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Matrices 


(SERENE Se 5 55 2 eT 
16-1 Definition of Terms 


Objective — To learn and apply matrix terminology 


A matrix (plural, matrices) is a rectangular array of numbers enclosed by 


brackets. Here are some examples of matrices 


0 ‘ H [vi 5 -0.34] 


0 16 


The numbers in a matrix are called the elements of the matrix, The num- 
ber of rows (horizontal) and the number of colun (vertical) determine the 
dimensions of the matrix 

When giving the dimensions of a matrix. you always write the number of 
rows first. The matrices above are, in order, a 3 < 2 (read “three by two") 
matrix, a 2 * 3 matrix, a 2 * | matrix. and a 1 3 matrix. 

Some special matrices are illustrated below 


ES SS 


row matrix: column matri: square matri 
exactly one row exactly one column 


B -10 4] [3 , 


In a square matrix the number of rows and the number of columns are equal 


Capital letters are used to name matrices, Subscripts are used 


to indicate dimensions, For example, A2..5 denotes a 2 5 matrix 


named A, If all the elements of a matrix are zeros, the matrix is 


called a zero matrix. Therefore, the matrix at the right is a 


zero matrix, denoted by 03.5 


Example 1 write the zero matrix denoted by O24 
Solution 0... has 2 rows and 4 columns 


Each element is zero. 
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‘Two matrices are equal if and only if they have the same dimensions and 
the elements in all corresponding positions are equal. For example. 


Example 2 Find the value of each variable 
| ct5 —1]_ [2 -1 
| 4 6) [4 3y. 


Solution Since the matrices are equal, elements in corresponding positions 
are equal 


3-4 43 48 
LetA =|9 0 -3 5]. Give each of the following. 
2 6 1 -6 
1. The elements in row 2 2. The clements in column | 


The elements in column 3. 4. The clements in row 3. 


The number of rows in A 6. The number of columns in A. 


Give the dimensions of each matrix. 


6 
44 
9 2 -4 
a ; ] 8.6 0 9. [12 10.| ° 
3 4 6 -8 
9 -4 
r 
4 
0000 
ab 5 
u[ | [4 si = SB] : 14./0 0 0 0 
od 3 
9000 
4 
List the matrices in Exercises 7-14 above that can be described 
as follows. 
15. a row matrix 16. a column matrix 


17, a square matrix 18. a zero matrix 
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Written Exercises 


Write the zero matrix denoted by each of the following. 


A 1.0): 0. 


Find the yalue of each variable. 


3. ona [" 


Sx 


Let @, 6, c, and d be nonzero real numbers. Find 
each of the equations below. 


atl eels 


ath ytd=[i 0] 2. fax+by oxtay]=[) 1] 


MEEKER SoS eS eS 


Mixed Review Exercises 


ive lengths to three significant digits and angle 


Solve each triangle. 
measures to the nearest tenth of a degree. 
= 90", 2B 


7, £A=72 


5-8. Find the area of each triangle in Exercises 14 above. Give answers to 


three significant digits 
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[essa esta ar a EEO TO eRe ee) 
16-2 Addition and Scalar Multiplication 


Objective —_To find sums and differences of matrices and products of a scalar 
and a matrix. 


The sum of matrices having the same dimensions is the matrix whose ele- 
ments are the sums of the corresponding elements of the matrices being added. 


4 7 2 -2 
Example 1 Simplify 0 =2/4+|-3 2 
1-6} Lo -4, 
Le 2 3] [avo 
Solution |0 -2|+|-3  2|=|0+(-3) (-2)+2 
1 -6 o -4} [1+0 — (-6)+(-4) 
6 2 
=|—3 0} Answer 
} =10 


Since matrices with different dimensions do not have corresponding ele- 
ments, addition of matrices of different dimensions is not defined. In each set 
of m Xn matrices, addition is both commutative and associative. (Exercises 
21 and 22 ask you to prove these facts for the set of 2 x 

For each set of m * 1 matrices, Oy, is the identity for addition. For 


ab 
|. then 


0. a by {0 0 at0 b+0 ab 
2" le dl lo 0] fe+0 dt} le a 
= SSS SS 


For each set of m Xn matrices, O,,.., is the identity for addition. 
Amxn + Omxn = Omen + Amen = Amen 


utrices.) 


example, if Ay 


‘The additive inverse of matrix A is the matrix —A. Each element of —A is 
the opposite of its corresponding element in A. For example, 


= PRR Sl eine 
often -A=l4 Gg 


For each set of m * n matrices, the additive inverse of A is the matrix —A. 
Amxn + (—Amxn) = —Amxn + Amxn = Omxne 
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As with real numbers, subtraction of matrices is defined in terms of 
addition 


TESS ee ee 
For each set of m * n matrices, subtraction is defined as follows 


Amxn — Bmx = Amen + (—Brsen)s 


Solution 


id 


Answer 


The properties of addition of matrices are summarized below 


We ee EEE ———— 
Properties of Addition of Matrices 
Let A, B, and C be m Xn matrices. Let Oy... be the m X n zero matrix 
Closure Property A + Bis an m X n matrix. 
Commutative Property A+B=B+A 
Associative Property (A+B)+C=A+(B+C) 
Identity Property A+ Onin = Oman tA =A 
Inverse Property A+ (-A)=-A +A = Onan 


In matrix algebra a real number is called a sealar. The scalar product of 
areal number r and a matrix A is the matrix rA, Each element of A is 7 times: 
its corresponding clement in A. In the expression 2A, the number 2 is a scala 


and 2A (which is another matrix) is the scalar product of 2 and A 


0 
a] Answer 
1] 


0 
Answer 


din the chart at the 
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nel 
Properties of Scalar Multiplication 


Let A and B be m <n matrices, Let Omsq be the m Xn zero matrix, and let 
pand q be scalars. 


1. Closure Property pA is an m Xn matrix. 

2. Commutative Property pA=Ap 

3. Associative Property pgA) = (pg 

4, Distributive Property (p+ qA =pA +A 
P(A + B) = pA + pB 

5. Identity Property 1+A=A 

6. Multiplicative Property of —1 (-DA=-A 

7. Multiplicative Property of 0 0*A=Onxn 


An equation in which the variable stands for a matrix is called a matrix 
equation. You can solve some simple matrix equations by using matrix addition 
and scalar multiplication 


eter) $0 
‘Example 4 Solve for the matrix X: 2x + =3) 
| 0 1 4 
| Solution Find the scalar products 


4 2 4 
, the inverse of |, to each side 
6 0 6 


-4],[-2 4 4 o|,f-2 4 
= ' 
6} | 0 -6}~ |-8 2 0 -6 
ae 
2X + Olas = 
anes 
2 Py 
x-1f2 4][ 1 
2|-8 -a] [-4 -2 
The check is left for you. Answer 


eS ee ie seer ay 
Oral Exercises 


Give the value of each element of the sum or difference. 
4 0) fiz -4)_[a 6 9 0] fs JLle sv 
art 9 Alle. @ -2 7) [8 -s| le bh 


loa 2b 3.¢ 4d 5. ¢ 6. f 7g gh 


7712 Chapter 16 


Give the value of each element of the scalar product. 
SBlel sliver cecil 


-7%1s -2 0 
10. 


ah 
0 | a 
( 


8 


Solve each equation for matrix X. 


met ak 
wxef3 


Let p and q be scalars and Ie 
properties for all 2 x 2 matri 
A+B=B+A 
(-DA A 


(p+ qA=pA+aa 


12, s 


(pe 


2 matrices. Prove these 


. (A+B) + € 


Ap 
phqB) 


.0:A=0. 
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16-3 Matrix Multiplication 


Objective To find the product of two matrices 


The method « two matrices is 


pultiplyi 
illustrated by this example 

A discount department store sells jeans 
sweaters, and shirts. The prices in dollars 
are shown in the 1% 3 matrix, A, below 


Jeans Sweaters Shirts 
A=[ 22 15 6] 
In June, sales of jeans. sweaters, and shirts 
numbered in order 20, 30, and 48. In July. 
s were 15, 20, and 72. Sales are dis- 
din the 3 x 2 matrix, B, below 


June July 


20 15 
B=|30 20 
48 72 


In June, income from sales of jeans was $22 from sweaters, $15 + 30; 
and from shirts, $6 - 48, Income from sales in June and July is shown below 


June: 22-20 + «15-30 + 6 
July; 22-15 + 15-20 + 6-72 
The monthly income from these sales is shown in matrix § 
June July 
5 =[(440 + 450 + 288) (330 + 300+ 432)]=[1178 1062 


Matrix Sis the product of matrices A and B 


) 


20 + 15+ 30 + 6-48) (22-15 + 15+ 20+ 6° 
(440 + 450 + 288) (330 + 300 + 432)] 
1178-1062] 


Each element in § is obtained by multiplying elements of the row in A with 


elements of a column in B. This example suggests the following definition 


The product of matrices A,,., and Byxp is the m * p matrix whose 
element in the ath row and bth column is the sum of the products of 
corresponding elements of the ath row of A and the bth column of B. 
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Two matrices can be multiplied only if the second dimension of 
equals the first dimension of the second matrix. For example 


iAves=[3 —Jawtta-[} 9 3) 


then Ay.>+ Bs, =[3 


the first matrix 


1 2 
but Bs. +Ay.2 = [; ‘le \Jis not defined 
The product Ay.3 + isa 


3 matrix. However, matrix multiplica 
lion is not defined for By.,* A 


because there are more elements in each 
row of B (three elements) than there are in each column of A (one element) 


3 matrix times a 


x column | 
0 


1 
5 

row 1X column 
5 


« columa 


It4e2 


‘| 
‘| 


menu | 4 iene 


Powers of square matrices are defined just like powers of real numbers. 


A A 


Ann ¥ n matrix whose main diagonal from upper left to lower right has 
all elements 1, while all other elements are 0), & called an identity matrix and 
and 3. 3 identity matrices 


i at 


is denoted by Jywn- Here are the 2 x 2 
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You can show (see Exercise 27) that for any m  m square matrix A, 
Inxn* A =A‘ Inng =A 
Multiplication of a matrix by a zero matrix yields a zero matrix. In 
particular, if A is any n % m square matrix and O,,., is the zero matrix, 
Onin A= A+ Onxn = Onxn 
A major difference between real number multiplication and matrix multi- 


plication is the fact that CD = Oj<, does nor imply that either C= Oy xn 
or D = O,,.,. For example. 


ifC= 


6 
eae eae le 
ae 6: zoel ole 


Caution: Unlike real number multiplication, matrix multiplication is not 
in general commutative. Here is a counterexample: 


ue a=|" Alana 6 
etA=|) _| fan 


meerte| 
fal 
vame-[ Th 


0 6 
[ol 
AB = BA 
Be sure to compute a product in the order in which it is written 
Although the commutative property does not apply to matrix multiplica- 


tion, the associative and distributive properties do hold. These and other proper: 
ties for multiplication of square matrices are summarized below. 


(ee ee IS 
Properties of Matrix Multiplication 


Let A, B, and C be n Xn matrices. Let f,,<, be the identity matrix and O,,x,, 
be the zero matrix. 


1. Associative Property (AB)C = A(BC) 

2. Distributive Property A(B + C)=AB+AC 
(B+ C)A =BA+CA 

3. Identity Property Tyee A= AS lay BA 


4. Multiplicative Property of Oy.» Ogun A =A * Onsen 


Onxn 
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MEEEMESESE SS 55 + ES 


Oral Exercises 


10. 


in the computation of the product. 


caul-t] 


14. d 


Written Exercises 


Multiply. 


a nf 
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i a 4 Ss 0 ea) 10] fi OTe 
mia 2 Ot Or 2 8.]2 oO -1]}0 -3 1 
= a i o ONO 10 
t 2 oe olf WO, 
9/3 if Tay te w0.J0 1 | 010 
ee gett ft =r Ol|=0 04 


01 Olle a i 4jlx y 2 
In Exercises 13-20, let A =|? ahe=s\ 
in Exercises 13-20, let =l, 4p “ar 
B 13. Find AB and BA 14, Find BC and CB, 
15. Find (AB)C and A(BC). 16, Find AC + BC and (A + B)C 


18, Find (A + B)° and A* + 2AB + B* 
20, Find Ia.2*C and C+ lea. 


17. Find (A + BYA ~ B) and A* — 
19. Find O:,2+A and A+ 


0-1 
2-1}. Find each product. 
o 0 
21. AB 22. BA 23, D? 
24, DS Dy? 26. (—D)* 


Prove the following properties for all 2 x 2 matrices. 
C 27.4- A=A 28. A+ O. 
29. (AB)C = A\BC) 30. A(B + C 


oT a a re 
Mixed Review Exercise 


Find the real solutions of each system. 


-%=4 dy - 


4. dm + Qn = -8 0 6 atb-¢ 
3m —n=—11 =-16 2a-bt+c= 
at+3b+2c=2 
Solve. 
m +m _ 41 
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MEME SS 
16-4 Applications of Matrices 


Objective — To solve problems using matrices 


Matrices are used to solve a variety of problems in the social and physical sci 
ences. Two applications of matrices are introduced in this lesson, communi 
tion networks and dominance relations 

Consider a network of four computers as shown in Figure 1. The arrows 
indicate the directions in which data can be transmitted and received 


A Communication Network 


Figure 1 


Computer A, for example, can transmit directly to computers B and C, but 
not to D. Computer A can receive directly from computers B and C, but not 
from D. Matrix X below illustrates this network. A “°1"" indicates that dire 
transmission is possible; a "0" that direct transmission is not possible 


To Computer 


From Compute 


For example, the "1°" in the first row and second column indicates that com: 
puter A can transmit data directly to computer B. The 0" in the third row 
and fourth column indicates that computer C can’t transmit data directly to 


computer D 
In general, rows of matrix X represent the directions data can be trans 


mitted; columns represent the sources from which data may be received 


Therefore, computer C can receive data from computers A, B. and D (third 
column: 


Compare each row and columd 
of Figure 1. Matrix X is called a communication matrix 


1 of matrix XY with the corresponding poin 


In addition to sending data directly. it is possible to send data from one 
point to another via a relay point, For example, computer A ean send dats t¢ 


ed that matrix X? represents the 


computer D via computer B. It ean be prov 


number of routes one computer can send dat to a second computer in the 


network through exactly one relay point 
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Compare matrix X? below with ure |. Trace the possible routes for 
sending data from computer B to computer C via one relay point. There are 
two possible routes: 


(1) from B to A, and then to C; 
(2) from B to D, and then to € 


The element in the second row and third column of X* is * the number of 
routes dita can be sent from B to C using exactly one relay point, The *1"* 
written in the fourth row and first column of X? indicates there is exactly 

one route from D to A using exactly one relay point. Verity this by checking 
Figure 1 


To Computer 


2 D 
iio a 
Bil 2 a0 
From Computer ia 2 4 


pil 1 0 0 


Notice that some of the elements on the main diagonal of X* are not 
yero. For example, the “2” in the first row and first column indicates that 
computer A can send data to itself by two different routes using exactly one 
relay point 

Matrix X represents direct communication and matrix X? represents com 
munication using 2 steps (with exactly one relay). It can be proved that X° 
represents the number of routes data can be sent from one point to another 
using 3 steps (with exactly two relay points) 

The matrix X +X represents the total number of routes data can be sent 
from one point to another in the network using no more than two steps. The 


matrix X + X? + X* shows the total number of routes data can be sent using 


no more than three steps 


| Example 1 Use Figure | and matrices X and X* to solve these problems 
a. Which computer can send data directly to the most points? 
| b. Which computer can receive data directly from the most 
points? 
c. Find the matrix that rey s the total number of routes 
data can be sent from one computer to another using no 
more than 2 steps (that is, one relay point), 


‘The row entries in matrix X represent routes on which data 
can be transmitted directly, Therefore computer B (with three 
routes) can send data to the most points. Answer 

b. The column entries in matrix X represent routes on which data 
can be received directly. Therefore computer C (with three 
routes) can receive data from the most points. Answer 
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€. NX represents the number of direct data communication routes. 
the number of routes using 2 x 


routes using no more than 


A dominance relation exists between 
members of a group when, between any 
two members, one dominates the other 

Consider a four-team volleyball tour 
nament, The Broncos beat the Mavericks 
and the Knights, but lost to the Raiders 
The Mavericks beat only the K 
The Raiders beat the Broncos and the 
Mavericks. The Knights beat only the 
Raiders. 

Matrix Mf characterizes these dominances, A “I> indicates that the team 
named in the corresponding row beat the team in the corresponding column 
The number of games won is indicated in the rows. The number of games 
lost is indicated in the columns, 


Broncos Knights Mavericks Raiders 
Broncos 0 1 1 0 
Knights 
Mavericks 
Raiders 


For example. the Broncos won two (row one) and lost one (column one) 
Notice that the teams with the best records are the Broncos and Raiders, both 
of which won two games and lost one. To pick a tournament winner, you 
must look beyond these direct dominances because the Broncos and Raider 
are tied at that level 

A member x is said to have a second-stage dominance over a member = 
when x dominates y and y dominates 2. Second-stage dominances are shown 
in matrix Mf 

Broncos Knights Mavericks Raiders 
Broncos 0 

Knights 

Mavericks 0 

Raiders 0 
The fourth row shows that the Raiders have a second-stage dominance 


over the Mavericks and a pair of second-stage dominances over the Knight 


In other words, the Raiders beat two other teams that, in turn, beat the Knights 


X 


represents 


represents the number of 


Matrices and Determinants 781 


From the sum of M and M?, the winner of the tournament can be decided. 


Broncos Knights Mavericks Raiders 


Broncos 0 2 1 1 
Knights 1 0 1 WP (Epes 
Mavericks 0 1 0 1 
Raiders 1 2 0 


The row sums of M+ M? show that the Raiders, with a total of 5 direct and 


second-stage dominances, are the tournament winners 


ARSE Gea POPS. SS 
Oral Exercises 


Matrix ¥ illustrates a communication network, Use matrix ¥ to answer the 
questions below. 


To Point 


ABCD 
aAfo 0 0 1 
Blt 0) 0.1 
From Point =¥ 
bt 0.6 
Blt o 1 6 


. Name the destinations to which each point can send data. 
a. Point A b. Point B ¢. Point C d. Point D 


2. Which point(s) can send dati 


0 the most points? 


3. Name the sources from which each point can receive data 
a. Point A b. Point B ¢. Point C d. Point D 
4. 


ich point(s) can receive data from the most points? 


Written Exercises 


Use the radio network shown below for Exercises 1-3. 


4 <—________ = 
AL. Write the matrix that illustrates this network, 
2. Find the matrix that represents the number of ways a message can be sent 
from one station to another using exactly one relay 


3. Find the matrix that represents the number of routes a message can be sent 
from one Siation to another using at most one relay 
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Use the computer network described below for Exercises 4-10. 


Computer A sends data to cor nputer B. Computer B sends and receives data 
from computers A, C, and D. Computer E receives data from computers ¢ 
and D. 


Draw this communication network 
Write the matrix that illustrates this network 
Which computeris), if any. cannot send data to other computers in the 
network? 
Find the matrix that represents the number of routes data can be sent 
from one computer to another using exactly one relay 

. Name the computer(s) that can receive data from the most points via one 
relay 
Name the computer(s) that can send data to the most points via one 
relay 


Find the matrix that represents the number of routes data can be sent 
from one computer to another using at most one relay 


Consider the situation described below for Exercises 11-12. 


In a tennis tournament Jane beats Cindy, but loses to Yoko and Anna. Cindy 
beats Yoko and Anna. Yoko beats Jane and Anna, Anna beats only Jane 


11. Write the dominance matrix for the above tournament results and find 
the matrix that shows the second-stage dominances for this tournament 
Find the matrix that shows the tournament winner using both direct and 
second-stage dominances. Name the winner 


the communi network at the right for Exercises 13-16. 


Write the matrix for the communication network 

shown and find the matrix that represents the number 

of ways a message can be sent from one point to 

another via one relay 

Find the matrix that represents the number of ways a message ¢ 
from one point to another using at most one relay 

Find the matrix that represents the number of ways a messi 
sent from one point to another using exactly two relays 
Find the matrix that represents the number of ways a mess: 
sent from one point to another using at most wo relays 

In the communication network at the right 

a “hook” indicates that two line segments 

do not intersect. Find the number of ways 


each point can send a message back to itsel! 


using no more than Ovo rel 
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18. Matrix operations used to analyze communication networks and dominance 
relations are similar. For each concept listed below name the comparable 


concept from the other application area. 


Communication Networks 


A can send data to B 
B is a relay point from A to C 


Dominance Relat 


B wins more games in a tournament tha 


ns 


A is dominated by B. 


any other team 


f. C can send messages to more 
stations than any other station 
in the network using at most 
one relay 


A has a second-stage dominance over B 
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Self-Test 1 


Vocabulary matrix (p. 767) 

elements of a matrix (p, 767) 
row of a matrix (p. 767) 
column of a matrix (p. 767) 
dimensions of a matrix (p. 767) 
row matrix (p. 767) 

column matrix (p. 767) 

square matrix (p. 767) 

zero matrix (p, 767) 


sum of matrices (p. 770) 

additive inverse of a matrix (p. 770) 
subtraction of matrices (p. 771) 
scalar, sealar product (p. 771) 
matrix equation (p. 772) 

product of matrices (p. 774) 

identity matrix (p. 775) 
communication matrix (p. 779) 
dominance relations (p. 781) 


Find the value of each variable in Exercises | and 2. 


[3x +2 


0 y-s s 

1. O14) 7, 2.] 10 Obj. 16-1, p. 767 
0 

uta =|! 4]anae =|! ?| Rima the follows 
etd =ly 4 =| | of Find the following. 
3 AtB 44-8 5.38 Obj. 16-2, p. 770 
6. AB McA? 8. A—2B Obj. 16-3, p. 774 
9. a. Write the communication matrix D Obj. 16-4, p. 779 


for the network shown 

b. Use matrices to find the number 
of routes a mess: 
from point A to C usi 
one relay point 


age can be sent 


at most 
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Extra / Augmented Matrices 


When solving systems of linear equations in three variables, you learned a 
method called Gaussian elimination (see Lesson 9-9). This method involves 
transforming a given system into an equivalent triangular system, 

Although you leamed to do Gaussian elimination by working with the 
complete equations of a system, you can also solve the system by working only 
with the numbers in the equations, The coefficients and constants are put in a 
matrix called the augmented matrix for the system. For example, the augmented 
matrix for the system 


1 
1 


Recall that as you transform a system into triangular form, you use linear 
combinations of the system’s equations, That is, you multiply one equation by 
a nonzero constant and add the result to another equation. This technique can 
also be applied to an augmented matrix. 


To obtain an augmented maurix in triangular form, you replace any row with 
the sum of that row and any other row multiplied by a nonzero constant 


Example 1 Solve this system (see Example 2. page 445): 


Write the augmented matrix 
The goal is to obtain a matrix 
in triangular form (that is, with 
zeros in the lower left comer). 


Replace the second row with 
the sum of the first and the 


second rows: 


Replace the third row with 
the sum of the third row and 
2 tir the first row 


(Solution continues on the next pag 
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4. Replace the third row with Ul ey: 
the sum of the second and Oo 0S) od 
third rows Ae eae he 

The third row tells you that 7z = —7, so z 

The second row tells you that Sy + z= 9. Since z= 


=2, 


Sy + (-1) = 9, or y 


The first row tells you that x + y — 
you have x + 2— 2(-1) =7, or x =3. 


the solution of the system is (3, 2, 1). Answer 
Example 2 Solve this system 
Solution 1. Write the augmented matrix =1 
Ele al 
i 
2. Replace the second row with =i. 3 
the sum of the second row va oe 
and —2 times the first row ee 
3. Replace the third row with cd lle 
the sum of the third row and Dien Siuerds 
times the first row ie eae 
4. Replace the third row with 2-1 3 
the sum of the third row and 0 3 -6 
4 times the second row a 2 8 
From the third row you get : = —2. Then from the second 
y= —3. Finally, from the first row you get x= 4 


the solution of the system is (4. —3, —2). Answer 


Computer software can be very useful in reducing augmented matrices 
triangular form 


Exercises 


Solve each system by using an augmented matrix. 


lxotyt2=0 2 x+2y 2=0) 3. 
sy ter? x y 5 
=10 y + 22=6 
4 + toy 2=3 6. 
+ +32=5 
+ + 2y I 


= 7. Since y = 2 and z 


—1, you have 


row you get 
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Inverses of Matrices 


MES 9) 80 oe, 


16-5 Determinants 


Objective To find the determinant of a 2» 2 or 3 


3 matrix 


A real number called the determinant is associated with each square matrix 
The determinant of a matrix is usually displayed in the same form as the 
matrix, but with vertical bars rather than brackets enclosing the elements 


The number of elements in any row or colunin is called the order of the 
determinant 


| Ra ne ee 
Determinant of a 2 x 2 matrix 


wa-{ 


follows: 


a 


c 


b 
it Then the determinant of A, denoted by det A, is defined as 
< 


ab 
det A= [SS] = ad — bx 


Since the determinant of A has 2 rows and 2 columns, det A is of order 2 


Example 1 Evaluac 


13 Answer 


The determinant of a 3 x 3 matrix is defined below 


ee SS SS Se 
Determinant of a 3 x 3 matrix 


Let B 


+ asbsey + asbyc2 — asbxcy — azbyey — aybye 
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A convenient method for finding the six terms needed to evaluate a 3 x 3 
determinant is shown below 


1, Copy the first two columns of the matrix in order to the a, by ela, by 
right of the third column. a by calar by 
ay by cylay by 

2. Multiply each element in the first row of the original ay belay by 
matrix by the other two elements on the left-to-right a2 by e2fts_ by 
downward diagonal. These products are the first three a3 bs ca}aa, By, 


terms of the determinant Pie Sn Na 


3. Multiply each element in the last row of the original a, by ilar by 
matrix by the other two elements on the left-to-right a bs Glas b; 
upward diagonal. The opposites of these products are ty by alas by 


the last three terms of the determinant. 
asb2e,aybser abies 


Caution: This method works only for 3 * 3 determinants. 


2-101 
‘Example 2 evaluate det A=|5 3 -1 
lo 8 

ASK M21 

Solution |5 ~3 ~i)>s. 3 

o 4 MINN, 


lL det A = 12+ 0+ 20- 0~ (-8)- (-10) = 50 Answer 


Recall that the main diagonal of a square matrix runs from the upper left 
to the lower right, A matrix whose only nonzero elements are on the main di- 
agonal is called a diagonal matri y verify for 2 ¥ 2 and 
3X 3 diagonal matrices, the determinant of a diagonal matrix is the product of 
the elements on the main diagonal 


PS. ee SS ee 
Oral Exercises 


Evaluate. 

(2° 2, |9 9 1 -6 
o1 00 1 5 
20 o1 3 1 0 

6. + 5 
02 1 \ 5 Io lo 2 
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Written Exercises 


Show that for any 2 = 2 matrix, A 
column are zeros, then det A = 0 
Show that for any 3 x 3 matrix. B. if all the elements in one row or one 
column are zeros, then det B = 0. 
Let A be any 2X 2 matrix. Show that if the owo rows are the same 
then det A = 0. 

18. Let A be any 2 x 2 matrix. Show that if any row or column of A is multi 
plied by a scalar r, then det A is multiplied by r 


19. Let r be a scalar, and let A be any 2 x 2 matrix. Show that 


det (rA) = r? det A 
20. Let A and B be 2 x 2 ces. Show that det AB = det A det B. 


UES SS ee eee ee 


Mixed Review Exercises 


Write in simplest form without zero or negative exponents, 


eb 


ab 


2 
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16-6 Inverses of Matrices 


Objective ‘To solve systems of equations using inverses of matrices. 


The product of the two matrices below és the idemtity matrix, 


For any two matrices A and B, if AB = BA = 1, then A and B are called 
inverse matrices. The symbol A~' denotes the inverse of matrix A 
Therefore, B = A~! and A = Bo! 


Does every nonzero 2 x 2 matrix. A, have an inverse, A 


n 
Let A - ‘| Find a-! ‘| such that AA~! = /. 
‘ y 


\ 
@ lx u]_[axt+by auwt+o]_fi 0 
ec djly v} lext+dy cutdy] [0 1 
The equation above is true if and only if 


axtby=1 au + by = 0 
ext dy=0 cut dv=1 
If ad — be # 0, these systems may be solved to obtain the following 
d -b 
ad — be 0 ad — be 
y v He 
ad — ad — be 
Substitute these values in the matrix AW! 
d b 
Pe eee 


d b 
© RR) lt eee 
ad—be ad — by 


You can verify that AA~! = A~!A 


you have this general result 


Since ad — be is the determinant of 


If det A =0, then A has no inverse 
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Example Dring ai =| 


Solution — Since det A A has an inverse 


says to do to find AW ': Interchang 


Here is what the general result 
@ and d, replace both b and ¢ with 


their opposites, and then multiply the resulting matrix by 


dea 
Answer 


You can use the inverse of a matrix to solve a system of linear 


equation: 
ax + by =¢ 


cx + dy =f 
where a, b. 


c,d, e, and f are real numbers. You can write this system 
the definitions of matrix multiplication and equality of matrices. 


abl-U 


B where the matrix of coeffic 


ee 


exists you have: A 


using 


This equation is in the form AX 


Therefore, if A (Ax) 
(A~'A)X 
IX 
x 
Thus if det A 0 


so that A~! exists, the 


ystem has a unique solution 


Use matrices to solve this system: 


Write the matrix equation AX 


Since det A= 11 #0, A 


exists, and the solution of the equation AX 
is X = A~'B. So find A~!, the inverse of the matrix of coefficients. 


na(]-aLt I 


the solution of the system is (2, 1) 


Answer 
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Oral Exercises 


‘Tell whether each matrix has an inverse. 


0 16 6 =3 
es [} B ae: 4] © 


7, Sx 


ay 6x + 3y xt 
10. 6x = 3 Il. 2x + 4y 12, 8x 
awry=5s 3x + 6y = 20 y=5 


13. If a system of equations does not have a unique solution, can you conclude 
that the system has no solution? Explain. 


Written Exercises 


Find the inverse of each matrix. If the matrix has no inverse, say so. 
46 23) 4 

= [ | «| 4 = 

09 3-1 

mi le ] z [ 1 


Use matrices to find the solution of each system of equations. If a system 

has no unique solution, say so. 

10. 3x + 2y 
ae ¥ 

14. 4x + 3y 
aunty 


1, 2x + 2y = 16 12, 4x —6y =8 
x—3y=-4 —ox + 9y = 12 
16.x=3 


Solve each equation for matrix X. (Hint: These equations are in the form 


AX = B.) 
44 10 
wf hel 


a ea 
ete bab Lh 
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Self-Test 2 


Vocabulary determinant (p. 787) diagonal matrix (p. 


order of a determinant (p. 787) inverse matrices (p 


In Exercises 1 and 2 eval h determinant. 


3. Find A~! if -[ Obj. 16-6, p. 790 


0 


4. Solve for matrix A 


Check your answers with those at the back of the book. 


YA Wistorical Note / Matrices 


Matrices are a relatively new concept in mathematics. They were not devised 
until 1857 when the British mathematician Arthur Cayley (1821-1895) began 
to use them in the study of linear transformations 
Cayley was working on linear transformations of the type 

xy = ax + by 

yy = ex + dy 
which map an ordered pair (x, y) onto another ordered pair (x). y;)- In this 
transformation a, b, c, and d are real numbers. Cayley noticed that the en. 
tire transformation was determined by these four real numbers, which could 


be arranged in the square array 


When the product of two such arrays is defined as in this chapter, the 


matrix corresponding to a sequence of transformations acting one after the 


other is the product of theit matrices. Further analysis led Cayley to form 
ulate most of the rules of the algebra of matrices 
A linear transformation maps any point (x, y) in the plane onto an ir 
point (x), yi). and Cayley saw that the matrix of a transformation gives geo 
metric information about this mapping. For example, the image of a poly 
gon is another polygon, generally with different sides and angle 
However, the area of the im 
bsolute value of the determinant of the matrix of the 


is always equal to the area of the o1 
figure multiplied by the 


transformation 
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Working with Determinants 


16-7 Expansion of Determinants 
by Minors 


Objective —_ To evaluate third-order determinants using expansion by minors 


It is important to distinguish between matrices and determinants. A matrix is 

a rectangular array of numbers. A determinant, often denoted by a square array 
of numbers, is in fact a real number associated with a square matrix. The pro- 
cess of evaluating a determinant is called “‘expanding the determinant.”* 

You haye already learned to evaluate a determinant of order 2 oF 3. In 
this lesson you will leam a method of expansion that is applicable to deter- 
minants of order 2 when n = 3. This method is called ‘expansion by minors."* 

The minor of an element in a determinant is the determinant resulting 
from the deletion of the row and column containing the element. Therefore 
in the determinant 


5 =I 0 
Ss 4 ial, 
0 -2 4 
the minor of the element 3 is 
—— 24 
a A Ble oF | | 
2 4 
@ -2 4 
The minor of the element 8 is 
7 =~ 0 10 
tae fg 
9-2 4 


By definition (see page 787), the value of a third-order determinant is 


given by 
a hy 
Gy bz €3) = aybyey + aabycy + aybycy — axbse) — asb\cy — aybycr 
ay by 0 
Rearranging 
a (b2es ~ bye) ~ blazes ~ acy) + e(aybs — aybz) terms and 
factoring 
| » | & a by : 
=a ~b, 1 
by ea ay es ay by 
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Notice that the three determinants are the minors of a), b). and c1, named 
below by Aj, By, and C), respectively. Therefore 


ax bs ¢ 


The right-hand expression is the expansion of this determinant by minors 
about the first row 
A determinant may be expanded by minors about any row or column 


sem ST a 
To Expand a Determinant by Minors 
Multiply each element of a given row or column by its minor, 


Add the number of the row and the number of the column for each ele. 
ment. If the sum is odd, multiply the product obiained in Step | by ~1 


Add the products to obtain the value of the determinant, 


Example 1 Expand 5 —2| by the minors of the first row 


Solution — Multiply each element of the first row by its minor. Also multiply the 


product for the element in the first row, second column by —I, since the 


sum 1 + 2, or 3, is odd. Then add the products. 


5 Answer 


You can shorten the work of expanding a determinant by minors by choosing a 
row or column having the greatest number of zeros as element 


| Example 2 Expand |—| 4 2} by the minors of 


0 


Answer 
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‘The method of expansion by minors is used to define determinants of order 
n= 3, For example, consider the matrix 
a bo dy 


ay Dy > dy 


M= 
a3 by cy dy 
ay by cy dy, 

bz cz dz a,c dy 

Let Ar=|bs cy ds}. By=|ay cy ds]. 

by cy dy a, ca dy 

a> by ds a> bs C2 

Cy=]ax by ds], and = Dy = Jay by ca}. 

ay by da Jay bs ca 


The determinant of M is defined as 

det M = ayy ~ By + eC) — dD, 
Note that A), B,, C1, and Dy are the minors of a), by, ¢1, and dy, respectively 
Thus they are minors of the first row of this 4 ¥ 4 determinant. As with 
third-order determinants, determinants of order four may be expanded by mi- 
hors about any row or any column. The minors of a fourth-order determinant 
are each third-order determinants. In general, minors of a determinant of order 
n are determinants of order n ~ 1. Since the expansion of higher order deter- 
minants can be tedious, computers are often used to evaluate them. 


Oral Exercises 


Give the requested element or determinant u: 
minors. 


1a 2. bs 


4. a 5.) 


6. Complete the computation to evaluate the determinant given above 


Written Exercises 


Expand each determinant about the given row or column. 


a Pasi ol 
A 4]; row one 2. |0 —1 —4); row three 
5 5 0) 70) 


column one 


column thre 


Expand each determinant about any row or 
| 0 1 1 


ion for x. 


value of each determinant. 
o oO 
| 

ae af 


. Let A be a3 
then det A 


res ST 


Mixed Review Exercises 


Simplify. 


Oe ey ST 
16-8 Properties of Determinants 


Objective To use the properties of determinants to simplify the expansion 
of determinants by minors, 


Determinants have properties that you can use to simplify their evaluation 
Although third-order determinants are used as examples in this lesson, the 
properties apply to determinants of any order. 


Property 1. If each element in any row (or any column) is 0, then the 
determinant is equal to 0. For example, 


= 04+0+0=0 
Property 2. If two rows (or (wo columns) of a determinant have correspond- 
ing elements that are equal, then the determinant is equal to 0, For example, 


8 -4 3 


6 2 We 


8(0) + 40) + 3(0) = 0 


Property 3. If two rows (or two columns) of a determinant are interchanged, 
then the resulting determinant is the opposite of the original determinant, 
For example, expand these determinants by minors about the second row 


1 4 


318) + 10 +0 = 14; 


nay] | 
MH], 


(= 1)(10) + 308) + 0 = 14. 
Property 4. \f each element in one row (or one column) of a determinant is 


multiplied by a real number &, then the determinant is multiplied by &. For 
example. expand these determinants by minors about the first row: 


1 

4-2 
2| = 1| 
1 


1 
1 
2 


enw 


Property 5. If each element of one row (or one column) is multiplied by a 
real number & and if the resulting products are then added to the corresponding 
elements of another row (or another column), then the resulting determinant 
equals the original one, For example, expand these determinants by minors 


about the first column: 


-4 


Properties 1-5 can be used to simplify the expansion of determinants 
Notice how transforming the first column in the example for Property 5 
simplified the expansion. A similar approach is taken in the example below 


where the first row is reduced to 1 0 0. to simplify the expansion 


Example 1 Evaluate 


Multiply the first column by —2 and add the results to the third columr 


(Property 5) 
1 
15]3 


(Solution continues on the 7 
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Expand by minors about the first row 


1 0 0 = ee 
15/3 -1 ~3)=15(11 5 4|-0-+0 
2 ba A = 


15(2— 0 +0) =30 Answer 


‘Use the properties of determinants to find the value of each determinant 
below, given that 


a3 4 

120 

-121 
1 2) ree ae] see | =| 
LL) 634 2) 4 2 8 a | 1 20 4) p20 
=) 21 =1 3 =i 5. @, =p 5 2 


Written Exercises 


Evaluate each determinant. Use Properties 1-5 to simplify the work. 


41 13-5 20 12 2-1 1 
A 1.0 at] 2]/40 0 a ia =a 
4 i -§ 30 8 a =o 8 
5 00 2 4 6 = 4 12 
4/0 5 0 5. |5 0 -8 6.| 1 -2 -12 
oo 5 3 6 9 8 16 i) 
1 5 10 26 29 2 S13 
7. 10 -8 8. |25 28 26 Be Sol 
1 rl 25 30 27 ye a 
400 0 t =f =i 1 1 1 et 
0400 1 1 | id | 2 1 2 2 
10. I. 2. 
0040 i; <5 1 I 3 =5 3 3 
000 4 =] 1 1 I —4 4 4 4 


C 13. Explain how Properties | and 5 can be used to justify Property 2. 


14. Prove Property 2 for third-order determinants 


15. Prove Property 5 for second-order determinants, 
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16-9 Cramer's Rule 


Objective To solve ms of 


Determinants may be used to solve 


system of two linear equations in 


Using the linear-combination metho 


provided tt 


nant of coefficients: 


The numerators are equal to the determinants 


o,=|° 


Note that D, is formed by replacing 
the column of constants, Simi 
coefficients of y in D with the 

By substitution 


Similarly, determinants can be used to solve a system of three linear equa- 


tions in three variables. 


ay by Cae 
Let D=|ay by c| #0, Dy = |dy by ©), 
a by 63 dy by cs 
a dy ig lay by 
Dy=|a, d ©]. and Dz= a. bz d; 
ay ds cs ay by dy 
dD. D, fee 
Then x= Fy =p. and 2 =F 


This method can be generalized, as indicated below, Known as Cramer's 
Rule, it was named for the Swiss mathematician Gabriel Cramer (1704-1752) 


a a 
Cramer's Rule 
The solution of a system of n linear equations in n variables is given by 
D, D. 
Dd” D 
where D is the determinant of the matrix of coefficients of the variables (D # 0) 
and Dy, Dy, . . . , are derived from D by replacing the coefficients of x, y, . , 
respectively, by the constants. 


Example 2 Use Cramer's rule to solve: x —3y—22=9 


1 3 2 
Solution 2 6] = 16 + 6) + 39 — 24) s)=-11 

es | 3 
9 3 

D, = 2 6 -22 
B=) 3 
i Pos 

D,=|3 20 6] = 1(60 ~ 150) — 9(9 — 24) 80) = 55 
: 2 3 
=e 

D ; 2 1(50 + 20) + 3(75 — 80) + —3 44 
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D, 
D 


the solution of the system is (2, —5 Answer 


Cramer's rule provides a method for finding a solution of a syste 
linear equations in n variables. Recall that such a system has a unique solution 
if and only if D #0. When D = 0 the system may have no solution or it may 
have infinitely many solutions 

To distinguish between inconsistent and dependent equations, you must 
consider the valuc of Dy. If D = 0 and D, # 0, the equations are inconsistent 
and their graphs are parallel. If D = 0 and D, = 0, the equations are dependent 
and their graphs coincide. The examples below illustrate systems with consistent 
equations, inconsistent equations, and dependent equations 


rty=l 
w+y=4 


b=0 
D#0 D, #0 

Consistent equations; Inconsistent equations: ndent equations 
aphs intersect graphs are parallel aphs coincid 


Example 3 Determine the number of solutions for each system 


é 


Since D # 0, the equations are consistent 
the system has one solution. Answer 


ja 
sd oo a 


Since D = 0 and D, #0, the equations are inconsistent 


the system has no solution, Amswer 
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For each system give the entries for columns one, two, and three of the 
determinant D, 


nv 


i s+ a 
nt 2 
ax + 

3: & 
3x+ 


Give the elements in columns one, two, and three of the indicated 
determinants. 


Enercise 1, Dy 6. Exercise 1, Dy 7, Exercise 1, D. 
8. Exercise 2, Dy 9, Exercise 2, Dy 10. Exercise 2, D. 
11, Exercise 3, Dy 12. Exercise 3, Dy 13. Exercise 3, D. 
14. Exercise 4, Dy 15, Exercise 4, Dy 16, Exercise 4, D. 


(SS SS Sa 
Written Exercises 


Use Cramer’s rule to solve each system. 


Determine whether each system has no solution, one solution, or more than 
‘one solution. 


I, 2r-y=5 12, 3x + y= 14 
-2r+y=-1 6x + 18y = 28 
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Use Cramer's rule to solve each system, 


15. 2a — 3b 3d = —1 
a+2b d=1 
Sb + 4 


Prove the following statements about this system: y= mx + by 
y= max +b, 


17, D #0 if and only if m, # my 
18. D = 0 and D, # 0 if and only if m, = my #0 and by = b 
19. D =0 and D, = 0 if and only if m, = my and b, = b. 


Mixed Review Exercises 


Perform the indicated matrix operations. 


Graph each function, 


sin 4x 


Self-Test 3 


Vocabulary minor of an element (p expansion of a determinant (p 


Wei 
) 


Obj. 16 


2. Evaluate 


| 
bj. 16. 
Use Cramer's rule to solve Obj 
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Chapter Summary 


1. Two matrices are equal if and only if they have the same dimensions and all 
corresponding elements are equal 

2. Matrices having the same dimensions can be added (or subtracted) by adding 
(or subtracting) corresponding elements. The properties of addition of matri- 
ces are listed on page 771 


3. In matrix algebra, a real number is called a scalar, The scalar product of a 
real number ¢ and a matrix A is the matrix rA, each of whose elements is r 
times the corresponding element of A. The properties of scalar multiplication 
are listed on page 772. 


4. The product of matrices Aj, and By, is the m * p matrix whose element 
in the ath row and bth column is the sum of the products of corresponding 
clements of the ath row of A and the bth column of B. Unlike multiplication 
of real numbers, matrix multiplication is not commutative. Moreover, 

A X B = 0 does not imply that A = O or B = O. The properties of matrix 
multiplication are listed on page 7 


Problems in the physical and social sciences can be solved using matrices 


6. For each n Xn matrix A there iy a real number called the determinant of A 


a 


Seen Cae 
For 2 * 2 matrices of the form it the determinant is ad ~ be. Determi- 


nants for higher-order mairices can be defined and expanded by minors 
about the elements of any row or column. Determinants have properties that 
can simplify expansion by minors. These properties are listed on pages 798 
and 799, 


7. If AB = BA = 1, matrices A and B are said to be inverses_of each other. 


ab 1__1_[ @ -6 
If a-[! band deta 0 then A = zal i : 


8. The solution of a system of # linear equations in n variables is given by 
D Dd, 
oer De 
ficients of the variables (D #0) and Dy, Dy... . , are derived from D by 
replacing the coefficients of x,y, . . . , respectively, by the constants 
his method of solution is called Cramer's rule 


where D is the determinant of the matrix of coef 


DS. bs Sa TS 
Chapter Review 


Write the letter of the correct answer. 


1. Solve forvandy: [4-2 0 3y)=O..3 
b. x= -4 eee 4 dy=4 
y S y 0 y 3 y=0 
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In Exercises 2 and 3, let A [ i Sane B 
c 


b. | 


|-9 
Find the matrix that shows the 
number of ways a message can be 


sent from one point to another 
using exactly one relay 


Evaluate 


a. —1 


. Find the inverse of 


Expand this determinant by minors about the 


40 


Use Cramer's rule to solve thi 
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Chapter Test 
Ww 6 
1. Find the value x and y: Oy.3 =| 0 
yr 
_ s 
In Exercises 2-7, let A = -5 1 
3 -1 
Express the following as 3 
A+B 16-2 
4.44 
6. AB oe 16-3 
8. Find the number of routes that a L 16-4 
message might take from point A SX 
to point B using at most one relay ot \ 
point if x 
(Sie 
‘ B 
Evaluate these determinants. 
) 
6 3 E ays 
Dale a a) i 16-5 
ae: is, a 
11. Solve this equation for A | 16-6 
|s o -1| 
12. Expand this determinant by minors about the third row lg 16-7 
i = “ol 
Use the properties of determinants to evaluate these determinants. 
m 3 = 4 3 -1/ 
13. {16 8 8 14, |-3 -3 5 16-8 
3 oO 4 a 5 3 
15. Use Cramer's rule to solve this system: 4x 3y 1 16-9 
by Be 1 
y-22=0 
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Preparing for College Entrance Exams 


Strategy for Success 
It usually takes less time to solve an equation than to substitute all of the poss: 
ble solutions, However, if you can eliminate possibilities that have the wron 


sign, that are obviously too large or too small, or that do not meet the stated or 
mplied conditions of the problem, then it may be quicker to substitute the re 


maining choices in the given equation to find the correct solution 


Decide which is the best of the choices given and write the corresponding 
letter on your answer sheet 


1-1 
1 fA [ | for which matrix X is AX # XA? 
4 


oft | 


mls al 


(E) does not exist 


. In how many ways can the letters in the word INITIAL be arrang 
(A) 120 (B) 840 (C) 1680 (D) 252 
Two dice are tossed. Find the probability that both the sum and 


product of the numbers are less than six 


(B) = (Dy 


There are 80 sophomores, 68 juniors, and 72 seniors enrolled at a hi 
school. In how many ways can a 7-member student cou be forme 
two representatives are chosen from each grade and th: esident 
elected from the entire student body? 

(By sof 

(D) 50 


(A) woo 
(C) wP2 
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Table 1 / Squares and Square Roots 
N VION N | Ne | VN | vioN | 
190 3.162 | 5.5 | 30.25 | 7416 
Ww 5.6 31.36 | 7.483 
12 57 | 32.49 7.550 
| 13 58 | 33.64 | 2 7.616 
| 14 | 59 | 3481 7.681 
15 | 60 | 36.00 7.746 
16 | 6.1 37.21 7.810 
17 62 | 38.44 7.874 
18 63 | 39.69 7.937 
19 64 | 40.96 8.000 
20 65 | 42.25 8.062 
21 66 | 43.56 8.124 
22 67 | 44.89 | 8.185 
23 68 | 46.24 8.246 | 
24 69 | 47.61 | 8.307 
25 | 7.0 | 49.00 8.367 
26 71 | 50.41 | 8.426 
27 72 | 51.84 8.485 | 
28 73 53.29 8.544 
29 74 $4.76 8.602 
30 75 | 56.25 | 8.660 
3.1 76 57.76 8.718 
3.2 77 | 59.29 8.775 
33 | 78 | 60.34 8.832 
| 34 | | 7.9 | 62.41 8.888, 
as | 8.0 | 64,00 | 8.944 
36 8.1 65.61 9.000 
| a7 82 | 67.24 9.055 
38 8.3 | 68.89 9.110 
3.9 84 | 70.56 9.165 
40 | 85 | 72.25 9,220 
41 | 8.6 73.96 9.274 | 
42 | 87 | 75.69 9.327 
43 | | ae | 77.44 9.381 
44 89 | 79.21 9.434 
45 9.0 81.00 | 9.487 
46 } 91 | 82:81 | 9.539 
47 92 | 84.64 9.592 
48 93 86.49 9.644 
49 94 | 88.36 9.695 | 
5.0 95 | 90.25 9.747 
5.1 96 92.16 9.798 
5.2 | 97 | 94.09 9,849 
53 9B | 96.04 3.130 | 9.899 
5.4 | 99 | 98.01 | 3.146 | 9.950 
55 | 10 100.00 | 3.162 | 10.000 
810 Tables 


Table 2 / Cubes and Cube Roots 


| 


lz 


No bbe LO 


166.3 3.803 8,193 
175.616 3.826 | 8.243 
3.849 | 8.291 
3.871 | 8.340 
3.893 | 8.387 


3.915 | 8.434 
3.936 | 8.481 
3.958 | 8527 
3.979 | 8.573 
4.000 | 8.618 
274.625 4.021 | 8.662 
287.496 4.041 | 8,707 
300.763 8.750 
314.432 | 1.895 8.794 
328.509 8.837 


15.625 1. 0| 343.000 8.879 
17.576 383 7.1| 357.911 8.921 
19.683 4 (2| 373.248 8.963 
21.952 389.017 9.004 
24.389 ! 405,22: 8 9.045 
27.000 421.875 9.086 
29.791 7 438.976 2 9.126 
32.768 3.175 § 456,533 9.166 
35.937 ‘B 474.552 3 | 9.205 
39.304 6.980 | 7.9 493.039 9244 
42.875 5 3 7.047 x 512.000 9.283 
46.656 74 531.441 2 9322 
50.653 3 7.179 551.368 9.360 
54.872 1.5 3.3 7.243 . 371,787 2! 9.398 
59.319 7.306 592.704 8 9.435 
64.000 1.5 7.368 y 614.125 9473 
68.921 7,429 636.056 9510 
74.088 3 7.489 658,503 9.546 
79.507 7.548 681,47. 9.583 
85.184 | 1. 5 7.606 704.969 9.619 
91.125 7.663 729.000 9.655 

7119 753.571 9.691 
103.823 7.775 9.2 778.688 9.726 
110.592 7.830 804.357 9.761 
117.649 3.65 7.884 830.584 9.796 


125.000 3 7.937 857.375 9.830 
132.651 7.990 9.6 884.736 9 865 
140.608 3 8.041 912.673 2.133| 4.595 | 9.899 
148.877 1.744 | 3.756 8.093 941.192 9.933 
157.464 34| 3.780 8.143 

166.375 | 1.765) 3.803 | 3.193 | 10 


970.299 2 9.967 
1000.000 10,000 


Table 3 / Common Logarithms of Numbers 


N ° : 2 3 4 5 6 ss 8 9 


0000 0043 0086 0128 O170 | 0212 0253 0294 0334 0374 
11 | 0414 0453 0492 0531 0569 | 0607 0645 0682 0719 0755 
12 | 0792 0828 0864 0809 0934 | 0969 1004 1038 1072 1106 
1303 1335 1367 1399 1430 
1614 1644 1673 1703 1732 


1903 1931 1959 1987 2014 
2175 
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Table 3 / Common Logarithms of Numbers 


8865 
8921 
8976 


9031 
9085 
9138 
9191 
9243 


9294 
9345 
9395, 
9445 
9494 


9542 
9590 


7412 
7490 
7566 
7642 
76 


7789 
7860 
7931 
8000 
8069 


8136 
8202 
8267 
8331 
8395 


8457 
8519 
8579 
639 
8698 


8756 
8814 
887 

8927 
8982 


9036 
9090 
9143 
9196 
9248 


9299 
9350 
9400 
9450 
9499 


9547 
9595, 
9643 
9689 
9736 


9782 
9827 
9872 
9917 
9961 


9096 
9149 
9201 
9253 


9304 
9335 
9405 
0455 
9504 


9552 
9600 
9647 
9694 
9741 


9786 
9832 
9877 
9921 
9965, 


9309 
9360 
9410 
9460 
9509 


9557 
9605 
9652 
9699 
9745 


9791 
9836 
9881 
9926 
9969 


8998 


9053 
9106 
9159 
9212 


9263 


9uS 
9365 
9415 
9465 
9513 


9562 
9509 
9657 
9703 
9750 


9795 
9841 
9886 
9930 
9974 


7889 
7959 
8028 
8096 


8162 
8228 
8293 
8357 
8420 


8482 
8943 
8603 
8663 
8722 


8779 
8837 
8893 
8949 
9004 


169 


9320 
9370 
9420 
9469 
9518 


9566 
9614 
9661 
9708 
9754 


9800 
9845 
9890 
9934 
9978 


745 

7528 
7604 
7679 
7752 
7825 
7396 
7966 
8035 
8102 


8169 
8235 
8299 
8363 
8426 


8488 
$549 
8609 
8669 
8727 


8785 
8842 
8800 
gos 
9009 


9063 
9117 
9170 
92: 


9571 
9619 
9666 
9713 
9759 


9805 
9850 
9804 
9939 
9983 


7489 
7536 
7612 
7686 


7760 


8370 
8432 


8494 
8995 
8615 
8675 
8733 


879) 
8848 
8004 
8960 
9015 


9330 
9380 
9430 
9479 


9809 
9854 
9809 
9943 
9987 


7466 
7543 
7619 
7694 
7767 


7939 
7910 
7980 
8048, 
8116 


8182 
8248 
8312 
8376 
8439 
8500 
8561 
862 

8681 
8739 


8797 
8854 
8910 
8965 
9020 


9074 
9128 
9180 
9232 


9335 
9385 
9435 
948s 
9533 


9581 
9628 
9675 
9722 
9768 


9814 
9859 
9903 
9048 
9991 


86 
8686 
8745 


8802 
8859 
8015 
8971 
9025 


9079 
9133 
9186 
92: 

9289 


9340 
9390 
9440, 
9489 
9538 


9586 
9633 
9680 
9727 
9773 


9818 
9863 
9908 
99: 
996 


Table 4 / Trigonometric Functions of 0 


(0 in decimal degrees) 


cot | seed | csc 


undefined 9.0 
573 9. 
. 
8. 
36 
95, 
04 
S98 
892 
9.1 
| 29.0 
| 89 
S88 
87 
886 
85 
88. 
385 
“000 | | Bz 
3014 | LOOL 8.1 
2864 | 1.001 88.0 
2727 | L001 79 
2603 | LOOL 78 
2490 | LoL S07 
2336 | 1.001 S76 
2200 | 1.001 S75 
2202 | 1.001 | STA 
2120 | 1901 BA 
2045 | 1.001 1521s | S72 
1001 15002 | 87.1 
1.001 1sisa | azo | 
1.001 15167 | 86. 
1.002 15M9 | a6. 
1002 1pis2 | 86. 
1.002 155 | 36: 
1.002 15097 
1.002 15080 
1002 | 15082 
8 1.002 15045 | 362 
7 1002 15027 | 86.1 
° 1002) 1434 | 15010 | 96.0 
1 rom | 1399 | 
2 1362 | 1008] 1265 | 
3 1230 |1003| 1284 | 
4 1300 | 1008 | 1203. 
5 1.003) 12,75 
6 1.003 


1.003 
L008 
1.008 
1,008 
1.008 
O10, 1.008 2 
0928 1.008 Ma 
09 1008 M45 
0963, 1.005 | 10.43 345 
9ST 10.25 S44 
| 0998 10.07 33 
} lors 9.895 M2 
1083 9.72 S41 
1051 B10 
cosa | sing | cota | tane secu 0 
Degrees 
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Table 4 / Trigonometric Functions of 0 


(0 in decimal degrees) 


4 a 
Degrees | Radians 


6.0 


2007 
2025 
204 

2059 
2077 
2004 


‘ino 


1045 
1083 
1080 


1201 
1219 
1236 


2079 


9045 | 1051 
943 | 1069 
042 | 1086 

Mod 


9000 
‘9a93 


97h 


L010 
L010 
L010 
1010 
Lou 
Lou 
Lon 
Lot 


1016 
1016 
LOW 
Low 
1017 
101 
1018 
Lots 
101s 
1019 
101 
1019 
11929 
i) 


radians 


Dogree 


Tables 


815 


Table 4 / Trigonometric Functions 


(0 in decimal degrees) 


sind | cod 


tand 


cot 


| 9724 
9720 
a7 
9711 
9107 


‘9516 
9511 


2419 


2924 


3487 
3.465 
BAd2 
3420 


006 
3078 


030 
1.081 
1.031 


1.033, 


1.038 
L088 
1.030 
1039 
1040 
1.040 
1941 
141 
1042 


1.046, 
Ls 
Loi 
17 
14g 


1.049 
1049 
1.050 
1.050 
1.061 
1.081 


4.284 


coe | wind 


tan 


ered 


816 
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Table 4 / Trigonometric Functions 


(0 in decimal degrees) 


¢ fn ] ] 
Degrees | Kadians | wind | cos cote | seed 


10 
1 3 9505 
182 

183 
184 


1056, 
11056 
to 

1058 
L038 
1059 
1060 


3609 


3630 
3048 
3665 
3883 
3700 
3718 


000 
02) 


Lom 
1.090 
O51 
‘on 


eae 
dians | Degree 
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Table 4 / Trigonometric Functions of 0 


(0 in decimal degrees) 


D 
Degrees eon |iand | cot@ | seed] esc 
240 
24.1 m8 
42 9121 
24 O14 
24 107 
9100 
092, 
9085 
9078 
9070 
9063 
9056 
9048 


até | 4274) “9041 
4433. | 4289 “9038 
9026 


018, | 
9011 1232 
1205 
1188 


1100. | 
1083 
1065 
1048 
1080 


13980 


197 
1.963 2203 
1954 2195 | 1.097 
1946 s | 10961 
| 1937 1.0948 
1.929 1.0926 
1.0008 
1.0891 


2076 


| “4970 
| -4986 | 
| 5000 


| Radians 


818 = Tables 


Table 4 / Trigonometric Functions 


o | a ] 
Degrees | Rastiens | sino | coco 


5000 | 8660 
015 | S85; 
090 | 864: 
5045 | “sha 
5060 
07 


Table 4 / Trigonometric Functions of 0 


(0 in decimal degrees) 


OD 
Degrees wind 


5878 


7392 238 
7318 1239 
1241 
1242 


1244 


use| Tend | 
S401) Tes 


820 Tables 


Table 4 / Trigonometric Functions of 6 


4. 
Radians | sino | cond 


“ot be 


Table $21 


Table 5 / Trigonometric Functions of 0 
(0 in degrees and minutes) 
Angle | Sin | Cos Cot See Ge 
0° 00" 1.0000 1.000 | ---- 
10" 1.0000 1.000 | 343.8 
20° | 1.0000 1000) 171.9 
30" 1.0000 1.000 | 1146 
40° 9999 1000 | 85.95 
50! 9999 1,000 | 6876 
voo" | 9998 1,000 | 57.30 
10" 9998 1000 | 49.11 
20° 9997 1,000 | 4298 
30) 9997 1,000 | 38.20 
40° 9996, 1000 | 34:38 
| 50 ‘9995 1.001 | 3126 
2" 00° 9994 1.001 | 2865 | 88°00" 
} 10 ‘9993 1001 | 2645 50° 
|| 20" ‘9992 1.001 | 24.56 40" 
30" ‘9990 1001 | 223 30° 
40° 9989 1001 | 21.49 20° 
50! 9988 1001 | 2023 10" 
| 3°00" 9986 1.001 | 1941 | 87° 00° 
| 10" ‘9985 2 | 1810 | 50° 
20° ‘9983 2 | 1720 | 40 
30° 9981 002 | 16:38 30" 
} 40 | 9980 1002 | 15.64 20 
| 50° 9978 1002 | 14.96 10 
4° 00° 9976 1,002 | 1434 | 86° 00° 
10" ‘9974 1373 | 1.003 | 13.76 50° 
20° ‘71 1320 | 1.003 | 1323 40" 
30° ‘9969 1271 | 1.003 | 1275 | 30° 
40 ‘9967 1225 | 1.003 | 1229 | 20" 
50’ 9964 1183 | 1004 | 1187 10! 
5° 00° 9962 1143 | 1.00 | 11.47 | 85°00" 
10" ‘9959 1106 | 1008 | 1110 50" 
20° ‘9957 10.71 | 1.004 | 10:76 40" 
30° 9954 1039 | 1005 | 1043 | 30 
40" 9951 1008 | 1.005 | 10.13 20, 
50! ‘9948 9.788 | 1.005 | 9.839 | 10" 
6° 00" 9945 9.514 | 1.006 | 9.567 | 84° 00" 
10" ‘9942 9.255 | 1.006 | 9/309 50” 
20° | 9939 9010 | 1.006 | 9.065 40° 
ao | 9936 8.777 | 1.006 | 8.834 ao’ | 
ao | ‘9932 8.556 | 1.007 | 8.614 20° 
so’ | 9929 8345 | 1.007 | 8.405 10" 
7° 00" 9925 8.144 | 1.008 | 3.206 | 83° 00" 
10" 9922 7953 | 1.008 | 8.016 50! 
20° ‘9918 7770 | 1.008 | 7.834 40, 
30° 9914 7.596 | 1.009 | 7-661 30° 
40° 9911 7429 | 1.009 | 7.496 20° 
so’ | 9907 7269 | 1.009 | 7.337 10" 
#00" | 9903 zis | 1.010 | 7.185 | 82° 00° 
vo! | 19899 6.968 | 1.010 | 7.040 50° 
20' 9894 6.427 | Koll | 6.900 40° 
30" 9890 6.691 | Lon | 6.765 30! 
30" | ‘9886 6.561 | 1.012 | 6.636 20° 
50° 9881 6.435 | 1.012 | 6.512 10’ 
00" | 9877 6.314 | 1.012 | 6.392 | sr? 00" 
Cor Sin ot Ton | Ce | See Angle 
822 Tables 


Table 5 / Trigonometric Functions of 0 


(0 in degrees and minute 


6314 | 1012 
6.197 | 101 
6084 | 1013 
5.976 

5871 


3769 


siet 
4989 3.089 

413 5016 

4843 4.945 

473 4876 

4705 4810 

308 358 4.745 
2136 86 | 4574 4.682 
2164 4511 4620 
4349 254.560 

4.390 4502 

4.445 

4300 

1336 

4264 

422 

4182 

4134 

ome , 4.086 

oe 3 4039 

9681 | 2: 6 3.994 

3980 


Tables 823 


Table 5 / Trigonometric Functions of 0 
(0 in degrees and minutes) 
Sia Cos | Ton Cot See Cx 
oso | asi | 3249 1051 | 3236 | 72°00! 
aig | ‘9502 | “3281 1052 | 3207 50! 
3i4s | ‘9492 | “3314 1.083 | 3179 40! 
33173 | ‘943 | 33346 | 1.034 | 3.152 20 
3201 | ‘9474 | 3378 | 1.086 | 3.124 20 
3228 | ‘9465 | “3411 | 1.087 | 3.098 10’ 
woo | 3256 | 94s | 3443 1,058 | 3072 | 71°00" 
ror | ‘3283 | ‘9496 | [3476 Yos9 | 3.086 50! 
20° 3311 19436 | 3508 . 1.060 | 3.021 40! 
ao’ | 13338 | 9426 | (3541 | 2924 | 1.061 | 2996 20! 
ao’ | (3365 | ‘9417 | (3574 | 2798 | 1.062 | 2971 20' 
so’ | 3393 | (9407 | ‘3607 | 2.773 | 1.063 | 2947 10" 
20°00’ | .3420 | 9397 | 3640 | 2.747 | 1.054 | 2924 | 70°00! 
vor | ‘344g | [9387 | ‘3673 | 2723 | Loss | 2001 50! 
ao | (3475 | (9377 | (3706 | 2699 | 1.066 | 2878 40’ 
ao’ | 3502 | 19367 | 13739 | 2675 | 106s | 2985 30! 
ao | 3529 | 9356 | (3772 | 2651 | 1.069 | 2833 20° 
so | ‘3557 | ‘9346 | “3005 | 2628 | 1070 | 2812 10! 
areoo’ | 3584 | 9336 | 3839 | 2605 | 1.071 | 2790 | 49°00! 
ro | “3611 9325 | ‘3a72 | 2583 | 1072 | 2769 50! 
ao | 13638 | 9315 | ‘3906 | 2560 | 1074 | 2749 40 
ao” | 3665 | 19304 | (3939 | 2539 | 107s | 2729 20! 
ao | 13692 | [9203 | ‘3073 | 2517 | 1.076 | 2709 20! 
so’ | 33719 | 9283 | ‘4006 | 2496 | 1.077 | 2689 10" 
2° oo’ | 3746 | 9272 | 4040 | 2475 | 1.079 | 2659 | 68°00’ 
to’ | ‘3773 | ‘9261 | ‘4074 | 2455 | oxo | 2650 50” 
20° 3800 9250 | 4108 | 2434 | 1.081 | 2632 40’ 
ao | 13827 | ‘9230 | “aia2 | 2414 | 1.082 | 2613 20 
ao | 38st | ‘9228 | ‘4176 | 2304 | 1084 | 2595 20' 
so’ | ‘3881 | ‘9216 | ‘4210 | 2375 | toss | 2577 10" 
axoo | 3907 | 9205 | 4245 | 2356 | 1.086 | 2559 | 67°00! 
ro | 33934 | ‘9194 | “4279 | 2337 | ross | 2592 50! 
zo’ | ‘3961 | ‘9182 | “31g | 2318 | 1089 | 2525 40" 
so | [30n7 | 9171 | “4348 | 2300 | 1.090 | 2508 20! 
ao | ‘401g | ‘9159 | 14383 | 2.282 | 1.002 | 2491 20° 
so’ | :aoat | ‘9147 | “ai7 | 2.264 | 1.093 | 2475 10! 
2a oo’ | .4067 | 9135 | 4452 | 2246 | 1.095 | 2459 | 66° 00’ 
ro’ | 4094 | ‘9124 | “4437 | 2229 | 1096 | 2443 50! 
ao | ‘4120 | ‘9112 | “4522 | 2211 | 1.097 | 2427 40’ 
so | 4147 | ‘9100 | (4557 | 2196 | 1099 | 2411 20° 
ao | 14173 | ‘9088 | “4592 | 2177 | 1.100 | 2396 20! 
so’ | 4200 | 9075 | 14628 | 2161 | 1.102 | 2381 10" 
aoa | .4226 | 9063 | .4663 | 2145 | 1.103 | 2356 | 68°00’ | 
vor | (4253 | ‘90st | ‘4699 | 2128 | 110s | 2352 so” | 
20 | 4779 | ‘9038 | (4734 | 2112 | 11106 | 2337 <0’ | 
so | 14305 | [9026 | ‘4770 | 2097 | 1108 | 2323 20 
ao | 4331 | “9013 | “4806 | 2081 | 1109 | 2309 20° 
so’ | .43s8 | soni | “agai | 2056 | ttt | 2295 10! 
2eroo’ | 4384 | 3988 | 4877 | 2050 | 1.113 | 2281 | 64°00’ 
yo | casio | ‘g975 | ‘4913 | 2035 | 1.114 | 2268 50° 
2a | 4436 | [8962 | ‘4950 | 2020 | 1116 | 2284 40’ 
ao’ | ‘4462 | “8949 | “4986 | 2.006 2241 30° 
ao | ‘asze | ‘e036 | ‘5022 | Loot 228 20! 
so’ | asia | ‘s923 | ‘soso | 1.977 215 10’ 
arov | asa | 8910 | sos | 1,963 | 1.122 | 2203 | 63" 00" 
Con Sin ae a 
824 Tables 


Table 5 / Trigono 


jeyree 


metric Functions of 0 


5030 

S075 

5100 

5125 

‘5150 

5175 

5200 

3 

3250 6168 

3275 6208 

5299 e249 

5324 s | .6289 

cH 6330 

at e371 

5398 ‘412 
6433 
6404 
6536 
6877 
6619 
6661 
6103 


6745 


7089 
7133 


Table 5 / Trigonometric Functions of 0 
(0 in degrees and minutes) 
Angle Ton | Cot Sec Cee 
| 26" 00 1.376 1.701 | 54°00! 
1.368 1.695 ‘50’ 
1.360 1.688 40" 
1.351 1.681 30° 
1343 167s 20° 
1.335 1.668 10" 
37° 1.327 1.662 53° 00" 
1319 1.655 ‘50’ 
13 1.649 40! 
1,303 1.643 30° 
1.295 1.636 20° 
1.288 1.630 10’ 
38° 1,280 1.624 52° 00" 
1.272 1.618 ‘50’ 
1.265 | 1.612 ao’ | 
1257 | 1.606 30° | 
1.250 601 20" | 
12a2 595 10" 
39° 589 51° 00" 
583 ‘50’ 
578 40! 
S72 30’ 
307 30 
S61 10’ 
40° 192 556 50° 00" 
18S 550 ‘50’ 
178 545 40" 
171 540 | ao’ | 
164 S38 20° 
197 33 | io | 
av ASO 524. 49° 00" 
144 S19 ‘50° 
1137 314 40’ | 
130 $09 30° 
124 504 20’ | 
7 9 io’ | 
az 1 494 48°00" | 
104 490 50" 
1.098 485 40 
1.091 480 30’ 
108s 476 20' 
1.079 471 10’ 
ax 1.072 466 47° 00" 
| 1.066 1462 50’ 
060 457 40° 
| 084 1453 30° 
048 448 20° 
042 444 10! 
aa 036 1.440 46° 00° 
030 1.435 50° 
024 1.431 40° 
018 1.427 30" 
012 1423 20° 
006 1418 10" 
45° 00° 000 | i4is 45° 00° 
Cos Cot Ton Cre Sec Angle 
826 Tables 


Trigonometric Functions of @ 


cord fond | coro | seed | ced | 


0.0000 | 1.000 | 0.0000 |Undefined] 1.000 |Undefined| 
0100 | 1.000 0100 | 100.0 1.000 | 1000 
0200 | 09998 | 0200 | 49.99 1,000 | 50.00 
0300 | 09996 | 0300 | 33.32 1000 | 33.34 
0400 | 0.9992 | 0400 1,001 ol 

| 

0.0500 | 0.988 | 0.0500 1.001 | 2001 
0600 | (9982 | 0601 1002 | 1668 
0699 9976 | 0701 1002 | 14.30 
0799 9968 | 0802 1003 | 1251 
(0899, 9960 | 10902 1oos | 1113 


0.0998 | 0.9950 | 0.1003 1005 | 10.02 
1098 9940 1108 1006 | 9.109 
1197 9028 1206 1007 | 8.353 
1206 | ‘9916 1307 1009 | 7.714 
139. 9902 1409 1010 | 7.166 


0.1494 | 09988 | Orsi Loi | 6692 
1503 9872 1614 1013 | 6277 
1692 | 9856 1017 1ols | Sou 
1790 | 9838 Lol6 | 5.586 
1889 9820 2: 101s | S205 


0.1987 2 1020 | s.0a3 
2085, ¥o22 | 4797 
2182 Lors | 4.582 

280 1027 | 4386 
4.086 1030 | 4.207 


09689 | 0.25 3916 | 1.032 | 4,042 
9664 6 3750 | 1.035 | 3.890 
9638 2 3613 | 1038 | 3.749 
‘9611 4 fon | 3.619 
9582 s Vot4 | 3.497 

0.9553 233 | 1.047 
9523 2 1.050 
9492 1083 
9460 ys 2 1.087 
9428, 1.061 

0.9394 2.74 1.065 
9359 1.058 
9323 2 1073 
‘9287 1.077 
9249 2433 | Losi 

1 1.086 

1 4 1.090 

‘9131 1.095 

‘9090 5 1.100 

‘9048 1.105 


0.921 


0.9004 i 
8961 i 
8916 1999 | LE 
19u nw 
iss | Ld 


Tables 827 


Table 6 / Trigonometric Functions of 0 
o o wee ‘oun: 
re |= wot | coo | ‘tee | core ° ° 
0.50 28° 39' 0.8776 0.5463 
il 29° 13" (8727 ae 
52 29° 48° 8678 4 
Es | wee 18628 | 5859 
co) 30° 56” 8577 5994 
3°31 0.8525 0.6131 
32° 05° +8473 6269 
32° 40° 8419 6410 
wi 8365 6552 
33° 48 8309 6696 
34° 2¥ 0.8253 0.6841 
34° 57" 8196 6989 
3731" 8139 7139 
36° 06° 8080 7291 
36° 4 8021 74485 
aris 0.7951 | 0.7602 
a7 4 7900 7761 
38° 23° 7838 1923 
38° 58" 1716 8087 
39° 32° TN2 8253 
40° 06" 0.7648 0.8423 
40° 41" 7584 8595 
41° 1s 7518 8771 
41° SO 7452 8949 
‘42° 24" T3RS: BED) 
42° 58° 0.7317 0.9316 
43°37" 7288 9505 
44° 07" 79 9697 
. 44° 41’ 7109 9893 
a 48° 16 (7038 | 1,009 
(48° SO" 0.6967 1.030 
4625 6905 | 1.050 
46° 59 6822 1.072 
40 3y ‘6749 | 1.093 
48° 08" 6675 1.116 
0.85 49° 47 0.6600 1.138 
ves | 49019 ves24 | 1162 
a7 49° 51’ 6448 1,185 
68 50° 25° 6372 1,210 
ee 51° 00' 6294 1.235 
ose | si34 o.s2is | 1.260 
a” 52° 08" 6137 1,286 
92 52° 43 (6058 1313 
ao | Sei ‘sors | 1341 
ad 53° 52’ 5898 1369 
oss | 54°26 0.ssi7 | 1.398 
a 00’ 5735 1.428 
y 5053 | 1/859 
5570 1.491 
(5487 1524 
828 Tubles 


Table 6 / Trigonometric Functions of @ 


0.5403 
5319 
5234 
S148 
5062 


0.4976 
4889 
4801 
4713 
4625 


35583 


E822 


Lo1o 
1,009 


1.007 
1.006, 
1.005, 
10.98 On 3 1.004 
1235 ‘osi0 | 12 1.003 


(0907 
0807 


Tables 829 


Table 6 / Trigonometric Functions of 0 


(0 in radians) 


peaine get we nae, 

1.50 85° 57 14.14 1,003 

a1 86° 31" 16.46 1,002 

132 87° 0s 19.70 1,001 

1,53 87° 40" (24.52 1,001 

154 88° 14 RA 1,000 

155 Be ay 48.09 1,000 

tae | aoeay S283 | 1.00 

- 89° 57’ 1,000 
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Introducing Explorations 


‘The following sixteen pages provide you with activities for exploring various 
concepts of algebra, The activities give you a chance to discover for yourself 
some of the ideas presented in this textbook. They carefully lead you to 
interesting conclusions and applications: they will make some of the abstract 
concepts of algebra easier to understand 

Some of the questions in these activities are open-ended, They ask you to 
describe, explain, analyze, design, summarize, write, predict, check, generalize 
and recognize patterns. Often there is more than one correct way to answer a 
question. You can work on these activities by yourself or in small groups. You 
will need to use the materials listed below 

With these explorations we hope you enjoy exploring alge 


Titles Materials 


compass, ruler, graph 


Exploring Irrational Numbers elas ti a 


Exploring Inequalities calculator 


Exploring Functions graph paper 


Exploring Polynomial Factors algebra 


Exploring Continued Fractions calculator 


Exploring Radicals calculator 


computer or graphing 


Exploring Quadratic Equations Se dea 


Exploring Direct Variation springs and weights 


Exploring Circles and Ellipses computer 
computer or graphing 


Exploring Powers and Roots Sei 


| Exploring Pascal's Triangle none needed 


protractor, straightedge 


a 1 et wetric ruler, scientific 
Exploring Trigonometric Ratios metric 1 
«al calculator 


Exploring Sine Curves 


ruler, graph paper 


computer or graphing 
Exploring Polar Coordinate Equations | eo ator 


Exploring Probability with Experiments | coins, computer 


graph paper 


Exploring Matrices in Geometry 


Explorations 


Explorations 


SS NTE ET 
Exploring Irrational Numbers 


Use before Lesson 1-1 


In this activity, you will explore locating irrational numbers on a number line: 


Explore Square Roots 


1, a, Draw a large number line on graph paper. Label point A at 0 and point B 
at 1. Draw BC perpendicular to the number line at B and having length L. 
Draw AC. What kind of triangle have you constructed” 

b. Find the length of the legs and hypotenuse of ABC. 


2. a. Use a compass to locate point D on the number line with AD = AC. 
Point D should be to the right of point B. Draw DE perpendicular to the 
number line at D and having length 1. Draw AE. Find the lengths of the 
legs and hypotenuse of AADE. 

b. What is the coordinate of point D? Write it on your number line. 


3. a. Use a compass to locate point F on the number line with AF = AE. 
Point F should be to the right of point D. Draw FG perpendicular to the 
number line at F and having length |. Draw AG. Find the lengths of the 
legs and hypotenuse of AAFG 

b. What is the coordinate of point F? Write it on your number line. 


4. Continue this pattern, drawing three new triangles and locating square roots 
on the number line. Which irrational numbers have you located? 


Explore x 


5, a. Draw a large number line on graph 
paper. Cut a string to form a circle with 
diameter | unit, as shown at the right @ 
Use the formula C = zd to find the 
circumference of the circle. 
b. Now place the string on your number line, with one end at zero, At what 
point on the number line does the other end of the string lie? 


Use What You Have Observed 


6. Describe how you can locate V% and —V5 on the number line by using 
geometric constructions. 


7. Using the method of Exercise 5, how can you locate 37 and on the 
number line? 


832 Explorations 


Gi WENDEL DD FEB LES OE ET STS 
Exploring Inequalities 
Use with Lesson 2-1 
In this activity, you will explore statements about inequalities, These statements 
may be false in general and yet be true for certain replacements of the variables. 


Explore Multiplication 


1, Investigate this statement: If a <b, then ae < he. A calculator will be useful 
a. First choose a value for ¢ such that ¢ > 0. Choose various values for a 
and b so that you consider all possible cases. The table below will help 

you to organize your work. Make a table and fill in the values you choose: 


a b ¢ ¢ | ae < be true? 
choose a choose 


choose a choose 6 
cho choose b 


b, Next choose a value for ¢ such that c <0, and make a new table 
¢. Now let ¢ = 0. Is ac < be true? Why? 
d. For which case(s) is the statement true? For which cuse(s) is it false? 


2. Investigate this statement: If a> b and c > d, then ac > bd 
a, Do you think this statement is always true? 
b. Choose values for a, b, c. and d until you find a case for which the 
statement is false 


Explore Reciprocals 


ped 
3. Investigate this statement: If a> b, then | <j, 


a. Choose a > 0 and b > 0. Does the statement appear to be always true’? 
b. Choose a < 0 and b <0. Does the statement appear to be always true? 


c. Find a case for which the statement is not true 


Use What You Have Observed 


4. Decide whether this generalization is true or false: If two numbers 
larger than two other numbers, then the product of the larger numb 
greater than the product of the smaller numbers. Explain your answer 


5. What is the error in this solution? 
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Exploring Functions 


Use with Lesson 3-8 


. you will explore properties and graphs of two special functions. 


Explore a Real-Life Function 


An overnight carrier service will deliver a package weighing 1 Ib or less for $4. 
The delivery charge for a package weighing more than 1 Ib but not more than 

2 Ib is $8. The charge for a package weighing more than 2 Ib but not more than 
3 Ib is $12. 


1. If the weight of a package is given in ounces, how can you determine the 
delivery charge for the package? 


2. Give the delivery charge for packages of the following weights. 
a. 1 oz; 2 02; 3 7; 54 02; 8 02; 14 02} 16 02 
b. 17 07; 20 oz; 264 or; 30 07; 314 07; 32 07 
ec. 33 02; 40 oz; 42.02 45 07; 46 oz: 48 oz 


3, Draw a graph with weights shown on the horizontal axis and delivery charges 
shown on the vertical axis for all packages weighing from 0 Ib through 3 Ib. 


4, Based on the results of Exercises 2 and 3, is every weight assigned to exactly 
one delivery charge? Is the delivery charge a function of the weight of the 
package? 


Explore a Rounding Function 


5. The following rule describes a particular function. 


Given any number x, 
(fix) = xc if-x is an integer 
Aix) = the next integer less than x if x is not an integer 


Find f(x) for each of the following values of x, 


6. Graph the function described in Exercise 5 for all x such that 0 Sx <4. 


Use What You Have Observed 


7. Why might the two functions considered here be called siep functions? 


8, Refer to the rule for the rounding-down function given in Exercise 5. 
Describe a similar rounding-up function and graph it for 0-< = 4. 
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Exploring Polynomial Factors 


Use before Lessons 4-5 and 4-6 


You can use square and rectangular tiles like those shown below to represent 
algebraic quantities. In this activity, you will use them to factor polynomials 


wby-x tile I-by-x tile I-by-1 tile 


Area = x Area Area =| 


We will let blue tiles represent positive quantities (x, x, and 1), and let red 
tiles represent negative quantities (x7, —v, and —1) 


Explore Finding Factor 


1, Represent 3x° + 6x with three blue x-by-x tiles and six blue 
L-by-« tiles as shown at the right 
a. What are the lengths of the sides of the rectan; 
b. How would you express 3x° + Gx in factored form 


Use tiles to factor 41° + 8x +3 
. What tiles can you use to represent the given polynomial? 


b. Arrange the tiles to form a rectangle as shown. 
What are the lengths of the sides of the recta 


d. What are the factors of 4° + 8x + > 


Use tiles to factor x? + x ~ 12 
.. What tiles can you use (© represent the given polynomial 

Try to form a rectangle using only these tiles, Is it possible? 
To complete the rectangle, add 


Arrange your Ules shown at the right 
3 blue I-by-x tiles along the top and 3 red I-by-x tiles along the left side 


Why can we do this without changing the value of the polynomial? 


|. What arc the lengths of the sides of the rectangle” 
. What are the factors of x 


Use What You Have Observe 


4. Use tiles to factor each polynomi 
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Exploring Continued Fractions 


Use with Lesson 5-7 


The two expressions below are continued fractions. Example A is finite, or 
terminating; Example B is infinite, or nonterminating. Both are simple continued 
fractions because each numerator is 1. Nonsimple continued fractions have at 
least one numerator that is not 1. We will explore simple continued fractions, 


Example A Example B_ | + 


Explore Finite Continued Fractions 
1. EB 


uate Example A above to find a simple fraction 


ion below 


2. Find a simple fraction for each continued fis 

papel 1 

a 2+—L. .3+—_1_ 
344 ks i 


4 2+—4- 


3. A simple continued fraction can be represented as (4), d3, 3, +5 ul. 
where a through a, are the whole numbers preceding the plus signs and 
a, is the last denominator. Example A above is [2, 3, 4, 2]. Write the two 
continued fractions in Exercise 2 in this form. 


4. Write cach simple continued fraction below in expanded form and evaluate it. 
a, (2.1.3, 4] b. [4.2.3] 


Explore Infinite Continued Fractions 


§. Example B can be expre: as [1, 2], which means (1, 2 2, ...]. Using 
a calculator, evaluate the following. Each is a number of terms of [1, 2]. 
(1, 2] b. [1, 2, 2] ies ds (25r2, 2h 
a. [1,2 e. (1, 2,2, 2,2, 21 
f. Analyze your answers in parts a-e. Each successive value is a closer 
approximation of what irrational number (square root)? 


6. Evaluate the first several terms of each continued fraction below to find an 
irrational number the fraction appears to represent. 


a. (1, 1,2 b. (2.2.4) 


Use What You Have Observed 


7. Based on these explorations, make a conjecture about the kind of numbers 
represented by finite continued fractions and infinite continued fractions. 
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Exploring Radicals 


Use before Lesson 6-2 


In this activity, you will use a calculator to explore some properties of radicals 


Explore Addition and Subtraction 


1. Use a calculator to evaluate each pair of expressions 
a. V64 + V36 and V64 + 36 V8 and VI5—8 


c. V27 + W125 and W27 + f Wd and W27 


. Based on the results of Exerci does each of the following ¢ 
appear to be true if Va and Wb are any real numbers? 


a. Va+ Vb=¥ 


a+b b. Va - Vo 
Explore Multiplication and Division 
3. Use a calculator to evaluate each pair of expressions 


a. V64: V9 and 64-9 
ce. V7+ V2 and V7-2 


4, Based on the results of Exercise 3, does each of the following generalizations 
appear to be true if Wa and Wb are any real numb 


a. Va- Wb = Vab oF aml 4/5 if bh =0 


Explore Roots and Powers 


5. Use a calculator to evaluate each pair of expressions 


Wea and W604 ob. VIB and VIS. WF and (8°. V2" and 


6. Based on the results of Exercise es each of the following generalizations 


appear to be true if each radical represents a real numbe 


a. Vo= VV b. Wi = (Wy 


Use What You Have Observed 


7. Mentally evaluate each of the following 


12 
a. VO 16 b. V100— 64 e. aa 
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Exploring Quadratic Equations 


Use before Lesson 7-5 


In this activity, you will use a graphing calculator or a computer with graphing 
software to explore equations of the form 
y—k=alx —hP 
The form above is equivalent to 
y=alx—hP +k. 
If you let a = 1, h =0, and k = 0, the equation becomes 
ama 
The graph of this equation is shown at the right. 


Explore Changes in the Value of a 


1. Use the software to graph y = ax* for several values of a, with a > 0. For 
1 19,3, and 4. What do you observe? 


example, let a = 4 


2, Now graph y = ax for several values of a, with a< 0. 
a. In which direction does the graph of y = ax? open if a > 0? Ifa < 0? 
b. What can you conclude about the shape of the graph from the value of |a|? 


Explore Changes in the Value of h 


3. a, Graph y = 2(x - h)* for h = 0. 
b. Increase the value of f by 1. Graph this equation 
c. Increase the value of h by | several more times. Graph each equation 
Describe what you observe. 


4. Repeat Exercise 3, but decrease the value of hh, What do you observe? 


Explore Changes in the Value of k 


5. a. Graph y= 2x — h)? + & for h = 0 and & 
b. Increase the value of k by 1 several times. Graph each equation 
c. Decrease the value of k by I several times. Graph each equation, 
a 


. Describe what you observe 


Use What You Have Observed 


6. How 
ay 


you obtain the graph of each equation from the graph of y 
2@-37 +1 b. y=2e+ 7" -3 


7. How would you expect the graph of each of the following to differ from 
the graph of y = 2(x - 3)? + 1? 
a. y=4x-3P +1 


y=—Sa-37 +1 
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Exploring Direct Variation 


Use before Lesson 8-1 


In this activity, you will explore a spe: n ry 
yey Jore a special type of linear function, called a f 
mf 


Explore with a Spring | 


direct variation, by using springs and weights 


1. Hang the first spring from the stand. Find its length to the nearest 0.1 em 


2. Attach a weight to the spring. Record the weight to the nearest 0.01 
Measure and record the new length of the spring. Compute and record the 
difference between this length and the length you found in step 1. (This is 
called the stretch of the spring.) 


3. Repeat step 2 for two different weights 


Te |. thew 
Length (cm) 


4. Complete the table by finding stretch + weight 


5. Write a statement about stretch + weight for the spring 


Explore with More Springs 


6. Repeat Exercises 1-5 for a second spring. Does your last answer change? 


7. Repeat Exercises 1-5 for a third spring. Does your last answer change? 


Use What You Have Observed 
8. Use the data you recorded in the first table to predict the stretch for the first 


spring for a weight 14 times that of the heaviest weight used. Check by 


measuring 


. Exercise 8 required you to think of stretch (of the spring) as a function of 


weight. This function can be described by the equation y = ke. Refer to the 
table for the questions below 
a. In which column are th } 
b. In which column are the corresponding values of y (the dependent 


values of x (the independent variable) located? 


variable) located? 
c. Where in the table was the value of k determined 
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Exploring Circles and Ellipses 


Use before Lesson 9-6 


You have already seen in Lesson 9-2 that the following equation represents @ 
circle with center (h, &) and radius r. 


(xh? + =) 


Graphing software makes it easy to explore such graphs. But you might have 
to graph the equation in the following two parts. 


y= VP a(x-hP +k y=-VP-@-hP +k 


Explore Circles 


1. Let (h, &) = (3, 1) and r = 2. Using graphing software, graph the equation 
above. What do you observe” 


2. Choose several different sets of values for (h, &) and r and graph each 
equation. What do you observe? 


Explore Ellipses 


You have already seen that the following equation represents an ellipse with 
center (0, 0), horizontal axis of length 2a, and vertical axis of length 2b. 


You might have to graph this equation in the following two parts 


ya by +k 


3. Let (h, k) = (5, 2), a = 3, and b = 4. Graph the equation, What do you 
observe? 


4. Choose several different sets of values of (h. k), a, and b and graph each 
equation, What do you observe? 


Use What You Have Observed 


5. From the graph of the unit circle x7 + y? = 1, describe how you can obtain 
the graph of each equation below. 


art+yad br ty= 


d. 


so 
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Exploring Powers and Roots 


Use before Lesson 10-2 


In this activity, you will see how graphs can be used to explore and investigate 
powers and roots. You will need a graphing calculator or graphing sofiware 


Explore Powers 


1. Use the software to graph y =x. y =2x°, and y = ° If the graphing 
software you are using can display more than one graph at the same 
time, your combined graph will look like the figure at the right 
a. In which quadrants do all three graphs lie? 

b. Which equation’s graph is closest to the y-axis for 0 <x <1? 
¢. Which equation’s graph is closest to the y-axis for x > 1? 


‘Think about the graphs y = x! and y = x!5. (Do not graph them yet.) 

a. In which quadrants will these graphs lie? 

b. Which cquation’s graph will be closer to the y-axis for 0<41< 1? for x > 1? 

cc. Graph the equations to see whether your answers to part b were correct 

d, Change the scale to examine the curves for 0<.x< 1 and 0< y < 0,001 
Then examine your curves for 1 << 1.001 and 1 <y < 1,01, Are your 
conclusions in part b verified in these magnified views? 

Graph the three equations y = x°, y = x", and y = 4° 

a. In which quadrants do these graphs lic? 

b. Which equation’s graph is closest to the y-axis for 0<x <1? for x> 1? 

c. Which is larger. (0.9)° or (0.9)? Which is larger. (1,01)? or (1.01)? 


Explore Roots 


4. Graph the equation y =x? ~ 3 
a. Between what pairs of integers does this graph cross the x-axis? 
b. What are the roots of the equation «7 — 3 = 0? 
c. What is your best (decimal) estimate of V3? (Hint: Estimate where the 
graph crosses the positive a-axis.) 
d. Obtain a more precise estimate of V3 by using the zoom feature 


Use What You Have Observed 


0 where n and m are positive integers, what conditions are 


5. Fora 


necessary for a” > 


6. Use graphing software to find the root(s) of «° + 4x + 1 = 0 to three 


decimal places. 
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Exploring Pascal's Triangle 


Use before Lesson 11-7 


The following triangular array of numbers is called Pascal's triangle. Notice 
that, except for the I"s, each number in the triangle is the sum of the two 
numbers above it. For example, 15 = 10 +5. 


abvaune 


Explore Sets of Numbers 


1, Complete Rows 7 and 8 of Pascal's triangle. 
2. Find a diagonal in Pascal's triangle that consists of the sct of positive integers. 


3. Find a diagonal that consists of the set of triangular numbei 


4. Rearrange Pascal's triangle so the rows align on the 
left. Then find the sum along each diagonal as shown Wy 
at right. What sequence of numbers is formed? 

5. Find the sums along each row of Pascal’s triangle. 


What sequence of numbers is formed? Express each 
number as a power of 2. 


510105 1 


Explore Patterns 


6. Alternate — and + signs between elements in any row (except row 0). 
What is the sum? 


7. Find the sum of the squares of all the elements in any row (except row 0). 
Can you find the resulting sum elsewhere in Pascal’s triangle? 


Use What You Have Observed 


8. Many patterns like those above have been discovered about Pascal's triangle. 
and new ones are still being discovered. Explore the triangle further to 
discover a pattem on your own 
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Exploring Trigonometric Ratios 


Use before Lesson 12-2 


In this activity, you will explore the trigonometric ratios tangent, sine, and 
cosine, abbreviated tan, sin, and cos. Each ratio is defined below in terms of 
the lengths of the sides of a right tri 


opp. 
adj 

opp. spposi 
hyp. ¥ 

ee = ti 

co = 


tan 


sin x= 


Explore the Ratios in Right Triangles 


1. Make a chart similar to the one below to record your results 


Right Triangle opp. 30° | adj 30° | hyp. [an 30 
|L_ABC 
ADE 
AFG 


Use a protractor and a straightedge to draw a 30° angle 
keeping one side horizontal 


. Create three right triangles so that the right angle 
is formed with the horizontal side, as shown 
Make AB at least 15 cm long 
7) 
For each right triangle, measure to the nearest mm the side opposite the 
30° angle. the side adjacent to the 30° angle, and the hypotenuse, Record the 


measurements in your chart 


Use a calculator to compute to the nearest hundredth the ratios for the last 
three columns of your chart. Record the results 


Use the trigonometric function keys on your calculator (0 find tan 30 


sin 30°, and cos 30°. Compare the values with those in your table 


Repeat Exercise 1-6 for angles of 45° and 60 


Use What You Have Observed 


8. For each of the last three columns in 
compare? Why does this make sense 


ch chart, how do the calculated ratios 
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Exploring Sine Curves 


Use with Lesson 13-4 


Light and sound travel in waves that can be represented by sine curves, When 
Waves of the same type travel in the same plane at the same time, the resultant 
light or sound is the *‘sum"” of the waves. In this activity, you will explore 
finding the sum of two sine curves by using graphs and investigate the 
connection to light and sound. 


Explore Addition 


2sin + sin = sin x-+ Sin (x+ 7) 


Figure 1 Figure 2 


1. Using a ruler, measure the y-value at x = % for y = sin x in Figure 1. By 


sliding the ruler upward add this y-value to the y-value for y = 2 sin x 
Notice that the resulting sum is the y-value for y = 2 sin x + sin x 


2, For several values of x between 0 and 7 in Figure I, repeat the addition 
procedure described in Exercise 1. 


3. For values of x between 7 and 2a in Figure 1, how will the graphical 
addition procedure be different from that described in Exercise 1 Why? 


4. For several values of x in Figure 2. verify that the y-value of y = 2 sin. + 
sin (x + 7) is the sum of the y-values of y = 2 sinx and y = sin (x + 7). 


Use What You Have Observed 


5. In each of the following, graph both equations (for 0 <x < 27) on the 
same set of axes. Then graphically find the sine curve that is the sum of the 

ves, 

in x; y = sin 2x 


two 
a. y 


6. When light or sound waves are in phase, as are y = 2 sin x and y = sin in 
Figure 1, the result is called constructive interference, Constructive interference 
increases the volume of sound or the brightness of light. In Figure 2 the waves 
represented by y = sin (x + 7) and y =2 sin.x are out of phase. What do you 
think this condition is called and what might its effect be on light or sound? 
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Exploring Polar Coordinate Equations 
Use with Lesson 14-3 
In this activity, you will use a graphing calculator or a computer with graphing 
software to explore various types of polar equations . 
Explore Equations of Lines 


1. Graph r cos @ = a for several positive values of a, for example, a = 1, | 
1, 2,4. The graph for a= 1 is shown below. What do you observe? 


aM 60 


. Graph r cos @ =a for several negative values of a, What do you observe 
. Graph r sin # =a for several nonzero values of a. What do you observe? 


|. Graph r= k for the following values of k 
a k=1,2,3 b. 1, -2, 
¢. Compare the graphs in part a with the graphs in part b. How are they 


related? 


. Graph p = r cos (¥ — k) for several values of p and &, for example, (, 4) 
(1, 60°), (1, 45%, (1, 30%, (-2, 45°), and (2. 30°). What do you observe? 


Explore Other Polar Equations 


6. Graph r = 2a cos @ for several values of a. What do you observe? 


7. Graph r = 2a sin # for several values of a. What do you observe 


8. Graph r = 2 cos 60 for b= 2 and b = 3. What do you observe? 


Use What You Have Observed 


9. Based on your results in Exercises 6-8, what would you predict to be the 


graphs for r = 2 sin bé where b = 2 and b = 3? 
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Exploring Probability With Experiments 


Use after Lesson 15-9 


In theory, if a coin is tossed, the probability of “heads"” is 4. What happens in 


practice? You can actually toss a coin a number of times and record the results, 
or you can simulate @ coin toss by using random digits. 


Explore Tossing a Coin 


1, a. Toss a coin 20 times and record your results for the number of heads and 
the number of tails, Based on your experiment, what is the probability of 
heads’? OF “tails”? 

b. Compare your results with a classmate. Are they exactly the same? Are 
they approximately the same’? Should they be the same? 


¢, Combine your results with your classmate’s results, Find the probability 


of “‘heads"’ based on these 40 coin tosses. Is it close to 4? 
d. Combine the results of all the students in your class, and find the 
probability of “heads” based on these results. Is it even closer to 5) 


e. Compare experimental probability with theoretical probability and try 
answer questions like these. Which is more accurate? more realistic? 
more reliable? more valid? more believable? 


Explore Simulating a Coin Toss 


2. Use the random number function RND on a computer to generate a list of 
100 random digits 0-9. Let each even digit represent “*heads’” and each odd 
digit represent “‘tails.’* How many heads resulted from this simulation? Is the 


probability of “heads"” approximately 4? 


3. Repeat Exercise 2 by generating a new list of 100 random digits. Are the 


results exactly the same? Is the probability approximately 5? 


Use What You Have Observed 


If a baseball player has a batting average of .300, in theory, the player should 


get 3 hits in every 10 at bats. The player's probability of a hit is [AM = 


10 


4. Design and describe a simulation, using random digits, for the next 100 at 
bats of a player whose batting average is .300 


§. Carry out the simulation you designed in Exercise 4. What is the probability 
of a hit? 
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Exploring Matrices in Geometry 


Use with Lesson 16-3 


In this activity, you will use matrix multiplication to explore geometric 
transformations. You can use matrices to repre: 
points and triangles. 


sent geometric figures such as 


Matrix 


mete 1 Triangle with vertices at 
2 (-1, 2), (0, 0), and 2. 


Explore Transtorming Figures 


~-1 02 1 

ss represent a triangle and A = 
[eaeiOund 0 
geometric transformation. Draw B on graph paper, Find AB and draw the 


Tesulting triangle on the same axes, How are the two triangles related? 


0] 
1 | fepresent a 


Find AB for a few more triangles, for example, 


shige] 


Does multiplying by A flip (reflect) e 


I) at 
Now let A lk ‘| and let B represent matrices for triangles as before 


Find AB for several triangles. Graph the triangles represented by B and AB 
What kind of geometric transformation does A seem to be? 


. Next we will represent figures and transformations in a slightly different way 
i 6 2 

represent a transformation and let B=] 2 0 1 

0 i a4 

represent the same triangle as in Exercise 1. (In both of these matrices, the 
third row is included only to make matrix multiplication possible.) Find AB 


Graph B and AB. What kind of geometric transformation does A seem to be? 


Use What You Have Observed 


5. Describe the transformation each matrix below represents 


6. Write a transformation matrix for a slide of 2 units to the left and 3 units up 
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Portfolio Projects 


To make a portfolio, an artist selects a variety of original work to represent the 
range of his or her skills, Each of the following projects will give you a chance to. 
© a finished product that you will be proud to add to your algebra portfolio 

The projects will help you develop your ability to present and communicate 
your ideas. They will also help you develop your problem-solving and reasoning 
abilities as you make connections between what you know and what is new, Your 
individual insight and creativity will help shape the mathematics you discover. 

Let these projects be springboards for further exploration. Feel free to expand 
them to include new questions or areas of interest that arise. Most of all, have fun! 


© 


V1 a a TET 
Efficiency Expert (Chapter 1) 


Two warehouse workers do the tasks 
outlined in the table to assemble and pack Task Time 
a chest of drawers. Certain tasks must be ‘A. Install drawer supports on sides. | 10 min 
done before others: A before B: B. Attach sides to top and bottom. | 15 min 
B before C; D before E; C and E before I; C. Attach back panel to assembly, | 8 min 
C,F,G, and H before J; and K, of course, Di Assemble door: min 
must be done last, E. Attach hinges to door. 9 min 
1. Set up a work schedule that takes the F,_ Assemble top drawer. 12 min 
Icast time, Use the following work G. Assemble middle drawer 12 min 
rules to assign the tasks to the two H. Assemble bottom drawer. 12min 
workers: 1. Attach door. 6 min 
Rille 1. Work on only one tsk at'a J. Insert and adjust drawers, 10min 
ties, K. Pack the completed chest. 6 min 
Rule 2. Take breaks only between 


tasks. 
Rule 3. Do not work together on any task, 
2. Alter the rules so that the job takes less time. Develop a new work schedule. 


Ses | 
Swing Time (Chapter 2) 


In major league baseball, a fastball travels the distance (60 f1 6 in.) from the pitcher 
to the catcher in (0.41 s. On average, a batler connects with the ball (0.28 s after the 
start of the swing. Using these figures, estimate how long the ball is in range to be 


hit by the batter. In other words, by how much time can the batter be off in the start 
of the swing and still hit the ball? Draw a diag 


m and explain your reasoning. 
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Parametric Graphs (Chapter 3) 


The graph shows the path of an object moving at a 

constant speed in a straight line. Each point on the 

graph represents the position of the object at a differ: 

ent time. Notice that the x-coordinate of the starting 

point is 3 and that the object moves 2 units horizon- 

tally in each unit of time. The parametric equation 

x= 3+ 21 gives the object's v-coordinate in terms of 

time ¢, which is called a parameter 

1, What is the parametric equation for y? 

2. How would the parametric equations change if the object moved twice as fast? 
Write the new equations. 

Another object moving at a constant speed in a straight line has the parametric 

equations x= 1 + rand y = 10-1. 

3. What is an equation of the path in terms of x and y? 

4, Do the paths of the two objects ever cross? Do the objects ever meet? Explain. 


5. To the nearest unit of time, determine when the two objects are closest together. 


45° Paths (Chapter 4) 


Ma = Graph paper, straightedge 


Interesting pattems result from the study of 45° paths. A 45° path Corhente-Clomer Path 
originates at a vertex on the boundary of an m by 1 grid. The path 

continues in a straight line along diagonals until it hits the grid 

boundary. Then it "bounces off” at the same angle (45°) and 

continues until it either reaches a corner of the grid or returns to its 


starting point, whichever occurs first. A path that begins at a corner 
end 


and ends at a comer is called a corner-to-corner path. A path that 
length = 4 units 


begins ata vertex that is not at a comer and then returns {o its start 
ing point is called a closed path. The length of any 45% path is the 


Closed Path 
total number of grid squares through which it passes 


2 start end 
1. a, Draw all comer-to-corner und all closed paths for each of the Me 
following grids: 3 by 6. 4 by 6, 4 by 8, 6 by 8, 6 by 9. ¢ 
b. For each grid, record the lengths of all comer-to-comer paths > 
and all closed paths. CG 5 
2. Look fora pattem in your answers to Exerc 


is i length = 8 units 
a. Predict the lengths of all the corner-to-corner paths for 


m by n grid 


b. Predict which m by 7 grids have closed paths and what the lengths of the paths are 
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Travel Safety (Chapter 5) 


Materials: Almanac 


Which do you think is safer, traveling by car or by plane? Travel safety is calcu- 
lated in two ways, as deaths per passenger-mile and deaths per passenger-hour. A 
passenger-mile is equal to one person traveling one mile. A passenger-hour is 
equal to one person traveling for one hour. For example, suppose a family of four 
travels 120 miles. This represents 4 * 120 = 480 passenger-miles, By car, at an 
average speed of 40 mi/h, the family’s trip takes 3h. By plane, at an average speed 
of 400 mish, it takes only 0.3 h, By car the trip represents 4 3 = 12 passenger- 
hours. but by plane it represents only 4 + 0.3 = 1.2 passenger-hours. 


1. Use an almanac to find out how many deaths resulted from car accidents and 
how many from plane crashes in the United States in a recent year. 
a, Calculate the number of deaths per billion (10°) passenger-miles for cars and 
for planes. 
b. Using the average speeds given above, calculate the number of deaths per 
billion passenger-hours by car and by air. 
¢. Which method of travel seems to be safer? Explain, 
d. The airline industry claims that statistics show that air travel is much safer 
than driving. Do you agree? Which statistic do you think the industry uses? 
2. Find recent statistics for travel by car, plane, bus, and train, Calculate the safety 
of cach using passenger-miles and passenger-hours. Which seems to be the 
safest way to travel? Expl 


0) a SS SS TT 
Square Roots of Complex Numbers (Chapter 6) 


You can use a scientific calculator to find the square root of a real number, To find 
the square root of a complex number, you can use algebra. For example, t0 find the 
square root of 3 ~4i, you will have to find z =a + bi such that =? = 3 ~ 47. 


bP + 2abi 


3, 2ab=—4 


1. Solve the pair of simultancous equations a? — 4? = 3 and 2ab =—4. Use the 
results to find all values of = 


ah 


2. Write four different complex numbers. Use the demonstrated technique to find 
all their square roots, 

3. Using your results in Exereise 2, draw a conclusion about how many square 
roots a complex number has and how the roots are related. How does this 
compare to real numbers? 


850° Portfolio Projects 


|) MRIS Te a ar Cage gs 7 


Population Growth (Chapter 7) 


Mater! Calculator, graph paper 


Biologists who study how populations grow over time sometimes use mathematical 
models to help them, One such model is based on this quadratic equation 
y=xtra(l —x/C) 
In the model, .x represents the current size of the population, y represents the size of 
the next generation, andr and C are constants, While ris a growth rate (which 
measures the population's reproductive ability), C is the environment’s carrying 
capacity (which 1s the maximum number of individuals that the population’s 
environment can sustain). To see how the model works, let r= 1 and C = 5000. If 
the size of the population is: = 1000, then the size of the first generation is 
1000 + 1 + 1000 + (1 — 1000/5000) = 1800 
For the second generation, let. = 1800 and recalculate y: 
= 180041 * 1800 (1 — 1800/5000 
The table and graph below show what happens to the population over several 
generations. Notice how the population approaches the carrying 
Using a calculator, explore a 
what happens to a popula: Populai 5000 
tion for other values of 7, = 5 
such as 1.5, 2, and 3 
Always let.x = 1000 ini- 
tially. and keep C = 5000 
Write a report (including 


1000 
1800 
2052 
4161 1000 


4859 
tables and graphs) of your ase ‘asus 
findings. Generation 
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Fitting a Function (Chapter 8) 


Using a simple “trick,” you can find a polynomial function whose graph goes 
through any given set of points. For example, the graph of the following function 
1): 


goes through the points (1, 3), (2, 5), and (3, 


= a-3) 5. = Wa=3 meen 
FW) =3" (1 Say —3) @-he na 


Simplify f(x). Verify by substitution that /() i 
Explain why this function works. 

alisties ¢( 1. 2(0) = 3. x) = 
simplify the polynomial 


e this “trick” work? 


Find # polynomial function g that sa 
(4) = 3. Show your calculations and 


What conditions must be met by a set of points to mak 
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Paper Folding a Parabola (Chapter 9) 


Materials: Wax paper 


dist 


‘The shape outlined by the creases is a parabola, with each crease being 
tangent (o the parabola, Referting to the diagram for step (b) of 


Draw a horizontal line / near the bottom of a fa) (b) 
large piece of wax paper and mark a point P 
several inches above /. 

Fold the paper so that P coincides with a 
point P’ near the right end of /. Open the 
paper and notice the crease that has been 
formed. 

Fold the paper so that P coincides with another point on /, this time {c) 
a little farther to the left than before. Continue folding the paper in 

this way until P has traveled all the way across /. 


Pe 


ie aS 
Exercise 1. describe how to locate the point on the crease that lies on EFOERS 
the parabola with focus P and directrix /. Explain your reasoning. 


Predict what will happen to the shape of the parabola if you increase the 


tance between P and /, Then, using another picce of wax paper, form a see- 


ond parabola to confirm your prediction. 


A Model of Exponential Decay (Chapter 10) 


Materi: 


Quarter-cup measure, beaker or clear jar, medicine dropper, food coloring 


A factory releases a pollutant into a pond, Suppose that each day one fourth of the 


pond water 


replaced by fresh water from a stream that enters the pond on one 


side and leaves the pond on another side, Gradually, the pollutant is diluted and 
carried away. Use the following steps to simulate this situation, 


Step 1 
Step 2 
Step 3 


Step 4 


Start with one cup of water (representing the pond) in a beaker. 


Stir in one drop of food coloring (representing the pollutant). 4 


Remove one-quarter cup of the mixture and stir in one-quarter 


cup of clean water. How much of the food coloring is left? = 
Remove another quarter cup of mixture and stir in another quar- Step | 

ter cup of clean water, How much of the food coloring is left? 

Continue this process until the food coloring is no longer visible 

How many steps does this take’ 


1. Interpret each step of the simulation in terms of the pollutant in the 
pond, Is the pollutant ever completely removed from the pond’? 


di 


‘Suppose the factory releases the same amount of pollutant into the pond every 


y. What effect do you think this will have on the amount of pollutant present 


in the pond over time? Modify the simulation to test your conjecture, 
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The Weekly Allowance (Chapter 11) 


Katerina has been negotiating with her parents for a raise in her weekly allowance. 
‘They offer her the following options: - 


(1) Beginning now, she can have a one-cent raise in her allowance cach week 
(2) After one year, and at the end of each year thereafter, she can have a one-dollar 
raise in her weekly allowance 


Katerina must stick with the option she chooses for at least five years. 
1, Which option should Katerina choose? Explain your reasoning. 


2. Katerina bargains for a two-cent raise every week. If her parents agree, should 
she choose this option? Explain your reasoning. 


Indirect Measurement (Chapter 12) 


Materials: Protractor, navigation compass 


Some measurements, such as the width of a pond or the height of a tree, are not 
easy to find witha ruler or tape measure. Since ancient times people have used 
trigonometry to find hard-to-obtain measurements indirectly 
Choose a local landmark, such as a pond, a tree, a tall statue, or a building, and 
then devise a method to measure its width or height using trigonometry. If possibic, 
measure your chosen landmark in several different ways or from several different 
spots and compare the results that you get. 
You may find some of the following measuring techniques helpful 
* To measure a distance over flat ground, determine the 
length of your stride and then pace off the distance 
you want to know. 
To find an angle of elevation, attach a weighted string 
to a protractor, Use the edge of the protractor to sight 
the top of the landmark. Be sure you understand that %P 
the angle of elevation is equal 10 the angle between 
the 90° mark on the protractor and the point where the 
weighted string crosses the protractor. 
Je formed by your line of sight to two points on the’same level. 


To find an ang! 
one of the points. Note the com- 


hold a compass in your hand while looking 
measure of your line of sight from north). Then turn to 


pass bearing (the degree 
ain note the compass bearing, Use the two bearings 


sight the other point and a 

to find the angle through which you turned. 

In an illustrated report, deseribe your method and present your data, your cal 
culations, your results, and any conclusions you draw about their accuracy 
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Get the Beat (Chapter 13) 


‘A musical note can be modeled by a sine curve. The reciprocal of the curve’s peri- 
od is the note’s frequency measured in hert (Hz), the number of cycles per second. 

When two notes with very nearly the same frequency are played together, the 
resulting tone seems to pulse, or hear, with the tone’s volume repeatedly rising and 
falling. For example, beats occur if notes of frequency 8 Hz and 10 Hz are played 
together, The equation y = sin lon + sin 20nx (v is in seconds) describes the 
resulting tone. (Note: Although humans cannot hear tones of such low frequency, 
these low frequencies will be easier to work with as an example.) 


1. How are the numbers 167 and 20m related to the frequencies 8 Hz and 10 Hz? 
You can use a graphing calculator or computer with graphing software to see 
the beats in the graph of the equation given above. Be sure to use radian mode 
2. Set the viewing window for -0,25 <x < 1,25 and 2.5 < y < 2.5, Graph the 
equation y= sin 16m +sin 20rx. What do you think the graph’s changing 
amplitude has to do with the tone’s beat? 


3. How many beats do you see in the graph of y lor + sin 20x for 
0.25 SxS 1.25? What is the frequency of the beats? (Hint: How many seconds 
are represented by this interval of the x-axis?) Make a conjecture about the 
relationship of the beat frequency and the frequencies of the two notes. 


4. Use graphs to test your conjecture with other pairs of notes having frequencies 
that are close together, such as 12 Hz and 15 Hz, 20 Hz and 21 Hz, and 35 Hz 
and 39 Hz, (You may want to use an interval of one second on the x-axis. 


The Stunt (Chapter 14) 


A stuntman on a motorcycle will attempt to 
launch himself off an angled ramp, pass over 

20 cars parked side-by-side, and then land on a 
ramp on the other side, The.x- and y-components 
of the launch vector (shown in blue) give the 
stuntman his horizontal and vertical motion. His vertical 
position, however, is also affected by gravity. If v is the 
stuntman’s launeh speed (in fi/s) and @ is the angle the ramp 
makes with the horizontal, then the stuntman's horizontal 
and vertical positions (in fl) ¢ seconds after launch are: 


x=(vcos@r and 1612 =— clfect of gravity on vertical motion 


sin 6) 
ede 
Vertical motion from launch vector 
The stuntman must decide at what angle to build the ramp and what launch 


speed to use, Find some combinations of ramp angles and launch speeds that allow 
the stuntman to complete his jump successfully. Assume each car is 6 ft wide. 
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Simpson's Paradox (Chapter 15) 


A baseball player’s batting average is given by the ratio of hits 


number of times at bat 
The result is expressed as a decimal rounded to three places. although the decimal 


point is often omitted. For example, a ball player who had 64 hits in 400 times at 


- 64 
bat has a batting average of “* = or 164 
at has a batting average of 77° = .160, or 160, 


Here are statistics for two baseball players for the months of May and June 


| Player May 
ee ee 


Kapinsky 7 hits; 20 times at bat 28 hits; 100 times at bat 
Mendoza 32 hits: 100 times at bat 5 hits: 20 times at bat 


1. a. Find the batting average of each player for May and for June separately 


Based on these averages, which player is the better hitter 


b. Find the batting average of each player for the months of May and June 
combined. Based on these averages, which player is the better hitter? 


2. The results of Exercise | are an example of a statistical phenomenon called 


Simpson's paradox. Find another set of statistics that displays the same 
behavior. Explain what it is about the data that eauses Simpson's paradox 
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Transition Matrices (Chapter 16) 


Ina certain metropolitan area, 300,000 people live in the city and 450,000 people 
live in the suburbs, Census data from the last 20 years show that each year 4% of 
those who live in the city move to the suburbs, while 2% of those who live in the 
suburbs move into the city. The two matrices shown below display this informa- 
tion, The right matrix, which shows the population shifts, is a ‘ransition mamrix 
To 
City Suburb 
City Subiirb City 0.96 0.04 

Population | 300,000 450,000 | = Po From suburb [ow aoe ee 
JF Los of suburbania 


moye to the city tay in the suburbs 


29 of suburbunites- 


L.. Find the matrix product P, = PyT.and verify that P, gives the city and suburban 


populations one year from now 
2. a Find P, =P,T, Py = P3T. and Py = PaT- What does each matrix represent? 

b. Usea calculator or computer with matrix capabilities to find P, = P,_T-lor 
What happens? Interpret the results. 


n=5,6,7. 
wellers move to the city each year, What 


3. Suppose 3% of the suburban d 


con the results of Exercise 27 


does this hav 
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A-1 Common Logarithms: 
Notation and Interpolation 


Objective To find logarithms and antilogarithms using interpolation. 


You can use common logarithms to find approximations for complex algebraic 
expressions such as 

a 

0.0592 


You may recall from Lesson 10-6 that every common logarithm has 
two parts, a characteristic and a mantissa (sce page 479). To use Table 3 
as an aid in computation, the mantissa must remain positive. Consider 

log 0.0217 = log (2.17 * 1072) 
log 2.17 + log 10-7 


0.3365 — 2 
To retain the positive mantissa, the characteristic —2 is usually written as 
8.0000 — 10, giving 
log 0.0217 = 8.3365 — 10. 


In some cases it may be more convenient to use other differences such as 
28.0000 — 30 or 98.0000 — 100 to represent —2. Thus, log 0.0217 might be 
written as 28.3365 — 30 or as 98.3365 — 100, 

Table 3 gives logarithms of numbers with three significant digits. By 
interpolating (see Lesson 8-9) you can find better approximations for 
(1) the logarithms of numbers with four significant digits and (2) the anti 
logarithms of numbers that fall between entries in the body of the table 


‘Example Find: a. log 26.83 b. antilog (6.7382 ~ 10) 


a. Since log 26,83 = log 2.683 + 1, interpolate using Table 3 to find 
| log 2.683 


0.4298, 


log 2 sl ).0017 


0.010} 9 93 


0.4281 


a 
0.0017 


d= 4 > 0.0017 = 0.0005 
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The difference d is rounded to four decimal pl 


< laces because mantissas 
in Table 3 are accurate 10 only four places 


Thus, log 2.683 = 0.4281 + 0.0005 
= 0.4286 


+. log 26.83 ~ 1.4286 Answer 


To find antilog (6.7382 — 10), locate in the body of Table 3 the consec 
utive entries 7380 and 7390, between which the mantissa 7382 lies 
Make note of the corresponding four-digit sequences 5.470 and 5,480 
and interpolate as follows 


] 


0,010 0.7382], gogo 2.0008 
0.7380 [| 


¢ 0.0002 
0.010 ~ 0.0008 


© = 0.0025 = 0.003 


antilog 0.7382 ~ 5.470 + 0.003 
5.473 
antilog (6.7382 — 10) ~ 5.473 « 10° 
0.0005473 Answer 


Note that the value of ¢ was rounded to one significant figure because 
reverse interpolation in a four-place table yields at most four significant 
digits for the number whose logarithm is given. With practice, much of the 
interpolation can be performed mentally 


Find each logarithm using interpolat 
1. log 3.475 log 8.612 . log 77.68 
: 0.03857 


4, log 239.6 5. log 0.5624 
8. log 138760 0.4962 


7. log 68244 
10. log 0.001634 11. log 48560 2 79820 
Find cach antilogarithm to four significa 


0.6968 14, antilog antilog 1.3843 


17. antil . antilog 5.13: 


13. antilog 
16. antilog 3.8402 
19, antilog 9.9296 
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20. antilog 7.23 ) antilog 6.8041 
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A-2 Common Logarithms: 
Computation 


Objective To use common logarithms to calculate products, quotients, 
powers, and roots. 


For common logarithms. the first two laws stated on page 473 become 
(1) log p <q = log p + log q and 
(2) log p = q = log p — log q 
When using logarithms in computations, you can use these laws to replace 
the operations of multiplication and division with addition and subtraction. 
You can avoid making mistakes when computing with logarithms by 
arranging your work according to these rules: 
. Estimate the answer. 
List numbers to be added or subtracted in vertical columns. 
Align equality symbols and decimal points vertically. 
. Write all characteristics before looking up the mantissas. 
Indicate the operations (+, —, *) to be performed 
. Label each step so that if you must check back, you will know what you 
are checking, 


aueune 


The purpose of making a preliminary estimate of the answer is to avoid 
the common error of misplacing the decimal point 

Example 1 below does not require interpolation. In general, examples 
and exercises do require interpolation and will be worked to four-digit 
accuracy 


“Example 1 simplify 0.0192 « 4370 
“Solution 1 Let N =0.0192 x 4370. 


2. Estimate the value of N. 


0.0192 = 0.02 
4370 ~ 4000 


©. N = 0.02 * 4000 = 80 (estimate) 


log (0.0192 x 4370) 
log 0.0192 + log 4370 
log 0.0192 = 8.2833 — 10 
log 4370 = 3.6405 4 
log N = 11.9238 — 10 
N = antilog 1.9238 = 83.9 
0.0192 x 4370 = 83.9 Answer 


Note that the answer and the estimate agree to one significant digit 


3 log 


858 Appendix 


Only common logarithms of numbers that are powers of 10 can be 
stated exactly. Thus, although 0.0192 * 4370 is only approximately equal 
to 83.9, the **="" sign will be used for simplicity i 


1, Since you know the answer will be negative, let V = 22% to make it 
easier to compute with logarithms, 
Estimate the value of N 
7.304 7 
91.47 
7.304 log 7.394 = log 91.47 
aay 0e ‘ 
) $688 (by interpolation) 
log 91.47 = 1.9613 (by interpolation) 


To obiain a difference in which the mantissa is positive, write 0.8688 as 
10.8688 — 10, 


log 7.394 = 10.8688 — 10 
log 91.47 = 1.9613 
log N= 8.9075 ~ 10 
N= 0.08082 (by interpolation) 


_7.301 
147 
Check the answer against the estimate 


0.08082 Answer 


You can use the third law of logarithms, | n log p, to compute 


powers and roots 


‘Example 3 Simplity (0.239 
Solution — Let N = (0.239) 


To estimate, round 3 factors up and 4 factors down 


N = (0.2)'(0.3)" = (0-0016)(0.027) = 0.0000432 (estimate 


log N = 7 log 0.239 
120.239 = 9.3784 — 10 


N = 65.6488 — 70 
5.6488 — 10 
N= antilog (5.6488 — 10) = 0.00004454 


(0.239)" = 000004454 Answer 
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‘Example 4 simpiity 0.482. 
- Solution — 


1, Let N= V0.482 = (0.482) 

2. Estimate the value of N. 
(0.79 = 0.343; (0.8) 
O07 <N<0.8 


St log N = 40.482) 
log 0.482 = 9.6830 — 10 


0,512 


‘To ensure that the negative part of the characteristic remains an integer 
after it is multiplied by 4. write 9.6830 — 10 as 29.6830 — 30, 


log 0.482 = 29.6830 — 30 
1 


log N= 9.8943 —10 
N = antilog (9.8943 ~ 10) = 0.7841 
0.7841 Answer 


Example 5 applies the laws of logarithms to several operations at once. 


v 


Let H = (81.2), K = 0.59 * 367, and 4 


Then log N = i(log H — log 
log H = 2 log 81.2 log K = log 0.59 + log 367 
log 81, log 0.59 = 9.7709 — 10 
log 367 + 
log H log K 


log H — log K = 1.4836 
t 


log V = 0.2967 
antilog 0.2967 = 1.980 
of_ (81 


= 1,980 Answer 
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Written Exercise: 


Given that log A = 3.6100, log B = 8.1234 — 10, and log C = 1.2000, find 
the followin; 


2. log BC 


5. log 100B 6. log 0.01A 


en that log A = 13.600, log B = 8. 
the following. 


9. log B 10. log Cl” 


13. log ¢ 14. log VB* 


Use Table 3 to evaluate each expression to three significant digits. Do not 
nterpolate. 
17. 281 * 0.94 0.749 x 0,562 19. 943 x 804 20. 


U7 4960 
3.26 * 34,600 


25. (2.81)'° (90.3)° 2 28, 


29. (21.4) 30. (8.26) 2 


24. 


Use Table 3 to evaluate each expression to four significant digits. Interpo- 
late when neces 
33. 0.572 0.8215 * 0.051 


0.1496, : 0.05274 
0.582 0.9412 


36. 


39. 2.16 % 46,73 0.01347 


42. (12.4)°3.86) . 37 3710, 0016) 


50. 92 
1526 


4 
Using 7 ~ 3.142, find V when V = 37" and r 


3. Determine the number of digits in 3°! without using a calculator 
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A-3 Discrete Mathematics 


Objective To explore some topics in discrete mathematics 


We frequently associate the study of mathematics with people who intend 
pursue careers in mathematics, engineering, science, and teaching. People in 
other disciplines such as social science and business management are now tum- 
ing to mathematical models to solve problems that arise in their respective ca- 
teers. Many of these problems involve counting a finite number of objects, 
completing a process in a finite number of steps, drawing flow charts or dia- 
grams to represent choices that must be made, or determining by a logical 
method the most efficient solution of a problem. These and other skills have 
been grouped under the name discrete mathematics 

You have already studied some discrete mathematics topics, for example, 
functions and relations (Lessons 3-8 and 3-10), counting techniques (Lessons 
15-5 through 15-7), and algorithm analysis (page 215). 

Mathematical induction, a method of proof by which statements involving 
the set of natural numbers can be established, is an important topic in diserete 
mathematics (refer to page 523 for an explanation of mathematical induction), 
To illustrate, we pose and solve the chessboard problem. Is it possible to cover 
with triominoes a chessboard having 2” squares on a side and one square re- 
moved? A triomino is a set of three squares in the shape of an “el.” We will 
show that it is possible and that the number of triominoes needed is 4(2”" — 1) 
Note that if it is possible to cover the board, then 2" +2” ~ 1 squares must be 
covered by 3-square triominoes. Thal is, it would take exactly 4(2°" — 1) 
triominoes to do it. 

We will prove what is said above by mathematical induction 
To begin, let = 1. We have a 2 x 2 chessboard that can be cov- 
ered by 1 triomino as shown in the figure at the right, Assume that 
it is possible to cover a board with dimensions 2* x 2'. We must 
prove that the number of triominoes needed for a board with dimen- 
sions 2**? x 2k+N is a+) — 4), 

We divide the board into four congruent squares, each with 
dimensions 2! x 24. We place | triomino in the center of the board 
as shown. Each of the four squares is now missing one square. 

Thus, by the induction hypothesis, the total number of triominoes on 


| 


(2 28-1) - 3141 - 
mee — I d- 
=4$purn— 1 
We have shown that the statement is true for 1 = 1 and that if it is true for a 
natural number k, it is also true for k + 1. Thus, by the principle of mathemati- 


cal induction, the statement is true for all natural numbers. 
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Another interesting topic in discrete mathematics is 


graph theory. The 1 
in Figure 1 shows seven bridg : 


i ; es across the River Pregel in the 18th century city 
of Konigsberg. Citizens wondered if it was possible to take a walk in such a 
way as t0 cross each bridge exactly once 


Fos 


Figure 1 Figure 2 


In 1736 the Swiss mathematician Leonard Euler visited the city and 
showed that such a walk was not possible. He replaced the actual configuration 
with a graph as in Figure 2. The land masses A, B, C, and D were represented 
by vertices a, b, c, and d. The seven bridges were represented by the seven 
edges, The question then became: Is there a path P in the graph that traverses 
cach edge exactly once? 

We can show by contradiction that there is no such P. To do so, we call a 
vertex even (odd) if an even (odd) number of edges meet there. Suppose that 
such a path P exists and let v be any vertex at which P neither begins nor 
ends. Whenever a point traversing P comes into v, it must also leave. Thus ¥ 
must be an even vertex. If P begins at one vertex and ends at a different one 
then we see that there are exactly two odd vertices, If P begins and ends at the 
same vertex, then there are no odd vertices. Figure 2 shows four odd vertices 
This contradiction shows that no such P exists. You cannot walk through the 
city of Konigsberg and cross each bridge exactly once 

Graphs such as the one in Figure 2 are used 10 illustrate such thi 


crystals, networks, circuits, and organizational management 
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A-4 Preparing for College 
Entrance Exams 


If you plan to attend college, you will most likely be required 10 take col- 
lege entrance examinations. Some of these exams attempt to measure the 
extent to which your verbal and mathematical reasoning skills have been 
developed. Others test your knowledge of specific subject areas. Usually the 


best preparation for college entrance examinations is to follow a strong 
academic program in high school, to study, and to read as extensively as 
possible 


The following test-taking strategies may prove useful: 


Familiarize yourself with the test you will be taking well in advance of 
the test date. Sample tests, with accompanying explanatory material, are 
available for many standardized tests. By working through this sample 
material, you become comfortable with the types of questions and direc- 
tions that will appear on the test and you develop a feeling for the pace 
at which you must work in order to complete the test 


® Find out how the test is scored so that you know whether it is advanta- 
Beous to guess, 

® Skim sections of the test before starting to answer the questions, to get 
an overview of the questions. You may wish to answer the easiest ques- 
tions first. In any case, do not waste time on questions you do not un- 
derstand; go on to those that you do. 

= Mark your answer sheet carefully, checking the numbering on the an- 
swer sheet about every five questions to avoid errors caused by mis- 
placed answer marking: 


® Write in the test booklet if it is helpful: for example, cross out incorrect 
alternatives and do mathematical calculations. 

® Work carefully, but do not take time to double-check your a 
less you finish before the deadline and have extra time. 


swers un- 


® Arrive at the test center early and come well prepared with any neces- 
sary supplies such as sharpened pencils and a watch 

College entrance examinations that test general reasoning abilities, 
such as the Scholastic Aptitude Test, usually include questions dealing with 
basic algebraic concepts and skills. The College Board Achievement Tests 
in mathematics (Level | and Level II) include many questions on algebra 
The following second-year algebra topics often appear on these exams. For 
each of the topics listed on pages 865867, a page reference to the place in 
your textbook where this topic is discussed has been provided. As you prepare 
for college entrance exams, you may wish to review the topics on these page: 
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Types of Numbers 


Integers (p. 1) 

Rational, irrational, and real numbers (pp, 1, 273, 283-285) 
Imaginary and complex numbers (pp. 288-290, 292-294) 
Polar form of complex numbers (pp. 680-682, 685-6: 


Properties of Real Numbers 


Properties of equality (p. 14) 

Properties of addition and multiplication (pp. 15. 27) 
Properties of order (p. 59) 

Proving properties of real numbers (pp. 81-84, 88-89) 


Sets and Logic 


Set notation (pp. 1, 
Quantifiers (p. 20) 
Logic (pp. 95-97) 


Union and intersection, Venn diagrams (pp 


Solving Equations 


Linear equations (pp. 37-39) 

Linear systems in two variables (pp. 124-128, 801, 803) 
Linear systems in three variables (pp, 444-447, 802-803) 
Equations with fractional coefficients (pp. 242-244) 
Fractional equations (pp. 247-249) 

Radical equations (pp. 277-279) 

Quadratic equations, completing the square (pp. 

Quadratic equations, the quadratic formula (pp 

Equations in quadratic form (pp. 322-323) 

Polynomial equations (pp. 194-196, 377-379) 

Finding rational roots (pp. 382-383) 
Approximating irrational roots (pp. 386 
Quadratic systems (pp. 439-441) 
Exponential equations (pp. 460-461, 480) 
Logarithmic equations (pp. 475, 479) 
Trigonometric equations (pp. 697-699) 


388) 


Solving Inequalities 


Linear inequalities (pp. 59-61) 
Combined inequalities (pp. 65-66) 
Inequalities involving absolute value (pp: 
Systems of inequalities (pp. 135-137) 
Polynomial inequalities (pp- 202-203) 


73-74, 16-17) 
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Factoring 


Prime factorization of integers (pp. 179-180) 

Perfect square trinomials, difference of squares (pp. 183-184) 
Sum and difference of cubes (p. 184) 

Quadratic polynomials (pp. 188-189) 

Using the factor theorem (pp. 372-374) 


Graphing 


The number line (pp. 1-2) 

Inequalities (pp. 60, 65~66, 73, 76-77) 

Using a sign graph (p. 203) 

The coordinate plane (pp. 107-108) 

Linear equations (pp. 108—| 10) 

Slope (pp. 112-114) 

Intercepts, parallel and perpendicular lines (pp. 119-120) 
Systems of linear equations (p. 124) 

Linear inequalities and systems of linear inequalities (pp. 135-137) 
Parabolas (pp. 326-330, 412-415) 

Polynomial equations (pp. 386-388) 

Circles (pp. 407-409) 

Ellipses (pp. 418-421) 

Hyperbolas (pp. 426-429) 

Conics with center not at the origin (pp. 432-433) 
Quadratic systems (pp. 436-437, 439-441) 
Exponential functions (pp. 459-460) 

Graphing the inverse of a function (pp. 464-465) 
Logarithmic functions (p. 468) 

Periodicity and symmetry (pp. 619-620) 

Sine and cosine, period and amplitude (pp. 624-627) 
‘Tangent, cotangent, secant, cosecant (pp. 630-632) 
Inverse trigonometric functions (pp. 690, 693) 


Functions 


Functions and relations, domain and range (pp. 141-143, 153-155) 
Linear functions (pp. 146-148) 

Quadratic functions (pp. 333-335) 

Polynomial functions (pp. 167-169. 386-388) 

Division of polynomials (pp. 340-341, 344-345) 
Interpolation (pp. 391-393) 

Composition, inverses (pp. 463-465) 

‘Trigonometric functions (pp. 555-558, 561-564) 
Circular functions (pp. 613-615) 

Trigonometric identities (pp, 598-601) 

Inverse trigonometric functions (pp. 689-691, 693-695) 
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Exponents and Logarithms 


Laws of exponents (pp. 171 455, 459-460) 
Laws of logarithms (pp. 473-475) 
Change of base (p. 481) 


Sequences and Series 


Arithmetic and geometric sequences (pp, 501-503, 507-508, 510-5 
Series, sigma notation (pp. 518-520) 
Sums of finite arithmetic and geometric series (pp. 26) 

ms Of infinite geometric series (pp. 531-532) 


Expansion of binomials, the binomial theorem (pp. 537-538, 540-542) 


Vectors 


Operations (pp. 659-651) 
The norm (p. 661) 
Components (pp. 666-668) 
The dot product (p. 668) 


Statistics, Counting, Probability 


Measures of central tendency. measures of dispersion 
(pp. 710-711, 713-716) 

Counting principles (pp. 730-731) 

Permutations (pp. 734-736) 

Combinations (pp. 738-739) 

Computing probabilities (pp. 74 


Solving Problems 


Translating words into symbols (pp. 43 
Using linear equations (pp. 49-52) 

Using inequalities (pp. 69-70) 

Using systems (pp. 131-132) 

Using linear functions (pp. 147-148) 
198-199) 


polynomial equations (pp 
244, 248-249) 


rational expressions (pp. 243 
Maximum and minimum problems (pp. 340-341) 


Using direct variation and proportions (pp. 351-353 


Using inverse and joint variation (pp. 358-360) 
Problems on exponential growth and decay (pp. 483-485) 
Finding distances and angles using right triangles (pp. 574-576) 
Using the law of cosines and the law of sines (pp. 580-381, 586-58 501-593) 
Using vectors (pp 


Using the normal distribution (pp. 
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Types of Questions 


The types of questions you can expect may include five-choice Multiple-Choice 
questions, four-choice Quantitative Comparison questions, or Grid—in questions. Here 
is an example of a Multiple-Choice question: 


If 4Uy — 1) = 20, what is the value of «+ 3? 
(A) 6 

(B)7 

(C) 8 

(D)9 the correct answer 

(E) 10 


Quantitative Comparison questions give you two quantities and ask you to compare 
them. Here is an example of a Quantitative Comparison question: 


Column A Column B 
ri git — 410 


You must choose whether the quantity in Column A is greater, the quantity in column 
B is greater, the two quantities are equal, or if you cannot determine which is greater 
from the information given, For this example, the quantity in Column A is greater. 


Grid-in questions emphasize active problem solving and critical thinking by asking 
you to grid the answer directly on the answer sheet rather than recognize it from 
among the choices. Using the same example as the Multiple-Choice question, the 
answer is still 9, but you would have to grid 9 on the answer sheet rather than 
choose (D) 


Calculator Use 


Some college entrance exams allow students to use calculators, If caleulator use is 
permitted, bring a familiar calculator with you to the test center, but don’t plan to use 
it for every problem, First decide how to solve the problem, and then decide if a cal- 
culator will help with the computation. For example, suppose you are given that 


P(x) = ° — 2x ~ 3. [you are asked to find P(x + 1), a calculator will not help. You 


ey = 2) = 3 


should substitute (x + 1) for xc in P(x) to get P(x + 1) 


*— 4. If you are asked to find P(—4), however, using a calculator may help. Substi- 
tute (—4) into the expression x7 — 2v — 3 to get P(-4) = (—4)? = 2(-4) — 3 = 21. 
In general, calculators may help solve problems involving computations, data, number 


patterns, or guess-and-check problem solving. 
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A-5 Using Permutations and Combinations 
to Compute Probabilities 


Objective 


To use permutations and combinations to compute probabilitie: 


You can use the counting techniques of permutations and combinations te 
calculate probabilities 


| GERRI suppose 3 tetters are randomly picke word DUPLICATES, What is 


the probability thar the 3 lett 


No. of permutations of 4 vowel 


(0, of permutations of 10 fette 


Solution 2 P(3 letters are vowels) = 75 * 5 * § 


PC stletter a vowel) P(2nd letter a yowel) 


Notice that the two solutions above are equivale 


letters being chos 1 certain order. It is also 


| without considering order by using combination 


QSAR 73 teers are vowers) 
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Example 2° Again suppose that 3 letters are randomly picked from the word DUPLICATES. 


What is the probability that exactly one letter is a vowel” 


If you attempt to solve this problem with permutations, remember that order 
matters with permutations, You must consider whether the vowel is picked first, 
second, or third, Remember that there are 4 vowels and 6 consonants, Thus: 


| P(exactly one yowel) = P( vowel first) + P(vowel second) + P(vowel third) 
=4.6,8,6 4,5, 6 5.4 
=o 9° sto sto 8 


oe 
9° RA? 


| GSQRMGAZY 1: is tar easier not to consider order and to use combinations instead. There 


are 4C, choices for the vowels and (C, choices for the consonants. Using the 
multiplication principle: 


P(exactly one vowel 


Written Exercises _ 


Three letters are chosen at random from the word COMPUTERS. 


a. What is the probability of getting 3 vowels? 3 consonants? exactly 
2 vowels? exactly 1 vowel? 
b, Does the sum of your answers to part (a) make sense? Explain: 
2, Four students are randomly chosen from a group of 9 boys and 11 girls, 


a, What is the probability of choosing 4 boys? 4 girls? 3 boys and 1 girl? 
2 girls and 2 boys? 


b. Should the sum of your four answers to part (a) be 1") Explain why 
or why not 


Five cards 


picked at random from a standard deck of 52 cards. 
What is the probability of each event? (‘The face cards are the jacks, 
queens, and kings.) 


3. AILS cards are spades. 4. AILS cards are black cards, 

5. No card is a diamond. 6. Three cards are clubs and 2 are spades. 
7. All 5 cards are face cards, 8. No card is a face card, 

9. All 4 aces are chosen, 10. Atleast one ace is chosen. 
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A-6 Checking the Validity of a Proof 
Objective To judge the validity of 


statement false 


sometimes true, or never 
true. If it is sometimes true, g example th 


at Shows when the statement 


is true and an example tha en it is false. If it is never true. give a 


Ifa <0, then the statemeni 


mple, V52=5 


When proofs have been presented in this text, each step of t en justified by 


definitions and properties of real numbers, 


exponents , s. For example, the proof 
of Logarithm Law | o used on 


nd on the definition of 
rithm. 
You have to be careful that fon’ ol of without checking the 


validity of each step, If you aren't careful, someone co a ridiculous statement such 


Written Exercises 


1. Reread page 81 through the middle of page 82. Then do Exercise 14 on page 87. 


Decide if each statement is sometimes true, always true, or never true. I 
sometimes true, give an example showing when the statement is true and 
an example showing when it is false. If never true, give a counterexample. 


2. If a> b, then log @ > log b. 
3, 


. Ifa > b, then sin a> sin b 
3. 2b = gab 


- 


5. log ab = log a + lo 


6. If ab>0, then Va 


Tees 


p< ap then ad < be, 


8. If 0<a<b<§, then cos a<cos b. 


9, If fis a function and fia) = fib), then a = b. 


Find the flaw in the reasoning of each “proof.” 


10, A “proof” that if x= y, then x = 0. 


(1) Suppose x = y 
(2) Then x3 =2°y 


Be ene 
3) P-y=ry- 


(4) (ya + ay + 7) = yO? = 99) = yr Nee EY) 
(5) 2 tay + y2 =v + y) = yn ty? 

6) e=0 

(7) Therefore x =0. 


paseo atl 3 
LL. A “proof” that ¢ > 12. A “proof” that sin x cos x = ese x + see. 


4 
(1) 3>2 sin. ¢08. 
x 1 1 (1) sin.x cos x= 
(2) Then 3 log $> 2 log 5 
ts a! sin X COS ¥ 
7 iY 1p (2) sin.x cos x= 
(3) log {5} > log (5] sin2y + cos? 


; sinx | cos x 
(3) sin x cos. => * 
sin’x * cos? 


(4) woz (t} > ox (4) 1 : 1 


(4) sin cos r= + 
(5) Therefore sinx” cos. 


(5) sin x cos x = cse x + sec x 


87. 
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A-7 The Sum, Difference, Product, and Quotient 
of Functions 


Objective To perform arithmetic operations on functions using properties to combine and 
simplify function 


Let fand g be two functions, Each function listed below is defined for all values of x in the 
domains of both f and g. 


1, Sum of functions fand ¢ 
2. Difference of functions fand ¢ 
3. Product of functions fand g guy =f 


4. Quotient of functions / and ¢ (fo = itgay 20 


Let fix) = Sx and g(x) = 2x + 3. Find a rule for (f+ g)(9. Justify each ster 


Definition of sum of functions 
Substitution 

Associative prope! 
Distributive property 

Simplif 


Let fixy =4 + Land gin) =. = 1. Find a rule fore the following 


functions. 


a. (f+ gn) 


@)) = 09 


+ gi) =fy * 2! 
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Find a rule for (a) (f + g)(x), (b) (f= g (2), (€) (f > gx), and @ (fon. 


Specify the domain for f rs Jeo. 


1. fix) = 6x gix) = 1 — 3y 


2. fl) 


3.) =5.. 8) = 4 4. fl) 


5, Let fir) = 2x + 3 and g(x) = 3, Justify each step below 
(f— 9x) = fx) - gx) 
= (2x+3)-3 
(2r+3) + (3) 
=2r+ (3 +(-3)) 
2v+0 


2x 


Recall from Lesson 13-3 that fis an even function if f(-x) 
in the domain of f and that f is an odd functi 
the domain of f, 


6. Tell whether each function is pdd, even, or neither 


A447x be g(x) =cos x ©. hx) = 


a. flo= 5 


de r(x) =x°— 5x4 +2 ¢, s(x) = sin x f. ax)=3r txt 


7. Reter to the functions in Exercise 6. Tell whether each of the following 
is an odd function, an even function, or neither. 


her be fr «® de geh 


‘Tell whether each statement is sometimes true, always true, or never true. 
Justify each answer with an example. 


8. The si 


m of two odd functions is an odd function. 


9. The product of two odd functions is an odd function 
10. The difference of two functions is commutative, 


11, The product of functions is associative, 


Eftcy=\/aa and x) =o 
Re 


from page 463 that g( fix) is the composite of g and f.) 


12. f+¢ 


4.” 15. ¢+f 


17. Suppose g(x) = 
the graph of f 


2 for all x, Describe how the graph of f+ ¢ is related to 


23x42, gx) =a? Sx 4 


if fi-r) = fix) for all x in 


16. g(fx)) 
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